" MACQUARIE
=" University

SYDNEY-AUSTRALIA

State-dependent Trotter bounds

Alexander Hahn

Phys. Rev. A 107, L040201 (2023)
Burgarth, Facchi, Hahn, Johnsson, Yuasa, in preparation (2023)

MPQT 2023 workshop at ICMS, 25/05/2023 in Edinburgh


https://journals.aps.org/pra/abstract/10.1103/PhysRevA.107.L040201

MACQUARIE
Agenda ﬂ Unive(r?sity

SYDNEY-AUSTRALIA

The Trotter product formula in Quantum Control and Dynamical
Decoupling

Lifting to infinite dimensions
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Quantum Control

Implement a target dynamics by only using some accessible dynamics

Given operators A, B, implement the dynamics under the sum A + B

- - N . 2
Trotter product formula: (e—lﬁAe—lﬁB) = H(A+B) L O (tﬁ)

A
A

A+ B
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Dynamical Decoupling

Decouple system dynamics from bath dynamics

H = A0 A, H=H,@1,+1,@H, + 3, h{’ @ h"

Intersperse Hamiltonian dynamics with action of finite unitary group V' that acts irreducibly, i.e., via

Ad,(A) = gAgT,g eV, A €

N
(Ze—iﬁHZYe—iﬁHYXe—iﬁHXHe—iﬁHn)

~ 1
H= {(ZHZ+YHY + XHX + H)
— ]18®Hb

J. Math. Phys. 59 032203 (2018) 4



https://pubs.aip.org/aip/jmp/article/59/3/032203/396480/Dynamical-decoupling-of-unbounded-Hamiltonians
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Standard way

N
(e—i%Ae—i%B) _ o—it(A+B)

t2
< — Allse = A
< on I[A, Bl | Al Hzlﬁgl | A ||

oo

Particle in a x° potential

40j
30:* R A= p2’ B = 333

« p? + 2% is not self-adjoint
« Trotter does not converge

20

Example 1

e« A=p,B=2zFLk>2
—9 * Norm difference becomes maximal
0o « Trotter does not converge

Example 2

Phys. Rev. X 11, 011020 (2021), Amer. J. Phys. 61, 605-611 (1993), Lett. Math. Phys. 70, 65-81 (2004) 5



https://journals.aps.org/prx/abstract/10.1103/PhysRevX.11.011020
https://pubs.aip.org/aapt/ajp/article/61/7/605/1054401/Classical-symptoms-of-quantum-illnesses
https://link.springer.com/article/10.1007/s11005-004-3760-2
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dim(J7) < o0
A=A" B= DBt
(A+ B)p = hp

Phys. Rev. A 107, L 040201 (2023)
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| | A, se0,y) . 2t
Generator of Trotterized evolution:  Hi(s) = 9 extended periodically H; (s - —> = H(s)
B, se|g%. %) N
: A+ B . T
Generator of target evolution: Hs(s) = (time-independent average Hamiltonian)

2

Lemma 1 of Quantum 6, 737 (2022)
U2(2t) — U1(2t) = W — ‘/0 U1 (275)U1(S)Jr [H1(8)821(S) — SQl(S)HQ(S)] UQ(S)dS

where So1(t) = / [Ha(s) — Hi(s)]ds (integral action)
0

The integral action vanishes after a full Trotter cycle, so that the first summand is zero. It follows:

h

1(5) -~ 5] s (o) as

I[U2(2t) — U3 (28)] ]| < /

Computing the integral gives the bound

Phys. Rev. A 107, L 040201 (2023)



https://journals.aps.org/pra/abstract/10.1103/PhysRevA.107.L040201
https://quantum-journal.org/papers/q-2022-06-14-737/
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Truncate Hilbert space at finite level d and project all operators and states onto the finite-dimensional subspace

Vg =span(|0),...,|d—1)) with p — Z‘

T 04 T T T T
0.15 ®[0) 1) .
®[2)e|3) g %
= 4 0.3k
g £
— 01f B =
5"3 E/'U
P = 0ok 5
5 s
3 g
§ 0.05 §
e £ 0.1} -
5) o)
= =
0 0
\ \ \ \ \ | \ |
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Dimension of truncation d Dimension of truncation d
= 5la"+p7), B=Slap+pq) =p",B=q

Phys. Rev. A 107, L040201 (2023)
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Ct C ¢ N .
Define b&N)(@D;t) = ‘ (e_‘ﬁAde—‘ﬁBd> Wy — e~ H(AatBa)y,

b (¢);t) = lim sup b&m (15t)

d— oo

Theorem:
N
o Lim (e—i%Ae—i%B) _ o—it(A+B)
N —o0
if (i) A and B can be simultaneously approximated by the same truncation scheme, i.e. V = U Va is a common core,

(i) forall t € R, lim b (4;) =0, !
—00

Phys. Rev. A 107, L 040201 (2023)
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https://journals.aps.org/pra/abstract/10.1103/PhysRevA.107.L040201

Proof sketch of truncation result
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Show that e~ '*(4a+Ba)y, has a well-defined limit ¢(t) as d — oo

. . N .
lim (e—l%Ade—l%Bd) ¢ — e—lt(Ad—i-Bd)w
N—oo

lim (e_i%Ae_i%B> " Y= ()

N —o00

¢(t) = U(t)y and the generator of the unitary U (¢)

agrees with A + B wherever both are defined

Phys. Rev. A 107, L 040201 (2023)

Trotter-Kato approximation theorems | & Il

Finite-dimensional Trotter product

assumption A}gnoo b N (4 1) =0

Properties of one-parameter semigroups,
see Engel & Nagel

11


https://journals.aps.org/pra/abstract/10.1103/PhysRevA.107.L040201
https://link.springer.com/book/10.1007/b97696
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In practice, we only need to consider basis vectors: i

If ¢ € V, there exists a truncation dimension d , such that ¢ = Z (1) |7)

Thus, by triangle inequality =0

do1 1/2

Immediately obtain Trotter bound for infinite-dimensional case

Naturally generalizes to more than two operators

Phys. Rev. A 107, L 040201 (2023)
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103

*[2)¢]3)
*[4)

1 1
Harmonic oscillator: A = §q2, B= §p2

b (|m) ; )_4N\/ [m(m + 1)(m? + m + 14) + 10]

Trotter error b((ln) (lm);t)
[\
[
J

Dimension of truncation d

Phys. Rev. A 107, L040201 (2023) 13
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Phys. Rev. A 107, L 040201 (2023)

mathematically hard

not digitally simulable

HY H®) > H=HDL + g®
Trotter . _
continuous quantum simulation
Hamiltonians A
(]
|
x :
) Fc% 1
= S ol
= 2|5 3
o r— wn Qt
T > 8 ) : ?
s % E = . °
f:) = = *
+ 90 [
g e, ]
v .
1
Hél) = PdH(l)Pd Trotter

> _ () (2)
Ho(lQ) — PdH(2)Pd mathematically easy Hq Hd + Hd,

digitally simulable
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Direct infinite-dimensional bounds
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A self-adjoint on D(A) and B self-adjoint on D(B)
¢ € D(A*) ND(B?)
(A+ B)p = hyp

Thenforall g € R

En (5 )

In particular, the Trotter product formula converges on ¥

(Notice difference & (t; ) # b (5t))

Burgarth, Facchi, Hahn, Johnsson, Yuasa, in preparation (2023)
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Source: https://learn.qiskit.org/course/ch-algorithms/quantum-phase-estimation

__“___m___;L___jE_____
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https://learn.qiskit.org/course/ch-algorithms/quantum-phase-estimation
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For superposition states

Y= Zcz‘%‘

(RHS defined as oo if not converging)

Burgarth, Facchi, Hahn, Johnsson, Yuasa, in preparation (2023) 17
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Split-step method: Trotterize between kinetic and potential energy
h? % 1
A=— A B=-— —
Zme MelGo T
h d . hz 1 . . . . .
H"Y% = A+ B has eigenvalues FE, = T a2 o2 corresponding to its radial eigenfunctions
etq
2 \¥? [(n—t—-1)
N —r/apn 07 (20+1)
Ry(r) = <a0n> \/—2n(n—|—€)! e °"(2r/agn)"L,”", 1 (2r/aon)
where
n ; + o ‘
L (z " i
D S
1=0
Burgarth, Facchi, Hahn, Johnsson, Yuasa, in preparation (2023) 18



Trotter theorem applied to the hydrogen atom
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Azimuthal quantum
number /

Scaling of bound for
Trotter error {n(t; Rne)

¢ = 0 (s-orbitals)

£2 1
O (,n3/2 N1/4>

¢ =1 (p-orbitals)

¢ > 2 (d-orbitals and higher)

Burgarth, Facchi, Hahn, Johnsson, Yuasa, in preparation (2023)
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If only » € D(A) N D(B), then

- t . ¢ t
En(t; o) <N H (e_IWA — 14 iNA) @H + N H (e_lﬁB — 14 iNB) ng

Burgarth, Facchi, Hahn, Johnsson, Yuasa, in preparation (2023) 20
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Burgarth, Facchi, Hahn, Johnsson, Yuasa, in preparation (2023) 21
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102
8
= 1074 |
@
N
g
2
10=6 | N
10—8
| | |
5 10 15 20 25 30
Trotter steps NV
—n=1,{=0—n=2,£=0—-n=3,£=0
=3, 4=2—n=4,L=0—n=4,£=2

Burgarth, Facchi, Hahn, Johnsson, Yuasa, in preparation (2023)
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Higher order Trotterization
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S4(t, N) = [82(82t, N)]282([1 — 482]t, N) [SQ(SQt, N)]Q,

_it(A+B) Pt

Phys. Rev. X 11, 011020 (2021)

59 = 1/(4 — 41/3)

23
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Higher order Trotterization hydrogen atom
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10—2

2nd order ground state Trotter error 51(\?) (t; ¢0)

Trotter steps N

1073 1| 100 modes
- ---200 modes

10—4 || 300 modes

- |- - 400 modes

|-+ - 800 modes
1075 | ____ N2

| —— N—1/2
1076 & | L]

10! 102

Burgarth, Facchi, Hahn, Johnsson, Yuasa, in preparation (2023)

4th order ground state Trotter error 51(\;1) (t; d0)

101

10—3

—— 100 modes
- ---200 modes
- - 400 modes
-+ -+ 800 modes
N N—4

— N-—1/2

10!

Trotter steps N

102
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—— 20 modes

- ---50 modes
- - 100 modes
-+ -+ 200 modes

—_— N—2

1074 [

10—10

| | | \

10! 102
Trotter steps N

2nd order excited state Trotter error 51(\?) (t; U321)

Burgarth, Facchi, Hahn, Johnsson, Yuasa, in preparation (2023) 25
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0060

State-dependent Trotter error bound for finite-dimensional systems

Lifting this bound to infinite-dimensions and show Trotter convergence

Trotter error for low energy input states in quantum chemistry scales slower

Higher order Trotter hierarchy seems to break down for low energy input states in quantum chemistry

26
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Bounds for generic states (not only eigenstates) — even finite-dimensional

Generalized eigenfunctions (rigged Hilbert space)

@ Case study of more complicated atoms and molecules (bounds for generic states needed)
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