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ORIENTED LINKS

e



THEGORDIAN KNOT

=0?



REIDEMEISTER MOVES



INVARIANTS

#tricolorings:at each crossing either
-

· all three colors appear X or

· only one color appears.

O-
0008...



HOMFLYPT Polynomial
A knot is an embedding of S1 into R3. A link is a disjoint collection of knots.
Definition (Hoste, Ocneanu, Millett, Freyd, Lickorish, Yetter, Przytycki, Traczyk)
The HOMFLYPT polynomial …⑤



HOMFLYPT Polynomial

A knot is an embedding of S1 into R3. A link is a disjoint collection of knots.
Definition (Hoste, Ocneanu, Millett, Freyd, Lickorish, Yetter, Przytycki, Traczyk)
The HOMFLYPT polynomial P(L) associated to a link L is defined by skein relations:
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Specializations of a and q recover the Jones and Alexander polynomials.



Torus Knots
Definition
Fix n and p coprime. Thinking of a torus as S1 ⇥ S1, the (n, p)-torus knot Tn,p winds
n times around one S1 and p times around the other S1.
Example
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HOMFLYPT of T1,2 and T2,3

Example

!
WHAT ABOUT T24.T45..... Tant?



#r theSamalannumbers are
theintegers

Pak credits Riordan for the name

cat(n) -a1(2)

*1, 2, 5, 14,42, 132 ...

i
Cat(n) counts:noncrossing partitions, triangulations. Bych paths,

ete, etcetcetcetc....
REF PakHistoryofCatalanNumber

the



"*m" (Folklore)

Justaboutevery combinatorial objectis Catalan.



HOMFLYPT of a Torus Knot

Theorem (Jones, see also Gorsky)

[coeff of a�(p�1)(n�1)�2k ]P(Tn,p) =
1

[p]q

n � 1
k

�

q

n + p � k � 1
n

�

q
.

As a very special case,

[top coeff of a]P(Tn,n+1)
��
@q=1 =

1
n + 1

✓2n
n

◆
= Cat(n).

for phil these are
kirman numbers - frector of assocahedron
(sea Reiner-shepler - Sommers!)
-

Also fromTheo's talk



Combinatorial Motivation
Somehow, torus knots Tn,n+1 seem to “know” about Catalan numbers.

[top coefficient of a]P(Tn,n+1)
��
@q=1 = Cat(n).

I Find Catalan objects hidden in the knot Tn,n+1.
I Find “rational” Catalan objects hidden in the knot Tn,p .
I Generalize. Cother types, other braids, etc.)



BRAIDS

-



Braid Groups
Definition (Artin)
The braid group Bn has presentation

Bn =
D

s1, . . . , sn�1 : sisi+1si = si+1sisi+1, sisj = sjsi
E
.

sorry theo!



Oriented Links from Braids
Observe that a braid ↵ closes to an oriented link b↵.
Example

�!

I Alexander: every oriented link arises as a braid closure. Tn,p ⇠ (s1s2 · · · sn�1)p .
I Markov moves: any two braid closures representing the same oriented link are

connected by moves of the form
d↵� ⇠d�↵ and d↵s±n ⇠ b↵ for ↵ 2 Bn.
FIE -



Traces
Write K = Q(q±1/2).
I Any K -linear link invariant tr : K [Bn] ! K(a) must be a trace:

tr(↵�) = tr(�↵).

I A trace is called Markov if also

tr(↵sn) = atr(↵) for ↵ 2 Bn.

Idea: look for trace invariants that factor through the Hecke algebra.

FIE

-



Hecke Algebras

Definition
Write K = Q(q±1/2). The Hecke algebra Hn:
I is a quotient of the group algebra K [Bn] with presentation

Hn = K [Bn]/hs2
i = (q � 1)si + qi,

(write Ti for the image of si under this quotient);
I has a basis Tw as an K -algebra indexed by elements of the symmetric group Sn;
I is a deformation of the group algebra of Sn (q ! 1); and
I has “the same” representation theory as Sn (� 2 IrrSn $ �q 2 IrrHn).



Markov Traces

Theorem (Ocneanu, Jones)
HOMFLYPT is the unique Markov trace from Hn to K(a).

Theorem
Up to (predictable) sign and power of q, for any positive braid � 2 Bn

1
(q � 1)n�1 [top coeff in a]HOMFLY(b�) = [T1]T�1

� =: tr(T�).

-

↑
Not Markow

coaffof

identity



Markov Traces

Theorem (Tran, W. (2023+))
Up to (predictable) sign and power of q, for any positive braid � 2 Bn

1
(q � 1)n�1 [coeff of a�top�2k ]P(Tn,p) =

X

w2Sn
desR (w)={s1,s2,...,sk�1}

q�`(w)tr(TwTw�1T�1
� ).

The trace can be computed directly using the relations in the Hecke algebra, or
by using the fact that Hn decomposes as a (weighted) direct sum over irreps:

tr =
X

�q2Irr(Hn)

1
s(�q)

�q.

inh,



Example
Fix n = 2. Recall that T 2

s = (q � 1)Ts + q and T�1
s = q�1(Ts � (q � 1)).

Example
Compute the top coefficient in a of HOMFLY(csss) = �a�4 + a�2q�1(q2 + 1) as

[T1]T�1
sss = [T1]T�3

s = [T1]q�3(Ts � (q � 1))3

= q�3[T1]
�
T 3

s � 3(q � 1)T 2
s + 3(q � 1)2Ts � (q � 1)3�

= q�3[T1]
�
(q � 1)T 2

s + qTs � 3(q � 1)((q � 1)Ts + q) + 3(q � 1)2Ts � (q � 1)3�

= q�3[T1]
�
(q � 1)((q � 1)Ts + q) + qTs � [3q(q � 1) + (q � 1)3]

�

= q�3[T1]
�
(q + (q � 1)2)Ts � [3q(q � 1) + (q � 1)3 � q(q � 1)]

�

= �q�3 �3(q � 1)q + (q � 1)3 � q(q � 1)
�

= �q�3(q � 1)(q2 + 1).



Combinatorial Motivation
Write c = s1s2 · · · sn�1 2 Bn so that the torus knot Tn,p ⇠ bcp .
The braid cn+1 seems to “know” about Catalan numbers:

✓ 1
(q � 1)n�1 tr(Tcn+1)

◆ ���
@q=1

= Cat(n).

�!

I Find Catalan objects hidden in the braid cn+1.
I Find “rational” Catalan objects hidden in the braid cp .
I Generalize.



BRAID VARIETIES

I
·o



PHILOSOPHY:"On is S2nCIg) atg =
1"(S2nCall=(g-yrig(r) itibg

--Tits)

· Lie group SL,(Ig)

· Brad group Bu

· Hecke algebra In

· Affine symmetric group En



Flags

I the Borel subgroup B = B+ = B+(Fq) of upper triangular matrices:

B '
⇥
0 ✓ he1i ⇢ he1, e2i ⇢ · · · ⇢ Fn

q
⇤
;

I the flag variety:

G/B '
n
[V0 ⇢ V1 ⇢ · · · ⇢ Vn] with dim(Vi) = i

o
.

Definition
For B 0,B 00 2 G/B, we say B 0 is in relative position si to B 00 (written B 0 si�! B 00)
if B 0 and B 00 differ exactly in their ith and (i + 1)st subspaces.

El
O



Relative position

Definition
For B 0,B 00 2 G/B, we say B 0 is in relative position si to B 00 (written B 0 si�! B 00)
if B 0 and B 00 differ exactly in their ith and (i + 1)st subspaces.

Example
For G = SL2(Fq) we have |G/B| = q + 1 and S2 = {1, s}:

G/B = {B0 = B+,B1,B2, . . . ,Bq = B�}

with relative positions given by Bi
e�! Bi and Bi

s�! Bj for i 6= j.
Birg
BI



Braid Varieties

Definition
Let � = �2�2 · · ·�m 2 Bn be a positive braid (with each �i = sk for some k).
The braid variety corresponding to � is the closed subvariety of (G/B)m+1:

R�(Fq) =
n

B = B0
�1�! B1

�2�! · · · �m��! Bm
w� � B� : Bi 2 G/B

o

We can also “twist” braid varieties by an element w 2W :

R (w)
� (Fq) =

n
w · B = B0

�1�! B1
�2�! · · · �m��! Bm

ww� �� B� : Bi 2 G/B
o
.



For G = SL2(Fq) we have |G/B| = q + 1:

G/B = {B0 = B+,B1,B2, . . . ,Bq = B�}

with relative positions given by Bi
e�! Bi and Bi

s�! Bj for i 6= j.
Example

Rsss(Fq) =

8
><

>:

(B s�! Bi
s�! Bj

s�! Bk
s � B�) for 1  i  q � 1 and 0j,kq�1 with

i 6=j 6=k ,

(B s�! B�
s�! Bi

s�! Bj
s � B�) for 0  i , j  q � 1 with i 6= j,

(B s�! Bi
s�! B�

s�! Bj
s � B�) for 1  i  q � 1 and 0  j  q � 1

9
>=

>;
.

|Rsss(Fq)| = (q � 1)3 + 2q(q � 1) = (q � 1)(q2 + 1).

B,..... Bg

I
BI



Point Counts

Theorem
Up to (predictable) sign and a power of q, for any positive braid � 2 Bn

1
(q � 1)n�1 [top coefficient in a]HOMFLY(b�) = tr(T�) = |R�(Fq)|.

�! �!



Point Counts
Theorem
Up to (predictable) sign and a power of q, for any positive braid � 2 Bn

1
(q � 1)n�1 [coeff of a�top�2k ]HOMFLY(b�) =

X

w2Sn
desR (w)={s1,s2,...,sk�1}

q�`(w)tr(TwTw�1T�1
� )

=

��������

G

w2Sn
desR (w)={s1,s2,...,sk�1}

R (w)
� (Fq)

��������
.

�! �!



Combinatorial Motivation
The braid variety Rcn+1(Fq) seems to “know” about Catalan numbers:

✓ 1
(q � 1)n�1 |Rcn+1(Fq)|

◆ ���
@q=1

= Cat(n).

�! �!

I Find Catalan objects hidden in the braid variety Rcn+1(Fq).
I Find “rational” Catalan objects hidden in the braid variety Rcp (Fq).
I Generalize.



Dinner



Deodhar decomposition

Definition (Deodhar)
Fix a positive braid � = �1�2 · · ·�m.
I A subword of � is a word u = u1u2 · · ·um with

I each ui equal to either 1 or �i (write eu = #{ui = 1});
I u1u2 · · · um = 1 (the product is in Sn).

I u is distinguished if when u1 · · · ui�i+1 < ui , then ui+1 = �i+1. (Set of: D�).
I u is maximal distinguished if it has as many ui = �i as possible. (Set of: M�).

Example

Dsss = {111, ss1, 1ss} and Msss = {ss1, 1ss} .

Diffe

NotsIS



Deodhar decomposition
Theorem
The braid variety decomposes as

R�(Fq) =
G

u2D�

Ru,�(Fq),

where Ru,�(Fq) =
n

B = B0
�1�! B1

�2�! · · · �m��! Bm : B�
u(i)w����! Bi

o
and

each Ru,�(Fq) ' (F⇥
q )

eu ⇥ Fduq .

Example

Rsss(Fq) = Rss1,sss(Fq) t R1ss,sss(Fq) t R111,sss(Fq)

' (F⇥
q )

2 ⇥ Fq t (F⇥
q )

2 ⇥ Fq t (F⇥
q )

3.

|Rsss(Fq)| = (q � 1)2q + (q � 1)2q + (q � 1)3 = (q � 1)(q2 + 1).

Diffe

↑ Per
⑱ ⑱

SSI ISS 11

Fixed (thanks Etingoff



Combinatorial objects and the Deodhar decomposition

|R�(Fq)| =
X

u2D�

|Ru,�(Fq)| =
X

u2D�

���(F⇥
q )

eu ⇥ Fdu
q
��� =

X

u2D�

(q � 1)euqdu .

At q = 1, M� gives combinatorial objects:

1
(q � 1)m |R�(Fq)| =

X

u2D�

(q � 1)eu�mqdu =
X

u2M�

qdu + (q � 1) ·
⇣
· · ·
⌘

lim
q!1

1
(q � 1)m |R�(Fq)| = |M�|.

Example

lim
q!1

1
(q � 1)2 |Rsss(Fq)| = lim

q!1
(q + q + (q � 1)) = 2 = |Msss|.Diffe - I 2

& (s1,19s}

also fixed.



NOWCROSSINGPARTIMONS

AEF NC(n) =noncrossing (set) partitions ordered by refinement.

(1234)
I

=
(14)(23) (12)(34)
I
1 - ** - - -

-
- ~
↳ I

NC(4) = -54

I

It - - -- - --- ~
- --

I

I

--

I



NOWCROSSINGPARTIMONS =M,

#I (Galashin, law, trink.W.)
There is an "easy"bijection between Mint

and NC (n).

Ex "
S <??
S

e (12)
(2) 2

...... -...8I
- I



NOWCROSSINGPARTIMONS =M,
(12) (24) (23)
123456788,2345678123456781234567812345678
12345678/2345678123456781234567812345678

(787 (45(56)(68)

(2)(24) (48) (78) (23)(45)(56)(687

·i6 - 6
- ⑪-

L W
I

W

&

6

↑ I
7 ! 8 7 8





EVANGELISM:TRUE REFLECTION
GROUPS

An at.Es are
awa Fy a-ofo-a-d

Buofra...EqaadaaaG2 e

In Faa....Es aordaano

DnGo-...



WEYL GROUPS (@)

&
connected reductive group G
-

over #g,Frobenius F
· Weyl group W =NoCr/T soPHY:

"W is GF atg =
l"

· Brad group Bu =π, (vreg/w)

· Hecke algebra Hr =quotientofK/Bw]

· Affine Weyl group I =wOQ"



CLASSIFICATION:WEYL GROUPS (a)

#M the list of irreducible Weyl groups is:
-

connected Dyntin diagram

&
-

An ac-a...- E6 --oto-a Fy a-ofo-a-d

Bu fra...Eqaaadoaa G, s

In Faa....Es aordaano
Dn Go-...

REFCoxeter. "The complete enumeration offinite groups of the form r?=(virjs=1."1835



COMETER GROUPS (IR)
DEF Acentersystem (WS) is a group W with

presentation W =XS,s2....Sn)(S,S;)Mi =id]
mijtN, mii=

S is the setof sirreflections.
Coxeter groups

act as reflection groups on IR")I with corresponding hyperplane arrangement sw

· Brad group Bu =π, (vreg/w)

· Hecke algebra Hr =quotientofK/Bw]

-

· Affine Weyl group W
#

F Hiller. "Geometry ofCoxeter groups"
Humphreys."Reflection groups and Coxeter groups"

· lie group Bjorner & Brenti. "Combinatories of Coxeter Groups"



CLASSIFICAMON:COXETER GROUPS (IR)

#M the list of finite irreducible Coxeter groups is:
-

(coxeter)
connected Coxeter diagram

An ao--...- E6 amo Fy aato-a
--0

Butea....Eq aadoao He oto-

DnGoo...... Es aodeae Hy do-a

I(m) a

REFCoxeter. "The complete enumeration offinite groups of the form r?=(virjs=1."1835



COMPLEX REFLECTION GROUPS (K)

LEFAeflectiongroup is a
group W=Ghn (K)

generated by complex reflections.

Braid group Bu =π, (vreg/w)
Simple reflections S

Hecke algebra Hr =guotientofK/Bw]

-

Affine Weyl group W

Lie group (spetses) DEF BronemallerRonGeven:"OnComPetReflectionGroupsandtheirsolatedBrad Groups,
et

Shephard.Todd."Finite Unitary Reflection Groups".1953



CLASSIFICATION:COMPLEX REFLECTION GROUPS (K)

#M the list of finite irreducible complexreflection groups is:

CShephard,Todd) · G(mp,n)
·Gy
· G5

·Gaz -Eg

=N O
0-0-00

-0-8

G,3 631
625

DEF BronemallerRonGeven:"OnComPetReflectionGroupsandtheirsolatedBrad Groups,
et

Shephard.Todd."Finite Unitary Reflection Groups".1953



INVARIANTMEORYAND NUMEROLOGY

Wacts on Q"=span, E.....n3, hence on K......n].

#AM (Chevalley) LetW= GLn(K). Then W
W is a complexreflection group iff K,..n] =Kf,....fu]

DEFLetdegfi=diwithdiedze... E dn. (thematerIen exponents

degrees

Ex &CK" has invariant polys power sum elementaryhomogeneous,
butalways degfi =i+1. Schur monomial forgotten...

REFChevalley. Invariantsof finite groups generated by reflections.



THEGOLD STANDARD

-ORM definitions & proofs for reflection groups.
↑
"does notappeal to the QUK-classification"

towaittobootittosee
DnGoo.... Es aodrome Hy .o-a

⑱"Q o-
F(m) e

=>(w) =Ed:as Hilbers):tintedint
(ii) multiply by (1-t)":isinChiron**)(iii) Sett-l



EXAMPLE 1:NONCROSSING
CATALAN COMBINATORICS

⑱



Atthe

certainmemberare
theintere

Ex cat(n) =G+(a)
=I+



IR-NOWCROSSINGPARTIMONS

The partitionlattice is the interval

NC,(w) =[ec], in therentedCabegraph of (W.I).
Coxeterelement called order, denoted EP

=xNC,..)(a) =NC(n) via cycles.(1234)

-
(14)(23) (12)(34)

- - -
---

-- - - - - ! - -- --

-- &EFBessis.The dual braid
monoid

Reiner. Noncrossing partitions for classical reflection groups.



IR- NOWCROSSINGPARTIMONS

parameter,type↓
n h+ 1+ei
-) INC(wil=ca+(w)I di
⑪

Proof was NOT UNIFORM:combinatorial models
+computer checks

(classical types) sexceptional types)

Only Two Coxeter -Catalan objects ~c-object

S In particular,
the number of clusters in a cluster algebra of Sfinitetype was NOT UNIFORMLY proven to

be counted by Cat(W) .



TYPEvs. PARAMETER

H
MR ..........."Est........ parameter

hima te

- rational-imht/Ess-Catulan
⑧ Catalanwayroups Cat(n)

Symmetric ·
group



R-TYPE HISTORY OFNONCROSSING PARTIMONS

1971 - Kreweras. Sur les partitions non croisies d'un cycle.

1003- Montenegro. The fixed pointnon-crossing partition lattices

1995 - Reiner. Non-crossing partitions for classical reflectiongroups

1807- Birman,koilee. Anew approach to the word problem in the braid groups

2002 - Brady,Watt. KCAI)'s for Artin groups offinitetype

2002 - Picantin. Explicitpresentations for the dual braid monoidsE
2003-Bessis. The dual braid monoid



R-PARAMETER HISTORYOFNONCROSSING PARTIMONS

1971 - Kreweras. Sur les partitions non croisies d'un cycle.

1980 - Edelman. Chain enumeration and non-crossing partitions.

2007-Armstrong. Generalized noncrossing partitions and combinatories of
Coxeter groups



slight lie

↓

But...heis ALWAYS an integer for ged(p.h)=1.

PROBLEM (D. Armstrong,
~ 2012):

-

WHATI OBJECT IS COUNTED BY I??
fractional multichains?

support conditions?
subwords?

REF Rational Catalan Combinatorics:An Outline from
theAIM workshop. Dec 2012



THEBIG PROBLEMS IN CATALAND

(circa 2022)

① Uniform enumeration ofNC(W)

② construction ofrational noncrossing objects
③ bijection between NC &NN



Noncrossing braid varieties

Theorem (Galashin, Lam, Trinh, W. (uniform))
Fix p coprime to h. Then

|Rcp (Fq)| = (q � 1)r
rY

i=1

[p + ei ]q
[di ]q

.

Theorem (Galashin, Lam, Trinh, W. (uniform))
The Deodhar decomposition of Rch+1(Fq) gives noncrossing partitions.
Easily generalizes to Armstrong’s Fuss-Catalan noncrossing partitions.
So the maximal distinguished subwords of cp are the long-desired construction of
rational noncrossing partitions.

①
⑪-

②
[L 31



① WHAT THEHECKE?

PMETHOD Heche algebra
(i) character -theoretic method

t
similar to 5. Michel's proof

Minh-Tam Trinh (ii) Lustig exotic Former transform 3 for the Chappy. Stump formula
I

Gordon, Griffeth (iii) connection to rational Chevednik algebra

Stump.ThomasW. (iv) noncrossing combinatories 3Why the Fuss?

&EFGordonGriffethCatalan numbersfor completeletimgase



② WHYTHE FUSS? wo

antt
THM the subwords of cwI(c) thatstartate
-

Stump,thomasW.) with a stays and end atwe st Es
m

are in bijection withNC,(W). -(13) (z)s
ststst(ies) S I

ststsist I ↑xz)55S

~ststiinst Sts(izsts(is)
e

↑ sEscicitst W

S(137Sts(izst I -statstaist,thet
(12)tst s ts (237

W
ciptst lists t

REFStump,thomasWilliams. Catatand:why theFuss?



Rational noncrossing objects

Theorem (Galashin, Lam, Trinh, W. (uniform))
�����
G

w2W
R (w)

cp (Fq)

����� = (q � 1)r [p]rq.

Theorem (Galashin, Lam, Trinh, W. (uniform))
The Deodhar decomposition of Fw2W R (w)

ch+1(Fq) gives Armstrong-Rhoades-Reiner’s
noncrossing parking functions.

KING FUNCTONS



KING FUNCTONS



EXAMPLE 2:AFFINEBRAID VARIETIES



Affine symmetric group

Theorem (Opdam)
Let [k]q = (q�1)2

q
qk�q�k

q�q�1 . For � 2 Q+,

tr(Tt��T�1
t�+ ) = q(`(t�� )�`(t�+))/2 X

(a↵)2K(�)

Y

↵2�+

a↵>0

[a↵]q.

Theorem (Galashin, Lam, W.)
Fix the extended affine Weyl group bSn, and let v = t(m�1)�1 and w = t(m(n�1)+1)�n�1 .
Then the number of Fq-points in the braid variety Rv ,w (Fq) is given by

|Rv ,w(Fq)| = (q � 1)2(n�1)
 

qm(n�1)+1 � 1
q � 1

!n�2

.



FUTURE DIRECTONS



Bijections?

Very hard, general open problem in general:
Problem
Find bijections between maximal distinguished subwords and existing combinatorial
objects.
Special cases:
I noncrossing vs. nonnesting;
I Galashin and Lam’s positroid braid varieties and rational Dyck paths;
I affine braid variety and parking functions;
I etc.



Mixed Hodge?

Even harder open problem in general:
Problem
Compute the mixed Hodge decomposition of Rcp (C).

Expect to get q, t-Catalan numbers, q, t-parking numbers, etc.



Graphical models

Problem
Find reasonable graphical models for rational noncrossing Catalan objects.



Periodic elements?

There might be a uniform formula for braid varieties built from periodic elements,
generalizing the usual Coxeter–Catalan numbers. What is the combinatorics?
Example
For type D4 with d = 4 and w = s1s2s3s1s2s4, we have that

��Re,w3(Fq)
�� = q�18(q � 1)4(1 + q2 + 3q4 + 4q6 + 4q8 + 3q10 + q12 + q14),

At q = 1 and for p odd, we appear to have

lim
q!1

(q � 1)�4 |Re,wp (Fq)| =
((p + 1)(p + 3))2

32

Note that the order d of w is 4, and that the eigenvalues of w in the ref rep are i1 and
i3 (each with multiplicity 2).



Complex reflection groups?
Theorem (W. Miller (undergraduate!))
Let W be a spetsial imprimitive complex reflection group and p coprime to h. Then
(up to a power of q)

tr(Tcp ) = (q � 1)r
rY

i=1

[p + ei(V p)]
[di ]

,

where the ei(V p) are the fake degrees of the p-th Galois twist of the reflection
representation and the trace is taken in the Hecke algebra HW .
Example
The complex reflection group G4 has rank r = 2, Coxeter number h = 6. Its reflection
representation has fake degrees 3 and 5. We compute using GAP3 that

tr(Tc7) = (q � 1)2(q12 + q8 + q6 + q4 + 1) = (q � 1)2 [7 + 3][7 + 5]
[4][6] .



Complex reflection groups?

The Deodhar decomposition gives a combinatorial model of braid varieties for general
Coxeter groups—but we lose the obvious notion of distinguished for complex reflection
groups.
Problem
Find a combinatorial description of the Deodhar decomposition for spetsial complex
reflection groups.
For the case p = h + 1, this should recover noncrossing partitions.
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