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LOWER CENTRAL SERIES
§ Let G be a group. The lower central series tγk pGqukě1 is defined

inductively by γ1pGq “ G and γk`1pGq “ rG, γk pGqs.

§ Here, if H,K ă G, then rH,K s is the subgroup of G generated by
tra,bs :“ aba´1b´1 | a P H,b P K u. If H,K Ÿ G, then rH,K s Ÿ G.

§ The subgroups γk pGq are, in fact, characteristic subgroups of G.
Moreover, rγk pGq, γℓpGqs Ď γk`ℓpGq, @k , ℓ ě 1.

§ In particular, it is a central series, i.e., rG, γk pGqs Ď γk`1pGq.

§ In fact, it is the fastest descending central series for G.

§ It is also a normal series, i.e., γk pGq Ÿ G. Each quotient,

grk pGq :“ γk pGq{γk`1pGq

lies in the center of G{γk`1pGq, and thus is an abelian group.

§ If G is finitely generated, then so are its LCS quotients. Set
ϕk pGq :“ rank grk pGq.

ALEX SUCIU (NORTHEASTERN) LIE ALGEBRAS OF ARRANGEMENTS ICMS, MARCH 14, 2023 2 / 21



ASSOCIATED GRADED LIE ALGEBRA

§ For a coefficient ring k, we let grpG; kq “
À

kě1 grk pGq b k.

§ This is a graded Lie algebra, with addition induced by the group
multiplication and with Lie bracket r , s : grk ˆ grℓ Ñ grk`ℓ induced
by the group commutator.

§ The construction is functorial. Write grpGq “ grpG;Zq.

§ Example: if Fn is the free group of rank n, then
˝ grpFnq is the free Lie algebra LiepZnq.

˝ grk pFnq is free abelian, of rank ϕk pFnq “ 1
k

ř

d|k µpdqn
k
d .

§ G{γk pGq is the maximal pk ´ 1q-step nilpotent quotient of G.

§ G{γ2pGq “ Gab, while G{γ3pGq Ø Hď2pG;Zq.
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CHEN LIE ALGEBRAS

§ Let Gpiq be the derived series of G, starting at Gp1q “ G1,
Gp2q “ G2, and defined inductively by Gpi`1q “ rGpiq,Gpiqs.

§ The quotient groups, G{Gpiq, are solvable; G{G1 “ Gab, while
G{G2 is the maximal metabelian quotient of G.

§ The i -th Chen Lie algebra of G is defined as grpG{Gpiq; kq.

§ The projection qi : G ↠ G{Gpiq, induces a surjection
grk pG;kq ↠ grk pG{Gpiq; kq, which is an iso for k ď 2i ´ 1.

§ Assuming G is finitely generated, write θk pGq “ rank grk pG{G2q for
the Chen ranks. We have ϕk pGq ě θk pGq, with equality for k ď 3.

§ Example (K.-T. Chen 1951): θk pFnq “ pk ´ 1q
`n`k´2

k

˘

, for k ě 2.
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HOLONOMY LIE ALGEBRA

§ A quadratic approximation of the Lie algebra grpG;kq, where k is a
field, is the holonomy Lie algebra of G, defined as

hpG; kq :“ LiepH1pG; kqq{ximpµ_
Gqy,

where
˝ L “ LiepV q the free Lie algebra on the k-vector space V “ H1pG;kq,

with L1 “ V and L2 “ V ^ V ;

˝ µ_
G : H2pG;kq Ñ V ^ V is the dual of the cup product map

µG : H1pG;kq ^ H1pG;kq Ñ H2pG;kq.

§ There is natural epimorphism of graded Lie algebras,
hpG;kq ↠ grpG; kq, which restricts to isos in degrees 1 and 2.

§ For each i ě 2, this morphism factors through epimorphisms
hpG;kq{hpG; kqpiq ↠ grpG{Gpiq;kq.
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MALCEV LIE ALGEBRA
§ Let k be a field of characteristic 0. Then kG is a Hopf algebra, with

comultiplication ∆pgq “ g b g and counit ε : kG Ñ k.

§ Let J “ ker ε. The J-adic completion xkG “ lim
ÐÝk kG{Jk is a filtered,

complete Hopf algebra.

§ An element x P xkG is called primitive if p∆x “ x pb1 ` 1pbx . The set
mpG;kq “ Primp xkGq of all such elements, with bracket
rx , ys “ xy ´ yx , is the Malcev Lie algebra of G.

§ If G is finitely generated, then grpmpG;kqq – grpG; kq.

§ G is filtered-formal (over k), if there is an isomorphism of filtered
Lie algebras, mpG;kq – pgrpG;kq.

§ G is 1-formal (over k) if it is filtered formal and the projection
hpG;kq ↠ grpG; kq is an isomorphism; that is, mpG;kq – phpG;kq.

§ (Papadima–S. 2004) If G is 1-formal, then the maps
hpG;kq{hpG; kqpiq ↠ grpG{Gpiq;kq are isomorphisms.
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HYPERPLANE ARRANGEMENTS

§ An arrangement of hyperplanes is a finite collection A of
codimension 1 linear (or affine) subspaces in Cd .

§ For each H P A let αH be a linear form with kerpαHq “ H; set
f “

ś

HPA αH .

§ Intersection lattice LpAq: poset of all intersections of A, ordered by
reverse inclusion, and ranked by codimension.

H1

H2

H3H4

X1 X2

X3

X4

H1 H2 H3 H4

X1 X2 X3 X4

L1pAq

L2pAq

§ Complement: MpAq “ Cd z
Ť

HPA H. It is a smooth, quasi-
projective variety and also a Stein manifold. It has the homotopy
type of a finite, connected, d-dimensional CW-complex.
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EXAMPLE (THE BOOLEAN ARRANGEMENT)
§ Bn: all coordinate hyperplanes zi “ 0 in Cn.

§ LpBnq: Boolean lattice of subsets of t0,1u
n.

§ MpBnq: complex algebraic torus pC˚qn » K pZn,1q.

EXAMPLE (THE BRAID ARRANGEMENT)
§ An: all diagonal hyperplanes zi ´ zj “ 0 in Cn.

§ LpAnq: lattice of partitions of rns :“ t1, . . . ,nu, ordered by
refinement.

§ MpAnq: the (ordered) configuration space of n distinct points in C;
it is a classifying space K pPn,1q for the pure braid group on n
strands, Pn.
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COHOMOLOGY RINGS OF ARRANGEMENTS

§ The space MpAq admits a minimal cell structure.

§ The groups HqpMpAq;Zq are finitely generated and torsion-free,
with ranks given by řℓ

q“0 bqpMpAqqtq“
ř

XPLpAq µpXqp´tqrankpXq, where
µ : LpAq Ñ Z is defined by µpCd q “ 1 and µpX q “ ´

ř

Y ŚX µpY q.

§ Let E be the Z-exterior algebra on degree 1 cohomology classes
eH “ 1

2πi rd logpαHqs dual to the meridians xH around H P A.

§ Let B : E˚ Ñ E˚´1 be the differential given by BpeHq “ 1, and set
eX “

ś

HĚX eH for each X P LpAq.

§ Arnold, Brieskorn, Orlik–Solomon showed: H˚pMpAq;Zq – E{I,
where I “ xBeX : rankpX q ă |X |y.

§ M. Kim and B. Shapiro: The quasi-projective variety M admits a
pure mixed Hodge structure.

§ Thus, M is Q-formal (albeit not Zp-formal, in general).
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FUNDAMENTAL GROUPS OF ARRANGEMENTS

§ Let A1 “ tH X C2uHPA be a generic planar section of A. Then the
arrangement group, GpAq “ π1pMpAqq, is isomorphic to
π1pMpA1qq.

§ So let A be an arrangement of n affine lines in C2. Taking a
generic projection C2 Ñ C yields the braid monodromy
α “ pα1, . . . , αsq, where s “ #tmultiple pointsu and the braids
αr P Pn can be read off an associated braided wiring diagram,

‚

‚ ‚
‚

4
3
2
1

§ The group GpAq has a presentation with meridional generators
x1, . . . , xn and commutator relators xiαjpxiq

´1.
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HOLONOMY AND ASSOCIATED GRADED LIE ALGEBRAS

§ The holonomy Lie algebra of G “ GpAq is determined by Lď2pAq,

hpGq “ LiepxH : H P Aq

M

ideal
!”

xH ,
ÿ

K PA
K ĄY

xK

ı

:
HPA,Y PL2pAq

HĄY

)

.

§ Since M is formal, the group G is 1-formal. Hence, grpGq b Q is
determined by Hď2pM,Qq, and thus, by Lď2pAq.

§ In fact, the surjection hpGq ↠ grpGq induces an isomorphism,
hpGq b Q »ÝÑ grpGq b Q.

§ (Papadima–S. 2004) The Chen ranks θk pGq are also determined
by Lď2pAq.

§ Explicit combinatorial formulas for the LCS ranks ϕk pGq are known
in some cases, but not in general.
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§ UphpGq b Qq “ Ext1ApQ,Qq “ A
!
, the quadratic dual of the

quadratic closure of A “ H˚pM,Qq.

§ (Falk–Randell 1985) If A is supersolvable with exponents
d1, . . . ,dℓ, then ϕk pGq “

řℓ
i“1 ϕk pFdi q. (Also follows from Koszulity

of H˚pM,Qq and Koszul duality.)

§ (Porter–S. 2020) The map h3pGq Ñ gr3pGq is an isomorphism, but
it is not known whether h3pGq is torsion-free.

§ (S. 2002) The groups grk pGq may have non-zero torsion for k " 0.
E.g., if G “ GpMacLaneq, then gr5pGq “ Z87 ‘ Z4

2 ‘ Z3.

§ (S. 2002): Is the torsion in grpGq combinatorially determined?

§ (Artal Bartolo, Guerville-Ballé, and Viu-Sos 2020): Answer: No!

§ There are two arrangements of 13 lines, A˘, each one with 11
triple points and 2 quintuple points, such that grk pG`q – grk pG´q

for k ď 3, yet gr4pG`q “ Z211 ‘ Z2 and gr4pG´q “ Z211.
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NILPOTENT QUOTIENTS

§ The quotient G{γ3pGq is determined by Lď2pAq. Indeed, in the
central extension,

0 gr2pGq G{γ3pGq Gab 0,

we have gr2pGq “ pI2q_ and the k -invariant H2pGabq Ñ gr2pGq is
dual of the inclusion I2 ãÑ E2 “

Ź2 Gab.

§ (G. Rybnikov 1994): G{γ4pGq is not always determined by Lď2pAq.

§ There are two arrangements of 13 lines, A˘, each one with 15
triple points, such that LpA`q – LpA´q, and therefore
G`{γ3pG`q – G´{γ3pG´q and gr3pG`q – gr3pG´q, but
G`{γ4pG`q fl G´{γ4pG´q.

§ The difference can be explained in terms of (generalized) Massey
triple products over Z3.
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DECOMPOSABLE ARRANGEMENTS

§ For each flat X P LpAq, let AX :“ tH P A | H Ą Xu be the
localization of A at X .

§ The inclusions AX Ă A give rise to maps MpAq ãÑ MpAX q.
Restricting to rank 2 flats yields a map

j : MpAq
ś

XPL2pAq MpAX q .

§ The induced homomorphism on fundamental groups, j7, defines a
morphism of graded Lie algebras,

hpj7q : hpGq
ś

XPL2pAq hpGX q .

THEOREM (PAPADIMA–S. 2006)
The map hk pj7q is a surjection for each k ě 3 and an iso for k “ 2.

DEFINITION

A is decomposable if the map h3pj7q is an isomorphism.
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EXAMPLE

Let ApΓq “ tzi ´ zj “ 0 : pi , jq P EpΓqu Ă An be a graphic arrangement.
Then ApΓq is decomposable if and only if Γ contains no K4 subgraph.

THEOREM (PAPADIMA–S. 2006)
Let A be a decomposable arrangement, and let G “ GpAq. Then

§ The map h1pj7q : h1pGq Ñ
ś

XPL2pAq h
1pGX q is an isomorphism of

graded Lie algebras.

§ The map hpGq ↠ grpGq is an isomorphism

§ For each k ě 2, the group grk pGq is free abelian of rank
ϕk pGq “

ř

XPL2pAq ϕk pFµpXqq.

THEOREM (PORTER–S. 2020)
Let A and B be decomposable arrangements with Lď2pAq – Lď2pBq.
Then, for each k ě 2,

GpAq{γk pGpAqq – GpBq{γk pGpBqq.
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THE MILNOR FIBRATION

A

F

h

F

§ The defining polynomial map f : Cd Ñ C restricts to a smooth
fibration, f : M Ñ C˚, called the Milnor fibration of A.

§ The Milnor fiber is F pAq :“ f ´1p1q. The monodromy, h : F Ñ F , is
given by hpzq “ e2πi{nz, where n “ |A|.

§ F is a Stein manifold. It has the homotopy type of a finite
CW-complex of dimension d ´ 1 (connected if d ą 1).

§ (Zuber 2010) MHS on F may not be pure and π1pF q may be
non-1-formal.
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§ F is the regular, Zn-cover of U “ PpMq, classified by the
epimorphism π1pUq ↠ Zn, xH ÞÑ 1.

§ Let ι : F ãÑ M be the inclusion. Induced maps on π1:

1

Z

1 π1pF q π1pMq Z 1

π1pUq

1

ι7 f7

p7

§ b1pF q ě n ´ 1, and may be computed from the characteristic
varieties V1

s pUq. Combinatorial formulas are known in some cases,
e.g., if PpAq has only double or triple points (Papadima–S. 2017).

§ (Denham–S. 2016) H˚pF ;Zq may have torsion. (Yoshinaga 2020):
in fact, H1pF ;Zq may have torsion.
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TRIVIAL ALGEBRAIC MONODROMY

THEOREM (S. 2021)
Suppose h˚ : H1pF ;Zq Ñ H1pF ;Zq is the identity. Then

§ grě2pπ1pF qq – grě2pGq.

§ grě2pπ1pF q{π1pF q2q – grě2pG{G2q.

THEOREM (S. 2021)
Suppose h˚ : H1pF ,Qq Ñ H1pF ,Qq is the identity. Then

§ grě2pπ1pF qq b Q – grě2pGq b Q.

§ grě2pπ1pF q{π1pF q2q b Q – grě2pG{G2q b Q.

§ ϕk pπ1pF qq “ ϕk pGq and θk pπ1pF qq “ θk pGq for all k ě 2.
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FALK’S PAIR OF ARRANGEMENTS' $
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§ Both A and A1 have 2 triple points and 9 double points, yet
LpAq fl LpA1q. Nevertheless, MpAq » MpA1q.

§ Both Milnor fibrations have trivial Z-monodromy.

§ (S. 2017) π1pF q fl π1pF 1q.

§ The difference is picked by the depth-2 characteristic varieties:
V2pF q – Z3, yet V2pF 1q “ t1u
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YOSHINAGA’S ICOSIDODECAHEDRAL ARRANGEMENT

§ The icosidodecahedron is the convex hull of 30 vertices given by
the even permutations of p0,0,˘1q and 1

2p˘1,˘ϕ,˘ϕ2q, where
ϕ “ p1 `

?
5q{2.

§ It gives rise to an arrangement of 16 hyperplanes in R3, whose
complexification is the icosidodecahedral arrangement A in C3.

§ MpAq is a K pG,1q.

§ H1pF ;Zq “ Z15 ‘ Z2. Thus, the algebraic monodromy of the
Milnor fibration is trivial over Q and Zp (p ą 2), but not over Z.

§ Hence, grpπ1pF qq – grpπ1pUqq, away from the prime 2. Moreover,
˝ gr1pπ1pF qq “ Z15 ‘ Z2

˝ gr2pπ1pF qq “ Z45 ‘ Z7
2

˝ gr3pπ1pF qq “ Z250 ‘ Z43
2

˝ gr4pπ1pF qq “ Z1,405 ‘ Z?
2 and h4pπ1pF qq “ Z1,405 ‘ Z20

2 .
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