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Quantum parameter estimation
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Estimation problem: estimate ◊ by performing a measurement M on system in state fl◊

What is quantum about this ?
I fixed measurement: "classical stats" problem with special probabilistic structure
I "optimal" measurement: need to understand structure of quantum statistical model

Classical and quantum Cramér-Rao bounds1: if ◊̂ is unbiased
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1A. Holevo. Probabilistic and Statistical Aspects of Quantum Theory (1982); S. L. Braunstein, C. M. Caves, P.R.L. (1994)



Measurements and Fisher information

One parameter pure qubit model: |Â◊Í = e
≠i◊‡y = cos(◊)|0Í + sin(◊)|1Í

QFI: F (◊) = 4ÎÂ̇Î
2 = 4

At ◊ = 0:

I FI=QFI for any basis {|viÍ = e
≠i·‡y |iÍ} with · ”= 0

I classical FI =0 for the standard basis
for any neighbourhood of ◊ = 0
model is not identifiable : p◊(i) = p≠◊(i)
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Gaussian shift model: coherent state
---
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QFI: F (u) = f

At u = 0

I FI=QFI for quadrature measurement of Q

I FI =0 for number operator
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Quantum input-output systems2

Input-output formalism describes controlled open system dynamics

Quantum filtering, feedback control, quantum networks

Control and estimation (system identification): two sides of the coin

Feedback control of cavity state in the atom maser
C. Sayrin et al, Nature (2011)

Advanced LIGO
B. P. Abbott et al. Phys. Rev. Lett. (2016)

2C. W. Gardiner and P. Zoller, Quantum Noise (2004)
H. M. Wiseman and G. J. Milburn, Quantum measurements and control (2010)



Quantum open system in the input-output formalism (discrete time)
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Input Output
System

Unitary interaction U on Cd
¢ Ck depends on unknown parameter ◊

System-output state at time n

|Y◊(n)Í = U
(n)
◊ · · · · · U
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◊ |„ ¢ ‰

¢n
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=
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K
◊
in

. . . K
◊
i1 |„Í ¢ |i1Í ¢ · · · ¢ |inÍ, K

◊
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Assume transition operator T◊ : Md æ Md is aperiodic and has a unique stationary state flss

T◊ : fl ‘æ

ÿ

i

K
◊
i flK

◊ú
i , T

n
◊ (fl) ≠æ flss

Output state becomes stationary for large n

fl
(out)
◊ (n) = Trs(|Y◊(n)ÍÈY◊(n)|)



Output quantum Fisher information

Theorem [M.G., J. Kiukas, J. Math. Phys. (2017), Commun. Math. Phys. (2015)]

The quantum Fisher information F◊(n) of the output state scales linearly with n at rate

lim
næŒ

1
n

F◊(n) = f◊ = 4
kÿ

i=1

C
Tr

#
flssK̇

ú
i K̇i

$
+ 2Tr

C
Im(KiflssK̇

ú
i ) · R(Im

ÿ

j

K̇
ú
j Kj)

DD

where R is the Moore-Penrose inverse of I ≠ T◊.

System-ouptut QFI scales quadratically for times shorter than coherence time of T◊
3

Heisenberg (quadratic) scaling is possible for systems with multiple stationary states4

Full parametrisation: QFI provides information geometry metric on the manifold of
identifiable parameters5

Standard sequential measurements typically do not achieve the QFI (even asymptotically)

3K. Macieszczak, MG, I. Lesanovsky, J. P. Garrahan, Phys. Rev. Lett. (2016)
4F. Girotti, MG, in preparation
5M.G., J. Kiukas, J. Math. Phys. (2017), Commun. Math. Phys. (2015)



Local Asymptotic Normality6

Suppose ◊ is known to lie in a n
≠1/2+‘ neighbourhood of ◊0, so ◊ = ◊0 + u/

Ô
n

Theorem (Local asymptotic normality)
The quantum model |Ys+o

◊0+u/
Ô

n
(n)Í converges locally to coherent states model (Gaussian shift) .
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e
Ys+o

◊0+u/
Ô

n
(n)

--- Ys+o
◊0+v/

Ô
n
(n)

f
=

KÚ
f◊0

2
u

-----

Ú
f◊0

2
v

L

where |uÍ is a one mode coherent state of mean (u, 0).
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<latexit sha1_base64="26/9Nz9ZmczniRz2SU1Tc7MFJtM="></latexit>

����
�

f�0
2 v

�

<latexit sha1_base64="Lv6xA5EBAtf1HC9U0gm80Qpn0rY="></latexit>

����s+o
�0+u/

�
n
(n)

�

<latexit sha1_base64="EUuCPiMvQiGJtOi7VVZ5pPIEXCE="></latexit>

����s+o
�0+v/

�
n
(n)

�

<latexit sha1_base64="Mu00V79uJLUUwOGn8CgCJS0pkdA="></latexit>

Multiparameter LAN: convergence to multimode coherent state model

Canonical coordinates of limit CV system are not explicit and may be hard to access
sequentially

6M.G., J. Kiukas, J. Math. Phys. (2017), Commun. Math. Phys. (2015)



Output post-processing with quantum coherent absorber

Cd

<latexit sha1_base64="h2Ci21Peg6bqLPOr/adciy1FWJg=">AAAB9XicbVBNT8JAFHzFL8Qv1KOXjWDiibREo0ciF4+YCJhAIdvtFjZst83uVkMa/ocXDxrj1f/izX/jFnpQcJJNJjPv5c2OF3OmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUVEiCW2TiEfywcOKciZoWzPN6UMsKQ49TrvepJn53UcqFYvEvZ7G1A3xSLCAEayNNKj2Q6zHnpc2ZwO/OixX7Jo9B1olTk4qkKM1LH/1/YgkIRWacKxUz7Fj7aZYakY4nZX6iaIxJhM8oj1DBQ6pctN56hk6M4qPgkiaJzSaq783UhwqNQ09M5mFVMteJv7n9RIdXLspE3GiqSCLQ0HCkY5QVgHymaRE86khmEhmsiIyxhITbYoqmRKc5S+vkk695lzULu/qlcZNXkcRTuAUzsGBK2jALbSgDQQkPMMrvFlP1ov1bn0sRgtWvnMMf2B9/gDeuZIb</latexit>

Ck

<latexit sha1_base64="/kleCeG0tdRzArUG/RqrAezHJdw=">AAAB9XicbVDLTgIxFL2DL8QX6tJNI5i4IjMEo0siG5eYyCOBgXRKBxo6nUnb0ZAJ/+HGhca49V/c+Td2YBYKnqTJyTn35p4eL+JMadv+tnIbm1vbO/ndwt7+weFR8fikrcJYEtoiIQ9l18OKciZoSzPNaTeSFAcepx1v2kj9ziOVioXiQc8i6gZ4LJjPCNZGGpT7AdYTz0sa88G0PCyW7Iq9AFonTkZKkKE5LH71RyGJAyo04VipnmNH2k2w1IxwOi/0Y0UjTKZ4THuGChxQ5SaL1HN0YZQR8kNpntBoof7eSHCg1CzwzGQaUq16qfif14u1f+MmTESxpoIsD/kxRzpEaQVoxCQlms8MwUQykxWRCZaYaFNUwZTgrH55nbSrFadWubqvluq3WR15OINzuAQHrqEOd9CEFhCQ8Ayv8GY9WS/Wu/WxHM1Z2c4p/IH1+QPpXJIi</latexit>

Ck

<latexit sha1_base64="/kleCeG0tdRzArUG/RqrAezHJdw=">AAAB9XicbVDLTgIxFL2DL8QX6tJNI5i4IjMEo0siG5eYyCOBgXRKBxo6nUnb0ZAJ/+HGhca49V/c+Td2YBYKnqTJyTn35p4eL+JMadv+tnIbm1vbO/ndwt7+weFR8fikrcJYEtoiIQ9l18OKciZoSzPNaTeSFAcepx1v2kj9ziOVioXiQc8i6gZ4LJjPCNZGGpT7AdYTz0sa88G0PCyW7Iq9AFonTkZKkKE5LH71RyGJAyo04VipnmNH2k2w1IxwOi/0Y0UjTKZ4THuGChxQ5SaL1HN0YZQR8kNpntBoof7eSHCg1CzwzGQaUq16qfif14u1f+MmTESxpoIsD/kxRzpEaQVoxCQlms8MwUQykxWRCZaYaFNUwZTgrH55nbSrFadWubqvluq3WR15OINzuAQHrqEOd9CEFhCQ8Ayv8GY9WS/Wu/WxHM1Z2c4p/IH1+QPpXJIi</latexit>

Ck

<latexit sha1_base64="/kleCeG0tdRzArUG/RqrAezHJdw=">AAAB9XicbVDLTgIxFL2DL8QX6tJNI5i4IjMEo0siG5eYyCOBgXRKBxo6nUnb0ZAJ/+HGhca49V/c+Td2YBYKnqTJyTn35p4eL+JMadv+tnIbm1vbO/ndwt7+weFR8fikrcJYEtoiIQ9l18OKciZoSzPNaTeSFAcepx1v2kj9ziOVioXiQc8i6gZ4LJjPCNZGGpT7AdYTz0sa88G0PCyW7Iq9AFonTkZKkKE5LH71RyGJAyo04VipnmNH2k2w1IxwOi/0Y0UjTKZ4THuGChxQ5SaL1HN0YZQR8kNpntBoof7eSHCg1CzwzGQaUq16qfif14u1f+MmTESxpoIsD/kxRzpEaQVoxCQlms8MwUQykxWRCZaYaFNUwZTgrH55nbSrFadWubqvluq3WR15OINzuAQHrqEOd9CEFhCQ8Ayv8GY9WS/Wu/WxHM1Z2c4p/IH1+QPpXJIi</latexit>

Ck

<latexit sha1_base64="/kleCeG0tdRzArUG/RqrAezHJdw=">AAAB9XicbVDLTgIxFL2DL8QX6tJNI5i4IjMEo0siG5eYyCOBgXRKBxo6nUnb0ZAJ/+HGhca49V/c+Td2YBYKnqTJyTn35p4eL+JMadv+tnIbm1vbO/ndwt7+weFR8fikrcJYEtoiIQ9l18OKciZoSzPNaTeSFAcepx1v2kj9ziOVioXiQc8i6gZ4LJjPCNZGGpT7AdYTz0sa88G0PCyW7Iq9AFonTkZKkKE5LH71RyGJAyo04VipnmNH2k2w1IxwOi/0Y0UjTKZ4THuGChxQ5SaL1HN0YZQR8kNpntBoof7eSHCg1CzwzGQaUq16qfif14u1f+MmTESxpoIsD/kxRzpEaQVoxCQlms8MwUQykxWRCZaYaFNUwZTgrH55nbSrFadWubqvluq3WR15OINzuAQHrqEOd9CEFhCQ8Ayv8GY9WS/Wu/WxHM1Z2c4p/IH1+QPpXJIi</latexit>

Ck

<latexit sha1_base64="/kleCeG0tdRzArUG/RqrAezHJdw=">AAAB9XicbVDLTgIxFL2DL8QX6tJNI5i4IjMEo0siG5eYyCOBgXRKBxo6nUnb0ZAJ/+HGhca49V/c+Td2YBYKnqTJyTn35p4eL+JMadv+tnIbm1vbO/ndwt7+weFR8fikrcJYEtoiIQ9l18OKciZoSzPNaTeSFAcepx1v2kj9ziOVioXiQc8i6gZ4LJjPCNZGGpT7AdYTz0sa88G0PCyW7Iq9AFonTkZKkKE5LH71RyGJAyo04VipnmNH2k2w1IxwOi/0Y0UjTKZ4THuGChxQ5SaL1HN0YZQR8kNpntBoof7eSHCg1CzwzGQaUq16qfif14u1f+MmTESxpoIsD/kxRzpEaQVoxCQlms8MwUQykxWRCZaYaFNUwZTgrH55nbSrFadWubqvluq3WR15OINzuAQHrqEOd9CEFhCQ8Ayv8GY9WS/Wu/WxHM1Z2c4p/IH1+QPpXJIi</latexit>

|��

<latexit sha1_base64="SlLEqB1/DNtJupmzVJsduIPfKrI=">AAAB9XicbVBNT8JAEJ3iF+IX6tFLI5h4Ii3R6JHoxSMm8pFAJdtlChu222Z3qyGV/+HFg8Z49b9489+4QA8KvmSSl/dmMjPPjzlT2nG+rdzK6tr6Rn6zsLW9s7tX3D9oqiiRFBs04pFs+0QhZwIbmmmO7VgiCX2OLX90PfVbDygVi8SdHsfohWQgWMAo0Ua6Lz916ZB1JREDjuVeseRUnBnsZeJmpAQZ6r3iV7cf0SREoSknSnVcJ9ZeSqRmlOOk0E0UxoSOyAA7hgoSovLS2dUT+8QofTuIpCmh7Zn6eyIloVLj0DedIdFDtehNxf+8TqKDSy9lIk40CjpfFCTc1pE9jcDuM4lU87EhhEpmbrXpkEhCtQmqYEJwF19eJs1qxT2rnN9WS7WrLI48HMExnIILF1CDG6hDAyhIeIZXeLMerRfr3fqYt+asbOYQ/sD6/AEG4JI1</latexit>

|��

<latexit sha1_base64="SlLEqB1/DNtJupmzVJsduIPfKrI=">AAAB9XicbVBNT8JAEJ3iF+IX6tFLI5h4Ii3R6JHoxSMm8pFAJdtlChu222Z3qyGV/+HFg8Z49b9489+4QA8KvmSSl/dmMjPPjzlT2nG+rdzK6tr6Rn6zsLW9s7tX3D9oqiiRFBs04pFs+0QhZwIbmmmO7VgiCX2OLX90PfVbDygVi8SdHsfohWQgWMAo0Ua6Lz916ZB1JREDjuVeseRUnBnsZeJmpAQZ6r3iV7cf0SREoSknSnVcJ9ZeSqRmlOOk0E0UxoSOyAA7hgoSovLS2dUT+8QofTuIpCmh7Zn6eyIloVLj0DedIdFDtehNxf+8TqKDSy9lIk40CjpfFCTc1pE9jcDuM4lU87EhhEpmbrXpkEhCtQmqYEJwF19eJs1qxT2rnN9WS7WrLI48HMExnIILF1CDG6hDAyhIeIZXeLMerRfr3fqYt+asbOYQ/sD6/AEG4JI1</latexit>

Input

System
Cd

<latexit sha1_base64="h2Ci21Peg6bqLPOr/adciy1FWJg=">AAAB9XicbVBNT8JAFHzFL8Qv1KOXjWDiibREo0ciF4+YCJhAIdvtFjZst83uVkMa/ocXDxrj1f/izX/jFnpQcJJNJjPv5c2OF3OmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUVEiCW2TiEfywcOKciZoWzPN6UMsKQ49TrvepJn53UcqFYvEvZ7G1A3xSLCAEayNNKj2Q6zHnpc2ZwO/OixX7Jo9B1olTk4qkKM1LH/1/YgkIRWacKxUz7Fj7aZYakY4nZX6iaIxJhM8oj1DBQ6pctN56hk6M4qPgkiaJzSaq783UhwqNQ09M5mFVMteJv7n9RIdXLspE3GiqSCLQ0HCkY5QVgHymaRE86khmEhmsiIyxhITbYoqmRKc5S+vkk695lzULu/qlcZNXkcRTuAUzsGBK2jALbSgDQQkPMMrvFlP1ov1bn0sRgtWvnMMf2B9/gDeuZIb</latexit>

Absorber

V�0

<latexit sha1_base64="thffXt5rqcN7g+U0uNUPG+50tmQ=">AAACBHicbVDLSsNAFJ3UV62vqstugq3gqiRF0WXRjcsK9gFNCJPpbTt08mDmRighCzf+ihsXirj1I9z5N07TLrT1wIXDOffOnXv8WHCFlvVtFNbWNza3itulnd29/YPy4VFHRYlk0GaRiGTPpwoED6GNHAX0Ygk08AV0/cnNzO8+gFQ8Cu9xGoMb0FHIh5xR1JJXrtRSJ38llTDIOl7q4BiQelaW1bxy1apbOcxVYi9IlSzQ8spfziBiSQAhMkGV6ttWjG5KJXImICs5iYKYsgkdQV/TkAag3DRfn5mnWhmYw0jqCtHM1d8TKQ2Umga+7gwojtWyNxP/8/oJDq/clIdxghCy+aJhIkyMzFki5oBLYCimmlAmuf6rycZUUoY6t5IOwV4+eZV0GnX7vH5x16g2rxdxFEmFnJAzYpNL0iS3pEXahJFH8kxeyZvxZLwY78bHvLVgLGaOyR8Ynz8Os5hb</latexit>

OutputU�0

<latexit sha1_base64="uBustDxg+AsJxPjFDedSmcen5lk=">AAACBXicbVA9SwNBEN2LXzF+RS21OEwEq3AXFC2DNpYRvCSQhGNvM0mW7H2wOyeE4xob/4qNhSK2/gc7/42byxWa+GDg8d7Mzs7zIsEVWta3UVhZXVvfKG6WtrZ3dvfK+wctFcaSgcNCEcqORxUIHoCDHAV0IgnU9wS0vcnNzG8/gFQ8DO5xGkHfp6OADzmjqCW3fFxNetkriSdiSB036eEYkLpWmlbdcsWqWRnMZWLnpEJyNN3yV28QstiHAJmgSnVtK8J+QiVyJiAt9WIFEWUTOoKupgH1QfWTbH9qnmplYA5DqStAM1N/TyTUV2rqe7rTpzhWi95M/M/rxji86ic8iGKEgM0XDWNhYmjOIjEHXAJDMdWEMsn1X002ppIy1MGVdAj24snLpFWv2ee1i7t6pXGdx1EkR+SEnBGbXJIGuSVN4hBGHskzeSVvxpPxYrwbH/PWgpHPHJI/MD5/AOKvmNE=</latexit>

|��

<latexit sha1_base64="SlLEqB1/DNtJupmzVJsduIPfKrI=">AAAB9XicbVBNT8JAEJ3iF+IX6tFLI5h4Ii3R6JHoxSMm8pFAJdtlChu222Z3qyGV/+HFg8Z49b9489+4QA8KvmSSl/dmMjPPjzlT2nG+rdzK6tr6Rn6zsLW9s7tX3D9oqiiRFBs04pFs+0QhZwIbmmmO7VgiCX2OLX90PfVbDygVi8SdHsfohWQgWMAo0Ua6Lz916ZB1JREDjuVeseRUnBnsZeJmpAQZ6r3iV7cf0SREoSknSnVcJ9ZeSqRmlOOk0E0UxoSOyAA7hgoSovLS2dUT+8QofTuIpCmh7Zn6eyIloVLj0DedIdFDtehNxf+8TqKDSy9lIk40CjpfFCTc1pE9jcDuM4lU87EhhEpmbrXpkEhCtQmqYEJwF19eJs1qxT2rnN9WS7WrLI48HMExnIILF1CDG6hDAyhIeIZXeLMerRfr3fqYt+asbOYQ/sD6/AEG4JI1</latexit>

|��

<latexit sha1_base64="SlLEqB1/DNtJupmzVJsduIPfKrI=">AAAB9XicbVBNT8JAEJ3iF+IX6tFLI5h4Ii3R6JHoxSMm8pFAJdtlChu222Z3qyGV/+HFg8Z49b9489+4QA8KvmSSl/dmMjPPjzlT2nG+rdzK6tr6Rn6zsLW9s7tX3D9oqiiRFBs04pFs+0QhZwIbmmmO7VgiCX2OLX90PfVbDygVi8SdHsfohWQgWMAo0Ua6Lz916ZB1JREDjuVeseRUnBnsZeJmpAQZ6r3iV7cf0SREoSknSnVcJ9ZeSqRmlOOk0E0UxoSOyAA7hgoSovLS2dUT+8QofTuIpCmh7Zn6eyIloVLj0DedIdFDtehNxf+8TqKDSy9lIk40CjpfFCTc1pE9jcDuM4lU87EhhEpmbrXpkEhCtQmqYEJwF19eJs1qxT2rnN9WS7WrLI48HMExnIILF1CDG6hDAyhIeIZXeLMerRfr3fqYt+asbOYQ/sD6/AEG4JI1</latexit>

|��

<latexit sha1_base64="SlLEqB1/DNtJupmzVJsduIPfKrI=">AAAB9XicbVBNT8JAEJ3iF+IX6tFLI5h4Ii3R6JHoxSMm8pFAJdtlChu222Z3qyGV/+HFg8Z49b9489+4QA8KvmSSl/dmMjPPjzlT2nG+rdzK6tr6Rn6zsLW9s7tX3D9oqiiRFBs04pFs+0QhZwIbmmmO7VgiCX2OLX90PfVbDygVi8SdHsfohWQgWMAo0Ua6Lz916ZB1JREDjuVeseRUnBnsZeJmpAQZ6r3iV7cf0SREoSknSnVcJ9ZeSqRmlOOk0E0UxoSOyAA7hgoSovLS2dUT+8QofTuIpCmh7Zn6eyIloVLj0DedIdFDtehNxf+8TqKDSy9lIk40CjpfFCTc1pE9jcDuM4lU87EhhEpmbrXpkEhCtQmqYEJwF19eJs1qxT2rnN9WS7WrLI48HMExnIILF1CDG6hDAyhIeIZXeLMerRfr3fqYt+asbOYQ/sD6/AEG4JI1</latexit>

|�ss�

<latexit sha1_base64="Igklk1jy7SMURq13RSxFeSHACnQ="></latexit>

Each output unit interacts with a quantum coherent absorber 7 8 9 Cd via V◊0 such that

system+absorber have a pure stationary state |ÂssÍ œ Cd
¢ Cd at ◊ = ◊0, i.e.

W◊0 := V◊0 U◊0 : |ÂssÍ ¢ |‰Í ‘æ |ÂssÍ ¢ |‰Í

At ◊ = ◊0 system-output state is uncorrelated

|Y◊0 Í = W
(n)
◊0

. . . W
(1)
◊0

|ÂssÍ ¢ |‰
¢n

Í = |ÂssÍ ¢ |‰
¢n

Í, W◊ = V◊0 U◊

At ◊ ¥ ◊0 output carries info about ◊ as ‘vacuum excitations’
7K. Stannigel, P. Rabl, and P. Zoller, New J. Phys. (2012)
8A. Godley, M.G., Quantum (2023)
9D. Yang, S. F. Huelga, M. B. Plenio, arXiv:2209.08777



Output translationally invariant modes

Translationally invariant modes given by ‘excitation patterns’

I Excitation pattern – = (–1, . . . , –k)œ {0, 1}
k with –1 = –k = 1

A
ú
–(n) := 1Ô

n

qn≠k+1
i=1 (‡+

i )–1 · · · · · (‡+
i+k≠1)–k

I Level 1:
A

ú
1(n) := 1Ô

n

qn

i=1 ‡
+
i

I Level 2

A
ú
11(n) := 1Ô

n

qn≠1
i=1 ‡

+
i ‡

+
i+1, A

ú
101(n) := 1Ô

n

qn≠2
i=1 ‡

+
i ‡

+
i+2, . . .

Fock space of pattern number states P = (k1, –
(1); . . . ; km, –

(m))

|P; nÍ :=
1

Ô
k1! . . . km!

!
A

ú
–(1) (n)

"k1
. . .

!
A

ú
–(m) (n)

"km
|0Í

¢n

Asymptotic orthogonality of number states basis

|2, 1; nÍ = 1Ô
2 (A1ú(n))2

|0Í
¢n = 1Ô

2n

q
i”=j

|0 . . . 010 . . . 010 . . . 0Í

|1, 11; nÍ = A
ú
11(n)|0Í

¢n = 1Ô
n

q
i

|0 . . . 0110 . . . 0Í

È1, 11; n|2, 1; nÍ = O( 1Ô
n

)



Central Limit, Poisson Limit & LAN

Known abs. parameter ◊0. Unknown sys. parameter ◊ = ◊0 + u/
Ô

n for some local par. u

Assume that system+absorber is primitive

Theorem
The output state converges to a (joint) coherent state of all translationally invariant modes

1. The quadratures satisfy CLT:

Q–(n) :=
1

Ô
2
(A–(n) + A

ú
–(n)) ≠æ N

1
Re

Ô

2µ–u, 1
2

2

P–(n) :=
1

Ô
2i

(A–(n) ≠ A
ú
–(n)) ≠æ N

1
Im

Ô

2µ–u, 1
2

2

2. The number operators N–(n) = A
ú
–(n)A–(n) have asymptotic Poisson distributions

N–(n) ≠æ Poisson(|µ–|
2
u

2)

where µ– = Tr
!#

J–(Id ≠ T )≠1
¶ Ṫ + ÂJ–

$
(fl)

"
with J– = J–1 ¶ · · · ¶ J–k ,

ÂJ– = J–1 ¶ · · · ¶ J̇–k and J0 = T and J1(·) = K0 · K
ú
1

3. Output QFI is carried by the Gaussian TIM: f◊0 = 4
q

–
|µ–|

2



Law of the counting process

Counting process X1, X2, . . . , Xn œ {0, 1} of sequential standard basis measurements

Total counts operator: N(n) = X1 + X2 + · · · + Xn

Theorem
The total counts operator converges in distribution to the sum

N(n)
L

≠æ

ÿ

–

|–| · Y–

where Y– are independent Poisson variables with intensity |µ–|
2.

This suggests that the counting process performs a joint measurement of all N–(n)!

For large n the trajectory consists of O(1) patterns separated by long sequences of 0s.

Extract (low order) pattern excitations numbers C : (x1, x2, . . . , xn) ≠æ P = {k–}–

0, 0, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 
0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,



Compatibility between modes counting operators and the counting process

0, 0, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 
0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 
0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,

Claim: asymptotically in n...
Counting process e�ectively measures the TIM number operators and therefore the distribution
of P is given by multidimensional Poisson

r
–

Poisson(|µ–|
2).

Coarse grained counting measurement with POVM {PP }P where PP is the projection onto
HP := Lin{|x1, . . . , xnÍ : C(x1, . . . , xn) = P}, P = {k–}–

Output state is a superposition of translationally invariant multiple excitation states

|Y(o)(n)Í =
ÿ

P

|P; nÍ + o(1), |P; nÍ =
Ÿ

–

1
Ô

k–!
(Aú

–(n))k–
|0Í

¢n



Compatibility between modes counting operators and the counting process

Claim: asymptotically in n...
Counting process e�ectively measures the TIM number operators and therefore the distribution
of P is given by multidimensional Poisson

r
–

Poisson(|µ–|
2).



Two stage adaptive optimal measurement strategy
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Input Counting measurement
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Optimal measurement depends on the unknown parameter ◊

Design two stage adaptive measurement procedure:

Stage 1: use standard measurements on a small portion of output ñ = n
1≠‘ to compute a

preliminary estimator ◊̃n

Stage 2: Set absorber parameter to ◊0 := ◊̃n ≠ ”n where ”n = n
≠1/2+3‘ and perform

counting measurement on output of sys+abs

I collect pattern statistics X1, . . . , Xn ≠æ P = {K–}–.
I Optimal linear estimator based on the homodyne limit of counting

◊̂n = ◊̃n +
2

f◊”n

1
n

A
ÿ

–

K–

B
≠

”n

2



Asymptotic normality and optimality of linear estimator

Optimal linear estimator for local parameter u with ◊ = ◊̃n + u/
Ô

n

ûn =
Ô

n

C
2

f◊”n

1
n

A
ÿ

–

K–

B
≠

”n

2

D

Asymptotic normality and achievability of QCRB

ûn ≠≠≠æ N

1
0, 1

f◊

2



Null measurement is problematic

Localisation:
use n

1≠‘
π n samples to compute preliminary estimator ◊̃n

Concentration ≠æ ◊ = ◊̃n + u/
Ô

n with |u| Æ n
‘

Asymptotic normality:

with absorber set at ◊0 = ◊̃n, output state model is equivalent to
----
Ò

f◊
2 u

>

Quadrature Q measurement is optimal : û ≥ N(u, 1
2 )

Number (null) measurement cannot distinguish u and ≠u (non-identifiability)

P n�
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Displaced-null measurement is asymptotically optimal

Set absorber to ◊0 = ◊̃n ≠
·nÔ

n
with ·n = n

3‘
≠æ local parameter u + ·n

Asymptotic normality: output state model is equivalent to
----
Ò

f◊
2 (u + ·n)

>

Counting measurement becomes linear (homodyne):

Y ≥ Poisson
1

f◊

4
(u + ·n)2

2
≠≠≠≠≠≠æ û :=

2
·nf◊

Y ≠
·n

2
≥ N

1
u, 1

f◊

2
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Conclusions and Outlook

Primitive quantum Markov chains satisfy LAN with closed form formula for QFI

Coherent absorber rotates output to vacuum state at matching parameters

Translationally invariant modes have asymptotically coherent states

Counting performs simultaneous measurement of all modes number operators

Two step adaptive procedure with displaced-null strategy achieves QFI

Simple final estimator based on pattern counts

Extension to multidimensional parameters, continuous time


