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KAM Theorem in Classical Mechanics

Kolmogorov, Arnold, and Moser, 1950s-1960s

long-term stability against small perturbations
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Outline

o KAM-like stability for finite-dimensional quantum systems

® robust symmetries vs fragile symmetries

All symmetries are conserved,
but some symmetries are more conserved than others.

o eternal adiabaticity of the evolutions of
perturbed finite-dimensional quantum systems

“KAM Stability for Conserved Quantities in Finite-Dimensional Quantum Systems,” PRL 126, 150401 (2021);
“Eternal Adiabaticity in Quantum Evolution,” PRA 103, 032214 (2021).
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Adiabatic Theorem

A. Messiah, Quantum Mechanics (Dover, New York, 2017).

= ® example - A A
® slow driving 0

d .
5, Ue(t) = —iH (et)Ue (1)

® 1nstantaneous eigenstates

H(t) =) Eg(t)Pel(t)

® adiabatic evolution

Ue(t) Po(0) = Pe(et)Uc(2) + O(e)

(0<t<T/e)




Perturbed Evolution and Adiabaticity

perturbed evolution
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isospectral driving



Perturbed Evolution and Adiabaticity

d .
&Ug(t) = —i(H + eV)U.(t)

® spectral representation
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Perturbed Evolution and Adiabaticity

® zeroth order

;
5(t) = [|eHEY) — et < et|| V]
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® first order (Zeno)
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T. Kato, “On the Adiabatic Theorem of Quantum Mechanics,” J. Phys. Soc. Jpn. 5,435 (1950);

Quantum 3, 152 (2019);
PRL 126, 150401 (2021).



Perturbed Evolution and Adiabaticity

® zeroth order

;
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Perturbed Evolution and Adiabaticity

® zeroth order
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~ eternal adiabaticity
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“KAM Stability for Conserved Quantities in Finite-Dimensional Quantum Systems,” PRL 126, 150401 (2021);
“Eternal Adiabaticity in Quantum Evolution,” PRA 103, 032214 (2021).
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Eternal Adiabaticity
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PRL 126, 150401 (2021);
PRA 103, 032214 (2021).

C. Bloch, Nucl. Phys. 6, 329 (1958);
J. des Cloizeaux, Nucl. Phys. 20, 321 (1960).
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Isospectral Perturbations
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A Previous Work

W. Scherer, “Superconvergent Perturbation Method in Quantum Mechanics,” PRL 74, 1495 (1995);
W. Scherer, “Quantum Averaging II: Kolmogorov’s Algorithm,” JPA 30, 2825 (1997).

® A complete analogue of Kolmogorov’s perturbation algorithm in classical
mechanics is constructed for self-adjoint operators.

H+ eV (e) = UM H + VU™ + O@E>)
[H, V™ ()] =0
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Robustness of Symmetries



Conserved Quantities and Symmetries
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Robustness of Symmetries

S? I eit(H—I—&:V)Se—it(H—I—eV) SR 0(8), \V/HVH ey

at least for ¢ < O(1)

Hsz: - SH B eit(H-l-€V)Se—it(H‘|‘€V) . eitHSe—itH
e e—itHeit(H—I—a‘V)S . Se—itHeit(H—l—eSV)
. 'e—itHeit(H—l—e:V)’ S] H
— 'e—itHeit(H—l—eV) » 17 S]H
| R |UAW|| = [|A]
< 9|l e—1tHe1t(H—|—5V) = 1”
= lney eit(H—I—sV) - eitHH : 5
< 2et[|V|IIIS| for longer times??

=0(¢), for t<O(1) S %




Symmetries Breaking the Degeneracy
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This type of symmetries are fragile.



Symmetries Respecting the Degeneracy
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Symmetries Respecting the Degeneracy
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Robust / Fragile Symmetries
PRL 126, 150401 (2021)
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Example: Four-Level System
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Example: Spin Chain
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Summary

“KAM-Stability for Conserved Quantities in Finite-Dimensional Quantum Systems,” PRL 126, 150401 (2021);
“Eternal Adiabaticity in Quantum Evolution,” PRA 103, 032214 (2021).

® KAM stability for finite-dimensional quantum systems

All symmetries are conserved,
but some symmetries are more conserved than others.
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Problems

® quantum KAM theorem and/or eternal adiabaticity
hold in infinite dimensions?
® under what conditions?

® cternal adiabaticity for open quantum systems

® GKLS structure of an effective generator






