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Preliminaries

positive trace-preserving (PTP)

completely positive trace-preserving (CPTP)
unital: (1) = 1
dual map &t

(Xa <I>D/]>HS = ((I)i[X}v Y)HS

® is PTP < & is positive unital




Preliminaries: contractions

® is positive trace-preserving:

1R[X]M < 1X11

® is positive unital:

[R[X]]loo < I X100




Preliminaries: Schwarz maps

Let ® be unital.

s )

® is a Schwarz map < ®[XTX] > ®[X]| ®[X]

® is a k-Schwarz map <= id; ® ® is a Schwarz map

PY = {unital k-positive}

Sk = {k-Schwarz}

U U
Py €Sk C Py 6




Preliminaries: relative entropy

Lindblad (1975)

B is CPTP — S(@[p1]l@[ps]) < S(pulp)

e 2-positive trace-preserving (Uhlmann)
e ®is PTP and ®! is a Schwarz map (Petz)

e positive trace-preserving (Miiller-Hermes and Reeb)



Dynamics



Quantum dynamical map

Pto = Pt = Atio (pto)

Atgy : B(H) — B(H) ; t > 1o

o At,to is CPTP for ¢t > 1o
s Alto,lfo =id

o t — A4y, differentiable.



Classical dynamical map

classical evolution <— p(t) =T'(t,t0)p

e T'(t,tg) is a stochastic matrix ¢ > tg
° T(to,to) =1
e t — T(t,tp) differentiable.
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Quantum vs. classical

p — pi=Tr(Pip) = (ilpli)
® = PTP map

T;; = Tr(P;®[P;])— stochastic matrix
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Positivity vs. complete positivity

®: B(H) — B(H)
Positivity: X >0 — ®(X) >0
®(X) =) aAXAl ; aeR

a; >0 — KZ:@Al

O(X) =Y. KiXK]
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Positivity vs. complete positivity

p > 0 ; spectral property

® posititive ; not a spectral property

® CP ; spectral property
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Why complete positivity?

Composite systems
Hi1® He
®, , &5 positive

®; @ Py needs not be positive

Qantum physics needs complete positivity
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Open quantum system

HROHE
Aty (p) = Trp (671’H(t7t0) PR pPE eiH(t*t0)>
At4,(p) = reduced evolution

tO :0 — At = At,O
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Semigroups of positive maps

At = [,At ; At:0 =id

Ay is trace-preserving <= L}(1) =0

A; = et is positive for t > 0 if and only if

P\ L[P]P, >0
for all rank-1 projectors P = |¢)(¢].

Af = e£" is a Schwarz map for ¢ > 0 if and only if

LHXTX) > XTLHX) + £HX)TX 16




Semigroups of positive maps

s D

A; = et* is positive for t > 0 if and only if

P\ L[P]P, >0
for all rank-1 projectors P = |¢) (1.

Af = ¢£" is a Schwarz map for ¢ > 0 if and only if

LHXTX) > XTohX) + ch(xhx

® positive —» k-positive

e Schwarz — k-Schwarz
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Classical semigroup

d
=T(t) = KT(¢)

Theorem

T(t) = ' is a stochastic matrix for t > 0 if and only if
1. Kij >0, i#j
2. >, Ki;=0forall j
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Classical vs. quantum

L generates PTP semigroup iff for any ONB in H

Kij = TI‘(R,C[PJ])

generates classical semigroup of stochastic matrices.

A. Kossakowski 1972
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Semigroups of completely positive maps

Ayis CP < Alis CP < Al is d-Schwarz ]

Theorem (Gorini-Kossakowski-Sudarshan-Lindblad (1976)) |
Ay = et* is CPTP for t > 0 if and only if there exist

1. H=H'

2. CP map @

£l = =ilt, ol + (@) - 3@t o}
. 1
LHX] =4[H, X] + (qﬂm - 2{@[11],)(})
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GNS symmetry

£l = =il + (0] - 5 {010}

CYHX] = i[H, X] + <c1>i[)q - ;{@i[]l],X}>

(X,Y), := Tr(cXTY)

(PHX],Y)o = (X, @H[Y])s
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Infinite dimensions

There are CP semigroups which are not of the standard Lindblad
form

e A. Holevo
e W. Arveson
e A. Holevo and R. Werner
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DIVISIBILITY
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Divisibility

e Divisibility of quantum channels

e Divisibility of dynamical maps
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Divisibility: quantum channels

® = P; 0 Dy (D are not unitary channels)

M. Wolf, I. Cirac (CMP, 2008)

® is Markovian +— & = ¢~

M. Wolf, I. Cirac, T. Cubitt, J. Eisert (PRL, 2008)

L
®=ec"0 (I)boundary

M. Ziman, D. Davalos (PRL, 2023)

25



Divisibility — dynamical maps

’ At:Vt,sOAs ;7525‘

Vis : BH) — B(H)

If A; is invertible for all ¢ > 0, then

V;f,s = AtAgl

If A; is not invertible for some ¢ > 0, then divisibility is not
guaranteed.
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Divisibility

What are the properties of V; ;7
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Divisibility

e P-divisible iff V; 5 is PTP
e CP-divisible iff V; 4 is CPTP +—

A. Rivas, S. Huelga, M. Plenio (PRL 2009)

CP-divisible = P-divisible

k-divisible, if V; ; is k-positive and trace-preserving.

k-divisibility = (-divisibility ; k> ¢
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Divisibility

Dy = k-divisible dynamical maps
Dy = CP-divisible = Markovian
D; = P-divisible

Markovian = Dy € Dy_1 C ... € Dy C all dynamics
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Divisibility vs. information backflow

Breuer, Laine, Piilo (BLP)

d
Markovianity «— @HAt[pl —p2flli £0

P-divisibility — %HAt[Plpl —pap2]l1 £0

CP-divisibility = P-divisibility = no information backflow
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Divisibility: invertible maps

Ay is k-divisible if and only if

d,.
lidy @ Al <0

for all

X=X € Mp(B(H)).

DC, A. Kossakowski, A. Rivas (PRA 2011)
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Divisibility: invertible maps

Ay is k-divisible if and only if

d,.
lidy @ Al <0

for all

X=X € Mp(B(H)).

DC, A. Kossakowski, A. Rivas (PRA 2011)

A; is CP-divisible iff A; ® A; is P-divisible

F. Benatti, DC, S. Filipov (PRA 2017) 31




Divisibility: non-invertible maps

F. Buscemi and N. Datta, PRA 2016

Distingushability of quantum states

Wait for Francesco talk.
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Divisibility: non-invertible maps

Ay =V, sAg only if

KerA; CKerA;; t>s

but V; s is uniquely defined only on the image of As.

17,575 = AA; ; (A, = generalized inverse (non unique!))

s

d
%Hidk ®At(X)H1 <0 =

Vi,s is k-positive and trace-preserving on the image of Aj.

Could we find k-positive trace-preserving extension V; ; ? &



Arveson extension theorem

M C B(H) - operator system

e e M
e XeM=—XeM

Theorem (Arveson) |

Let M be an operator system and ® : M — B(H) a unital CP
map. Then there exists unital CP extension ® : B(H) — B(H).

It is not true for positive maps
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Generalizing Arveson theorem

M C B(H) - spanned by positive operators

Theorem (Jencova)

If®: M — B(H) is a CP map, then there exists CP extension
O : B(H) = B(H).

It is not true for positive maps
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Theorem (DC,Rivas,Stgrmer)

d, .
It — 1Gd®A)[X] |1 <0

then Vi s is CPTP on Im A, and it can be extended to CP map
Vis.

Vi,s is always trace-preserving on Im A,

17,5,5 need not be trace-preserving on B(H)
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Could we have both CP and trace-preservation ?

A is “image decreasing” <= ImA; C ImA; (t > s)

Theorem (DC,Rivas,Stgrmer)
If Ay is image decreasing, then it is CP-divisible iff

d .
a | (id®A)[X][1 <0

L] [AtlyAtg} =0 for all tl,tQ > O,

e A; is diagonalizable (generic case)

37



Qubit is special

Theorem (DC, S. Chakraborty) |
A, is CP-divisible iff

d, .
7 1 (2@ A)[X] |1 <0

38



Qubit is special

Theorem (DC, S. Chakraborty) |
A, is CP-divisible iff

d, .
7 1 (2@ A)[X] |1 <0

® : My(C) — M,(C)

e dimIm A; = 4 (invertible)
o dimImA; =2
e dimimA; =1 —  Ai(p) =wTrp
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{p1,p2} 5 {o1,02}

Does there exists a quantum chanel ® such that o, = ®(pg) ?
Theorem (Alberti and Uhlmann) |
I p1 = tp2lls = [| o1 — tozlly

for all t > 0. Equivalently
| p1p1 — p2p2lli = || p1o1 — p202|l1

for all p1 + po = 1.
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{p1,p2} 5 {o1,02}

Does there exists a quantum chanel ® such that o, = ®(pg) ?
Theorem (Alberti and Uhlmann) |
I p1 = tp2lls = [| o1 — tozlly

for all t > 0. Equivalently
| p1p1 — p2p2lli = || p1o1 — p202|l1

for all p1 + po = 1.
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Divisibility vs. time-local generator

At =LAy ; M=o =1id

How to characterize divisibility in terms of £;?
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Divisibility vs. time-local generator

Let us assume that A; is CPTP

P-divisibility

PLLy(P)PL >0

CP-divisibility

Ly is time-dependent Lindbladian (GKLS)
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Divisibility: qubit dynamics

3

Lilpl = > (&) (orpor — p)

k=1

CP-divisibility

Y(t) >0, 7(t) >0, 73(t) > 0.

P-divisibility <= BLP condition

11(@t) +72(t) 20, y2(t) +73(t) >0, v3(t) +71(t) >0
42




Qubit: eternally non-Markovian dynamics

3
Lilp] =Y w(t)(axpor — p)
k=1

m=7v=1, 73(t) = —tanht

e not CP-divisible <— non-Markovian
o P-divisible

Y1(t) +72(t) >0, 7(t) +73(t) >0, ~3(t) +71(t) >0

M. J. W. Hall, J. D. Cresser, Li. Li, and E. Andersson (PRA 2014)
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Divisibility: qubit dynamics

3
Lilp] =Y w(t)(axpor — p)
k=1

M=7v=1, v(t)=—tanht (x*x)
ﬁk[P]:UkPUk_pa k:17273

At = (€t£1 + €t£2)

N | =

Et:AtAt_l — (k% %)

44



A = xletﬁl + $2€t£2 + $3€t£3

e A, is a Markovian semi-group if only one zj = 1
e A, is P-divisible for all z;, (= BLP condition)

e A, is CP-divisible only for special (21, z2,x3)

x1
1 X'o

|

x1g x10

1 [ e —

40

x2 x2 x2

N. Megier, DC, J. Piilo, W. Strunz, (Sc. Rep. 2017)
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Divisibility: qubit dynamics

Ly = —iw(t)[oz, p] + 7+ )Ly +v-()L-(p) +7:()L2(p)

1
Lilp] = oypo_ — 5{0—0-&-; p} i L:pl =o0zpo. —p

1
L_[p] = U—PU+—§{U+U—,P}

e CP-divisible iff v4 () > 0 and ~,(t) > 0,
e P-divisible iff 4 () >0, /v4+(t)y=(t) +27:(t) >0

e satisfies BLP condition iff

Y+(t) +7-(t) 20,  v4(t) +7-(¢) +47:(¢) =0,
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Markovian quantum processes
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Classical stochastic process

X(t) eX = {561,1'2,...}

P (Tn, tn; Tn—1,tn—1;...;21,t1) = Prob{X (t1) = z1,..., X (tn) = zn}

Kolmogorov consistency conditions

Pt (Tnytns -5 Z4ets5 - - 321, t01) =

Z ]P’n(xn,tn; . ;a;j,tj; . ;xl,tl)
(EjEX
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Classical stochastic process

The process is Markovian

]Pn (xna tn‘xn—la tn—l; ce ey xhtl) =P (xny tn|xn—17 tn—l)

Pp(zn,...,z1) = P(zp|zn,) - . . P(xa]z1)P1(z1)
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Classical stochastic process

If the process is Markovian then the infinite hierarchy of
Kolmogorov Consistency Conditions (KCC) reduce to

Pi(z) = Y Pzly)Pi(y)

P(zz)

> P(aly)P(y|2)
Yy
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Quantum stochastic process

Reduced evolution of a composite system in Hg ® Hp

Atﬂfo (pto) = Trg Uz, (pto ® 0B), Uity = UM()(')UI,tO’

Fix an orthonormal basis in Hg: |z) ; z=1,...,d = dimHg

Pu(p) = PupPy 3 Py = |z){(z|

]Pn(xrn tn; Tn—1,tn—1;...; 21, tl) =

Tr [(Pa,, @ Ze) Us,, 41 - -+ (Pay @ I) Uy, 10 (pto ® 08)] 5
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Quantum stochastic process

P (zn, tn; Tn-1,tn-1;...;21,t1) :=

Tr [(,Pzn & IB)utnatnfl e (P$1 ®IB) utl,to (pto ® QB)] >

52



Quantum stochastic process

P (zn, tn; Tn-1,tn-1;...;21,t1) :=

Tr [(,Pzn & IB)utnatnfl e (P$1 ®IB) utl,to (pto ® QB)] >

In general KCC does not hold
Pro—1 (Tn,tns -5 Z4et55 - -3 21, 1) =

d
Z Pn(Tn, tns ... T4, t5; .. .5 T1, 1)

Tj=1
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Quantum stochastic process

P (zn, tn; Tn-1,tn-1;...;21,t1) :=

Tr [(Pzn @ IB)utnatnfl T ('le ®IB) utl,to (pto ® QB)] )

The quantum process is

e N-classical, if KCC is satisfied foralln=1,..., N.

e classical, if the process is N-classical for all V.

(w.r.t. ONB |x)).

S. Milz, D. Egloff, P. Taranto, T. Theurer, M. Plenio, A. Smirne, and S.
Huelga (PRX 2020)
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Quantum stochastic process

Pn(l'n,tn;a?n,l,tn,l; s xlvtl) =

Tr [(Pmn ® IB)utnﬂfnfl T (Pﬂq ®IB) utl,to (pto ® QB)] ’

P ($n7 tn|$nfla =115 o o o § BBl tl) =P (-Tna tn|$n71, tnfl)

The quantum process is

e N-Markovian, it MC is satisfied for all n =1,..., N.
e Markovian, if the process is N-Markovian for all V.

(w.r.t. ONB |z)).
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Quantum stochastic process

Pn(xn,tn;mn,l,tn,l; s xlvtl) =

Tr [(Pﬂﬂn ® IB)utnﬂfnfl T ('le ®IB) utl,to (pto ® QB)] )

The quantum process is Markovian iff

Pn(xna tn; Tn—1,tn—1;-..;21, tl) =

Tr [,PwnAtmtnﬂ o ’P961At1,to (,Ot())] o

(Quantum regression formula)
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Process tensor

T[P’L’na AR 77).7)1] =
Trp [(Pxn ® IB) utn,tn—1 e (Pm ® IB) ut1,t0 (pto ® QB)]

Py (@n, tn; .. 521,t1) = TrsT [Py - -« s Py

The quantum process is Markovian iff

T['ngn, 000 ”le] = ,PwnAtn,tnq o 'PwlAtl,to (pto)

S. Milz and K. Modi (PRX Quantum 2021)

quantum comb
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Quantum stochastic process

Po (T, tn; Tn-1,tn-1;...;21,t1) :=

Tr [(Pe,, @ IB) U,y 11 -+ - (Pay @ IB) Uy, 10 (pto ® 08)] 5

e neither classical nor Markovian
e classical and non-Markovian
e non-classical and Markovian

e classical and Markovian
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Markovianity and classicality — examples

e amplitude damping dynamics

e dephasing dynamics
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Spin-boson model

H = w|1)(1| ® 1 + /dw wbl by, + Hint

Hiny = /dwf(w)\0><1| ® bl + h.c.

t 2 0
B = |vac)(vac| — A(p) = a( ”1 P11 a( )Plo.)
a(t)*por  poo — |a(t)|*p11
ia(t) = woa(t /Gt—s : a(0)=1

G(t)i=—i [ du |f(w)e ™
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Spin-boson model

Ay is CP-divisible (iff it is P-divisible) iff

d

— <0
Gla] <

The quantum process Py, (zy,, tp;...;1,t1) is Markovian for
any choice of {Py, P} iff f(w) = const. In this case the
reduced dynamics A; defines a Markovian semigroup.

If Pp(zp,tn;...;21,t1) is Markovian, then it is classical iff

Fo=10){0], A= [1)(1]
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Dephasing dynamics

Fixed ONB |[j) in Hg (dephasing basis)

H=) P ®H,
J

Py=j)(jl; Hj=H € B(Hs)

(¢
d=2 — At(p):( P >p10>

©(1)" po1 £00

QO(t) = Tr (ef’iHotQBeinf)
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Dephasing dynamics

A¢ is CP-divisible (iff it is P-divisible) iff

d
—lo(t)] <0
Zlo()] <

62



Dephasing dynamics — quantum regression

Avto(p) = 3 PipPe T [Uf (o))
3.0

Z/{t to( ) = e*i][j(tfto)pBeiII((tfto)

ulr, = T [ (om)]

j2,02 J1,01 _ g2k g1,01
Tr [utz,tl Outl,tg (PB)] Weo ot Uty o

Js.€3 J2.l2 Ji,l1 _ ., J3ds  g2le | g1l
[utg to © to,t1 © t1, to( ) ut3 to utg,tl t1,to
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Dephasing dynamics — classicality (d = 2)

If the measurement basis {ex} coincides with the dephasing
one {|k)}, then the quantum process is trivially classical

Pn(SCn, Uz o 0 o o @il tl) = 5xn,xn_16xn_1,a:n_2 . 6x2x1Pl (:C].v tl)

If {ex} and {|k)} are MUB, i.e. |(ex|l)|? = 1/2, and

pro = pol0)(0] + pr[1){1]

then the Markovian process is classical iff

SOt,s — Ty (e—iHotQBeiHls)

is real. 64




Amplitude damping and pure dephasing dynamics can be
generalized for arbitrary for arbitrary d.

D. Lonigro, DC (PRA 2022)
D. Lonigro, DC (JPA 2022)

D. Lonigro, DC (Frontiers in Physics 2022)
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