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KAM Theorem in Classical Mechanics

long-term stability against small perturbations
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Outline

KAM-like stability for finite-dimensional quantum systems


robust symmetries vs fragile symmetries


All symmetries are conserved,

but some symmetries are more conserved than others.


eternal adiabaticity of the evolutions of 

perturbed finite-dimensional quantum systems

“KAM Stability for Conserved Quantities in Finite-Dimensional Quantum Systems,” PRL 126, 150401 (2021);

“Eternal Adiabaticity in Quantum Evolution,” PRA 103, 032214 (2021).



Adiabatic Theorem



Adiabatic Theorem
A. Messiah, Quantum Mechanics (Dover, New York, 2017).
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Perturbed Evolution and Adiabaticity

perturbed evolution
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Perturbed Evolution and Adiabaticity
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Perturbed Evolution and Adiabaticity
zeroth order
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T. Kato, “On the Adiabatic Theorem of Quantum Mechanics,” J. Phys. Soc. Jpn. 5, 435 (1950); 

Quantum 3, 152 (2019);


PRL 126, 150401 (2021).
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Perturbed Evolution and Adiabaticity
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Isospectral Perturbations
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(eitẽ` P̃` � eite`P`)

����� 

�����

m̃�1X

`=0
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A Previous Work
W. Scherer, “Superconvergent Perturbation Method in Quantum Mechanics,” PRL 74, 1495 (1995); 


W. Scherer, “Quantum Averaging II: Kolmogorov’s Algorithm,” JPA 30, 2825 (1997).

A complete analogue of Kolmogorov’s perturbation algorithm in classical 
mechanics is constructed for self-adjoint operators.
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Robustness of Symmetries



Conserved Quantities and Symmetries
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<latexit sha1_base64="j/MBKFgBDL3pWcnBm6IeyCNvOHA="></latexit>e1

<latexit sha1_base64="BbPNpBp+UQJVICUdBfwWsYVnUb0="></latexit>

S =
X

`

P`SP`



Robustness of Symmetries

at least for 
<latexit sha1_base64="BAID+K7+5Re/P2f/jzFA2IOYck4="></latexit>

t . O(1)

<latexit sha1_base64="KFu5/Vmto2tWSHAOP3CG8LUj2yc="></latexit>

kS"

t
� Sk = keit(H+"V )Se�it(H+"V ) � eitHSe�itHk

<latexit sha1_base64="8mFF5fWqsMVL7KmnVMQBrs+yYSY="></latexit>

= ke�itHeit(H+"V )S � Se�itHeit(H+"V )k
<latexit sha1_base64="PLVOjpFXGBT8n88R/P05JjoKaCU="></latexit>

= k[e�itHeit(H+"V ), S]k
<latexit sha1_base64="5/vuNiGnRLM86ZFk0b92IIo0dW8="></latexit>

= k[e�itHeit(H+"V ) � 1, S]k
<latexit sha1_base64="PRiE8Al29wntw+8r0JdpJcByEoU="></latexit>

 2kSkke�itHeit(H+"V ) � 1k
<latexit sha1_base64="uzYEvPXuprpaaYdq+a+v5h862Oo="></latexit>

= 2kSkkeit(H+"V ) � eitHk
<latexit sha1_base64="tsO/J9it/l6u4SzvolJeMCnN7wU="></latexit>

 2"tkV kkSk
<latexit sha1_base64="CylLpUW0Uktu20P3KmVUXQgmE1E="></latexit>

= O("), for 
<latexit sha1_base64="BAID+K7+5Re/P2f/jzFA2IOYck4="></latexit>

t . O(1)

<latexit sha1_base64="vwT9sHtaMxZmUoGh9Fb2QVI4EAg="></latexit>

kUAWk = kAk

for longer times??

<latexit sha1_base64="HIcdzene3OA0mO5BjjZI/KOrIC8="></latexit>

S
"

t
= eit(H+"V )

Se�it(H+"V ) = S +O("), 8kV k = 1



Symmetries Breaking the Degeneracy

<latexit sha1_base64="V5DiL5SOksZg+5aw6qSHaqQH50I="></latexit>

t = ⇡/(2")at

<latexit sha1_base64="7f7q8jaKLr83rnPN/0i52o98C/c="></latexit>

hS"
t i � hSi = �� sin2 "t = O(1)

breaking the degeneracy

<latexit sha1_base64="PMojxiIyNsKgBsbIlzqQ/yWUlHk="></latexit>

H =

<latexit sha1_base64="9HSep/7AJ5dGmOejgqx/eat3cI0="></latexit>

(
<latexit sha1_base64="/h9kl8QeOi4IW+vbkgegJbvFh3Y="></latexit>

)<latexit sha1_base64="4W4nzcXGxgDnYHNYiRtPP13qOOg="></latexit>e
<latexit sha1_base64="4W4nzcXGxgDnYHNYiRtPP13qOOg="></latexit>e

<latexit sha1_base64="4W4nzcXGxgDnYHNYiRtPP13qOOg="></latexit>e

<latexit sha1_base64="su+it/3/O8B5FmMZjHqNOPQq7KA="></latexit>

(
<latexit sha1_base64="vtwGN3Zuc4I43U0tI5fzmwDIwEg="></latexit>

)<latexit sha1_base64="YQ7SJ4EuxR3hLOzYTf0C667Sc0Y="></latexit>

S =

<latexit sha1_base64="32N14oxOutTu/pvNHUEPlH5jg24="></latexit>s1
<latexit sha1_base64="+AasK5CfIdCfDrFBKh5LjI9SS5U="></latexit>s2

<latexit sha1_base64="nsU2own3IFVendOW15BRlnNSlN0="></latexit>s3

This type of symmetries are fragile.

perturbation

initial state

<latexit sha1_base64="8ediIns25vDovgL8xbNKemXi0S8="></latexit>

H = e

⇣
|u1ihu1|+ |u2ihu2|

⌘
<latexit sha1_base64="G9E4Hr+/GEKVf7zY+fomGjp9qvI="></latexit>

S = s1|u1ihu1|+ s2|u2ihu2|
<latexit sha1_base64="1qGIIxjHxkAymODA4FCQ3uJuY0A="></latexit>

� = s1 � s2 6= 0

<latexit sha1_base64="qf5xwFX5BeM38k3ALiGvUZLGNpI="></latexit>

V = |u1ihu2|+ |u2ihu1|

<latexit sha1_base64="InFY11cef9jFzgirGFYHOajwRpM="></latexit>

| 0i = |u1i



Symmetries Respecting the Degeneracy
<latexit sha1_base64="su+it/3/O8B5FmMZjHqNOPQq7KA="></latexit>

(
<latexit sha1_base64="vtwGN3Zuc4I43U0tI5fzmwDIwEg="></latexit>

)
<latexit sha1_base64="9HSep/7AJ5dGmOejgqx/eat3cI0="></latexit>

(
<latexit sha1_base64="/h9kl8QeOi4IW+vbkgegJbvFh3Y="></latexit>

)
<latexit sha1_base64="QRh/wmTNyRdAbMqpYwsd5hZFmmg="></latexit>e0

<latexit sha1_base64="QRh/wmTNyRdAbMqpYwsd5hZFmmg="></latexit>e0
<latexit sha1_base64="j/MBKFgBDL3pWcnBm6IeyCNvOHA="></latexit>e1

<latexit sha1_base64="j/MBKFgBDL3pWcnBm6IeyCNvOHA="></latexit>e1

<latexit sha1_base64="yq5LY7CvK38eUf/vWSGmBl2t5v4="></latexit>e2
<latexit sha1_base64="yq5LY7CvK38eUf/vWSGmBl2t5v4="></latexit>e2

<latexit sha1_base64="j/MBKFgBDL3pWcnBm6IeyCNvOHA="></latexit>e1<latexit sha1_base64="PMojxiIyNsKgBsbIlzqQ/yWUlHk="></latexit>

H =
<latexit sha1_base64="+AasK5CfIdCfDrFBKh5LjI9SS5U="></latexit>s2

<latexit sha1_base64="+AasK5CfIdCfDrFBKh5LjI9SS5U="></latexit>s2

<latexit sha1_base64="32N14oxOutTu/pvNHUEPlH5jg24="></latexit>s1
<latexit sha1_base64="32N14oxOutTu/pvNHUEPlH5jg24="></latexit>s1

<latexit sha1_base64="32N14oxOutTu/pvNHUEPlH5jg24="></latexit>s1

<latexit sha1_base64="60VwtQi/vePmPGd107XXwQ8LYUA="></latexit>s0
<latexit sha1_base64="60VwtQi/vePmPGd107XXwQ8LYUA="></latexit>s0

<latexit sha1_base64="3dwc5LRjIRnvL8/yaSRpayZi5eA="></latexit>

= f(H)
<latexit sha1_base64="hOxBIg74UXFttvd/5oaqprBUu6M="></latexit>

S <latexit sha1_base64="7g5BJ7W/ZptT6ETxYZ/d+y9t70g="></latexit>=

<latexit sha1_base64="moBlPMQL6x23YGVDAMXeaJ57O4Y="></latexit>

= keit(H+"V )S � Seit(H+"V )k
<latexit sha1_base64="CMTdGRBsErQg0N+QBAQJpZDRv4o="></latexit>

= k[eit(H+"V ), S]k
<latexit sha1_base64="fEUbhl/NGPUA/ES81g0PuXSQNYo="></latexit>

= k[eit(H+"V ) � eit(H+"V̂ ), S]k
<latexit sha1_base64="Q0IY11YU1UX9Yp3o82t68Lw400o="></latexit>

 2kSkkeit(H+"V ) � eit(H+"V̂ )k

<latexit sha1_base64="xVUdQO6ujk78XFYYSUCTzsFn+uA="></latexit>

[H, V̂ ] = 0

<latexit sha1_base64="9cs9/pyjj5K8oeahGAFBlcQeXoQ="></latexit>

kS"
t � Sk =

<latexit sha1_base64="zLv7TM5iXf4onHRhfmH0H9tRgY0="></latexit>

keit(H+"V )Se�it(H+"V ) � Sk



Symmetries Respecting the Degeneracy
<latexit sha1_base64="su+it/3/O8B5FmMZjHqNOPQq7KA="></latexit>

(
<latexit sha1_base64="vtwGN3Zuc4I43U0tI5fzmwDIwEg="></latexit>

)
<latexit sha1_base64="9HSep/7AJ5dGmOejgqx/eat3cI0="></latexit>

(
<latexit sha1_base64="/h9kl8QeOi4IW+vbkgegJbvFh3Y="></latexit>

)
<latexit sha1_base64="QRh/wmTNyRdAbMqpYwsd5hZFmmg="></latexit>e0

<latexit sha1_base64="QRh/wmTNyRdAbMqpYwsd5hZFmmg="></latexit>e0
<latexit sha1_base64="j/MBKFgBDL3pWcnBm6IeyCNvOHA="></latexit>e1

<latexit sha1_base64="j/MBKFgBDL3pWcnBm6IeyCNvOHA="></latexit>e1

<latexit sha1_base64="yq5LY7CvK38eUf/vWSGmBl2t5v4="></latexit>e2
<latexit sha1_base64="yq5LY7CvK38eUf/vWSGmBl2t5v4="></latexit>e2

<latexit sha1_base64="j/MBKFgBDL3pWcnBm6IeyCNvOHA="></latexit>e1<latexit sha1_base64="PMojxiIyNsKgBsbIlzqQ/yWUlHk="></latexit>

H =
<latexit sha1_base64="+AasK5CfIdCfDrFBKh5LjI9SS5U="></latexit>s2

<latexit sha1_base64="+AasK5CfIdCfDrFBKh5LjI9SS5U="></latexit>s2

<latexit sha1_base64="32N14oxOutTu/pvNHUEPlH5jg24="></latexit>s1
<latexit sha1_base64="32N14oxOutTu/pvNHUEPlH5jg24="></latexit>s1

<latexit sha1_base64="32N14oxOutTu/pvNHUEPlH5jg24="></latexit>s1

<latexit sha1_base64="60VwtQi/vePmPGd107XXwQ8LYUA="></latexit>s0
<latexit sha1_base64="60VwtQi/vePmPGd107XXwQ8LYUA="></latexit>s0

<latexit sha1_base64="3dwc5LRjIRnvL8/yaSRpayZi5eA="></latexit>

= f(H)
<latexit sha1_base64="hOxBIg74UXFttvd/5oaqprBUu6M="></latexit>

S <latexit sha1_base64="7g5BJ7W/ZptT6ETxYZ/d+y9t70g="></latexit>=

<latexit sha1_base64="moBlPMQL6x23YGVDAMXeaJ57O4Y="></latexit>

= keit(H+"V )S � Seit(H+"V )k
<latexit sha1_base64="CMTdGRBsErQg0N+QBAQJpZDRv4o="></latexit>

= k[eit(H+"V ), S]k
<latexit sha1_base64="Vz05+d9qROvA9V3zVw3bsN818W8="></latexit>

= k[eit(H+"V ) � eit[H+"V1(")], S]k
<latexit sha1_base64="wjH/7z5IV7DfsCwOsjZQE0HHvrs="></latexit>

 2kSkkeit(H+"V ) � eit[H+V1(")]k

<latexit sha1_base64="N1bqdQmaO0D1BsaWhD0Tc0tpVLI="></latexit>

[H,V1(")] = 0

<latexit sha1_base64="2m+6V0m6IWCk7m2a304p4BylpIw="></latexit>

 14
p
m

⌘
"kV kkSk,

<latexit sha1_base64="ECxpfpA8QN4FKiYJw37UxRkr28M="></latexit>

8t

<latexit sha1_base64="9cs9/pyjj5K8oeahGAFBlcQeXoQ="></latexit>

kS"
t � Sk =

<latexit sha1_base64="zLv7TM5iXf4onHRhfmH0H9tRgY0="></latexit>

keit(H+"V )Se�it(H+"V ) � Sk
robust symmetries



Robust / Fragile Symmetries
PRL 126, 150401 (2021)

<latexit sha1_base64="gVMc8vFTmke0wffE7W+mvf8Ai7k="></latexit>

9V s.t. sup
t2R

keit(H+"V )
Se�it(H+"V ) � Sk = O(1), 8" > 0.

symmetry      is fragile if<latexit sha1_base64="EY1MGP6jOAzVPvPI1ZRvuFiitG8="></latexit>

S

symmetry      is robust
<latexit sha1_base64="EY1MGP6jOAzVPvPI1ZRvuFiitG8="></latexit>

S

<latexit sha1_base64="2m+6V0m6IWCk7m2a304p4BylpIw="></latexit>

 14
p
m

⌘
"kV kkSk,

<latexit sha1_base64="zLv7TM5iXf4onHRhfmH0H9tRgY0="></latexit>

keit(H+"V )Se�it(H+"V ) � Sk

<latexit sha1_base64="ECxpfpA8QN4FKiYJw37UxRkr28M="></latexit>

8t
<latexit sha1_base64="WQKu+fR3r+491cHz7aSCHmrkb0M="></latexit>

8" > 0, 8V , 2 R.

<latexit sha1_base64="3dwc5LRjIRnvL8/yaSRpayZi5eA="></latexit>

= f(H)
<latexit sha1_base64="hOxBIg74UXFttvd/5oaqprBUu6M="></latexit>

S

     is a symmetry<latexit sha1_base64="EY1MGP6jOAzVPvPI1ZRvuFiitG8="></latexit>

S

<latexit sha1_base64="AByMhGYMo7+SA2h4w8qH2mFT9so="></latexit>

2 {H}00 = {A : [A,B] = 0, 8B 2 {H}0}

<latexit sha1_base64="SoYGC+Js1K/S5dOQsIm6YAtxSG0="></latexit>

S 2 {H}0 = {A : [A,H] = 0}



Example: Four-Level System
perturbation <latexit sha1_base64="E4uzf7wyYMo2CtrrskjcG39kNBU="></latexit>

V

observable <latexit sha1_base64="LXkB+a++P4ye10+qHXT8q0h1Gpo="></latexit>

M

initial state
<latexit sha1_base64="m+Bomr12upYZdOJgE88gMliUcYE="></latexit>

| 0i

randomly chosen

<latexit sha1_base64="wCMgcHs5a88gcmMvDWWKcsE5vOU="></latexit>

kHkt
0 100 200 300 400 500

-1.0

-0.5

0.0

0.5

<latexit sha1_base64="LgQsuPThh+osRDGJX2fYwKYjjrk="></latexit>

hMo↵i"t/kMk
<latexit sha1_base64="ufTInjsx1d8LqRN5NrZtWZDD/ek="></latexit>

hSfragilei"t/kMk
<latexit sha1_base64="Wp9iaPi7HsVJN/aiZRVepMwPvH8="></latexit>

hSrobusti"t/kMk

<latexit sha1_base64="qp0wJtBbImo99ntOdnwfU2cvGjA="></latexit>

"kV k/kHk = 0.1

<latexit sha1_base64="L/C3aa39lwHq8kz4fuLlasatzSw="></latexit>

H =

0

BB@

0
0

e

e

1

CCA

<latexit sha1_base64="RzHyonVevH3imAaWsu0n644djkE="></latexit>

M = Mo↵ + Sfragile + Srobust

<latexit sha1_base64="ZG840ef/iNypcT6rmJhOvEesr9E="></latexit>

Mo↵ = M � S

<latexit sha1_base64="aYJ4MPrvMySyYYG0uGCq6NylIGo="></latexit>

Sfragile = S � Srobust

<latexit sha1_base64="5KKA7l5pSo2XIrodUbd7SoHd1Vc="></latexit>

Srobust =
X

`

1

dk
Tr(P`MP`)P`

<latexit sha1_base64="JNaMlHght3DulqbNdxIXAk7cK60="></latexit>

S =
m�1X

`=0

P`MP`

<latexit sha1_base64="nxd3F4/M8BGPUDfxBmq7ZPhIHvY="></latexit>)

<latexit sha1_base64="FsQSgn6YRnh71tCQb18dgx33yUk="></latexit>

hMi"t/kMk



Example: Spin Chain
<latexit sha1_base64="cIFsYi80xgKXvBZQoOo5riN+pDQ="></latexit>

H = �J

NX

n=1

�n · �n+1, �N+1 = �1

<latexit sha1_base64="WrNijLqHXXLo1PMWrtZK3rykYaU="></latexit>

Integral Charges {Q1, . . . , QN}

Integral charges are fragile.

<latexit sha1_base64="7AiklHEJTjUuG9psHB1nRhpdUg8="></latexit>

Q1 =
NX

n=1

�n,z,
<latexit sha1_base64="R4m9MNtQ0yiHiB/KgkYA8+7/NjY="></latexit>

Q2 = H

<latexit sha1_base64="H/Qld3mle9l7+ZQEdAikHkkzfSo="></latexit>

B =
1

2

NX

n=1

n�n · �n+1

<latexit sha1_base64="cHVQ3YXL4uU/hHmubdFF1awksaI="></latexit>

Qj+1 = �i[B,Qj ] (j = 2, . . . , N � 1)
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kHkt

energy hHi"t/kHk

magnetization hQ1i"t/kQ1k

0 200 400 600 800 1000
-0.4

-0.2

0.0

0.2

0.4

kHkt

total expectation hMi"t/kMk
o↵-diagonal part hMo↵i"t/kMk
fragile part hSfragilei"t/kMk
robust part hSrobusti"t/kMk

<latexit sha1_base64="QdG1owxBV3DXgIN6G4pQf7cM0MA="></latexit>

"kV k = 0.02kHk

<latexit sha1_base64="y21HpQQa5IbaAhLpXYqvV+9Rycs="></latexit>

N = 4, V and | 0i randomly chosen

<latexit sha1_base64="yAmPY8pixCaI0PheJEh5tD29zog="></latexit>

randomly chosen M



Summary
“KAM-Stability for Conserved Quantities in Finite-Dimensional Quantum Systems,” PRL 126, 150401 (2021);


“Eternal Adiabaticity in Quantum Evolution,” PRA 103, 032214 (2021).

KAM stability for finite-dimensional quantum systems
All symmetries are conserved,


but some symmetries are more conserved than others.

robust symmetry
<latexit sha1_base64="TphjVsXvIiq3wZZnZq7YmeOkBBE="></latexit>

S = f(H)

<latexit sha1_base64="LLzLwy2p8xaecK7gTd+uTzK3y30="></latexit>

8" > 0, 8V , 8t 2 R.

<latexit sha1_base64="tq34XBN6HIt157V7go76SV1DbUM="></latexit>

keit(H+"V )Se�it(H+"V ) � Sk  14
p
m

⌘
"kV kkSk,

fragile symmetry
<latexit sha1_base64="Ky5Wdy+rrCHODfb9NevNSwPm5CU="></latexit>

9V s.t. sup
t2R

keit(H+"V )
Se�it(H+"V ) � Sk = O(1), 8" > 0.

<latexit sha1_base64="Ms2EEVaCp4CDB1+Sb21J1m5BzM4="></latexit>

S 6= f(H)



Problems

quantum KAM theorem and/or eternal adiabaticity

hold in infinite dimensions?


under what conditions?

eternal adiabaticity for open quantum systems


GKLS structure of an effective generator




