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Abstract

Given a graph G = (V, E)) and an integer k € [1,n — 1], its
token graph Fj(G) has vertices corresponding to the k-subsets
of V, and two vertices are adjacent when its symmetric
difference are the end-vertices of an edge in F.

In this talk, we describe some properties of the Laplacian

matrices of F(G) and Fi(G). In particular, we study the
closed relationship between the algebra of the pair

(F)(G), Fr(G) with the Bose-Mesner algebra of the Johnson
graph J(n, k).



Graphs, spectra, and orthogonal polynomials
Given a graph G with adjacency matrix A and spectrum
sp A ={65"°,07",...,07},

where 0y > 01 > --- > 0,.

The predistance polynomials pgy, p1, - .. ,pq, are a sequence of
orthogonal polynomials, deg p; = i, with respect to the scalar
product

d
(o904 = - (F(A)g(A)) = =" mif (6:)9(00),
i=0
normalized in such a way that

lpill% = pi(0).



The Laplacian predistance polynomials

Let G be a graph on n vertices, with Laplacian matrix L= D — A

and spectrum
spL = {0, A", ..., A}

where M\o(=0) < A1 < -+ < g

The Laplacian predistance polynomials qg, q1,...,qq are a
sequence of orthogonal polynomials, dgr ¢; = ¢, with respect to the
scalar product

d
(Fooh = > mif () (6),
=0

normalized in such a way that

gl = ai(0).
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In both cases,
> f1la =1z = 1.
» To find them, apply Gram-Schmidt to 1,z, 22, ..., 2% and
normalize accordingly.

Why ‘predistance’ polynomials?
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Token graphs

Let G be a (simple) graph with vertex set V(G) = {1,2,...,n}
and edge set E(G). For a given integer k such that 1 < k < n, the
k-token graph Fj(G) of G is the graph in which
o the vertices of Fj,(G) correspond to configurations of k
indistinguishable tokens placed at distinct vertices of GG,

o two configurations are adjacent whenever one configuration
can be reached from the other by moving one token along an
edge from its current position to an unoccupied vertex.
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An example of 2-token graph



vV vV v v VY
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The Johnson graph J(5,2) = F5(K5)

«O0» «Fr « > <

i
-

Do
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Distance-regular graphs

A graph G with diameter d is distance-regular if, for any pair of
vertices u, v, the intersection parameters a;(u) = |G;(u) N G(v)],
bi(u) = |Git1(u) NG(v)|, and ¢;(u) = |Giy1(u) N G(v)|, for
1=20,1,...,d, only depend on the distance dist(u,v) = i.

Then, we have the intersection array

- Cd—1 Cd
(G)=1<¢ ay a1 ag—1 Qg (1)
bp by bg—1 —
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Distance-regular graphs

D¢
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Another chracterization

A graph T" with diameter d and distance matrices
Ap(=1),A1(=A),..., Ay,

is distance-regular if and only if there exists sequence of
(orthogonal) polynomials pg, p1, ..., pq such that

Ai:pi(A)7 iZO,l,...,d.
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The Bose-Mesner algebra

Let G be a graph with diameter D, distance matrices
Ao(=1),A;(=A),As,...,Ap, and d + 1 distinct eigenvalues.
Consider the vector spaces

A=span{I, A A% .. A%},
D =span{l, A, As,..., Ap},

with dimensions d + 1 and D + 1, respectively.

» A is an algebra with the ordinary product of matrices, known
as the adjacency algebra of G.

» D is an algebra with the entrywise (or Hadamard product) of
matrices, defined by (X oY )y, = Xy Y uv, called the
distance o-algebra of G.
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Theorem
Let G, A, and D as above. Then, G is distance-regular if and only
if
A=D,
so that A is an algebra with both, the ordinary product and the

Hadamard product of matrices, and it is known as the
Bose-Mesner algebra associated to G.
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Johnson graphs again

o If G is the complete graph K, then F}(K,) ~ J(n,k), is the
Johnson graph.

o The Johnson graph J(n,k), with k <n —Fk is a
distance-regular graph with degree k(n — k), diameter d = k,
and intersection parameters

bj=(k—jn—k—j); c¢;=4° j=0,1,....d

o The Laplacian spectrum of J(n, k) is

N = jn+1-j), mj=<7)—( " ) j=0,1,.. k.

J j—1
For instance, the Laplacian eigenvalues of J(n,4) are

0, n, 2(n—1), 3(n-2), 4(n-3).

16
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Some properties of Johnson graphs

o J(n, k) is isomorphic to J(n,n — k)
o Any pair of vertices are at distance j, with 0 < j <k, if and
only if they share k — j elements in common.

o The Johnson graph J(n, k) is maximally connected, that is,
k=k(n—k).
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The (n, k)-binomial matrix

Given integers n and k < n, the (n; k)-binomial matrix is an
(z) X m matrix whose rows are the characteristic vectors of the
k-subsets of [n] = {1,...,n} in a given order.

For instance, for n =4 and k = 2,

S OO ==
O = = OO =
_ o = O = O
== O = OO

If J is the all-1 matrix,

-2 n—2
B'B=(" I .
(o) (ioa)
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The Laplacian spectra of token graphs

Theorem (Dalfé, Duque, Fabila-Monroy, F., Huemer,
Trujillo-Negrete, Zaragoza, 2021)

Let G be a graph with Laplacian matrix Ly. Let F}, = F,(G) be
its token graph with Laplacian Ly. Then, the following holds:

>

>

>

BL, = L;B,
L,=(B'B)"'B'"L,B= (H—EQ)BTLkB,
k—1
The column space (and its orthogonal complement) of B is

Ly.-invariant.

The characteristic polynomial of Ly divides the characteristic
polynomial of L. Thus, sp L1 C sp L.

If v is a A-eigenvector of L1, then Bv is a A\-eigenvector of
Ly.

If w is a \-eigenvector of Ly, such that B'u # 0, then B u
is a A-eigenvector of L.

19/35



The Laplacians of a graph and its complement

Proposition (DDFFHTZ, 2021)

Let G = (V,E) be a graph on n = |V| vertices, and let G be its
complement. For a given k. Then the Laplacian matrices of their
token graphs Ly = L(F}(G) and Ly, = L(Fy(G) commute

Lszk = szLk-

In general, this does NOT hold for the respective adjacency
matrices.
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Corollary (by a theorem of Frobenius)

The (}) eigenvalues of Ly, and Ly, can be matched up as \; ey
in such a way that the n eigenvalues of any polynomial p(Ly, L)
in the two matrices is the multiset of the values p(\;, \;).

Moreover, since the Laplacian matrix of J(n, k) is Ly = Ly + Ly,
L; commutes with both L and L, and every eigenvalue \; of
J(n, k) is the sum of one eigenvalue X of Fj,(G) and one
eigenvalue X of Fi(G).
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Pairing eigenvalues

Proposition
Let Ly and Ly, be the Laplacian matrices of Fj,(G) and Fi(G),
respectively. For j =0,1,...,k,
> Let \j=j(n+1—j)andm; = () — (] |) be the
elgenvalues and multiplicities of J(n, k).
> Let A\j1 < Ajp <--- < )\jm]. be the eigenvalues in
sp Fj(G) \ sp Fj_1(G).
> et le > ng > > ijj be the eigenvalues in
sp F;(G) \ sp F;—1(G).
Then,
Nip +Xjr=X; r=0,1,...,m; (2)



Example 1

34
F(G)

14 13

24 23

l Spectrum [ ev G [ ev G [ ev Johnson
sp(£0) = sp(K1) 0 0 0
1 2 sp(F1) — sp(Fo) 1 3 4
3 1 4
4 3 4 0 4
sp(F2) — sp(F1) 3 3 6
K, 5 1 6
I
12
14 13 14
24 23 24
34 34
@ J(4,2)
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Example 2

Ql e

Spectrum

[ ev G [ ev G [ ev Johnson

sp(F0) = sp(K1)

sp(F1) — sp(Fo)

sp(F2) — sp(F1)

sp(£F3) — sp(F2)

= =
0O PR SH5W0OODDDDE A DANO

NN OONNNREAEPRDOOODONNN MO
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Lemma
Let B be the (n, k)-binomial matrix, and let Ao(=I),A1,..., A
be the distance matrices of the Johnson graph J(n,k), k <n — k.

Then
k—1

M =BB' =) (k-i)A,
=0

Corollary
The matrices M, Ly, Ly, and L; commute with each other.
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On the algebra of token graphs
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Theorem

Let G and G be a graph and its complement on n vertices.
For some k < n/2, let Lj, and L;, be Laplacian matrices of the
token graphs Fy,(G) and F,(G), respectively.

Let £L(G) = R[Ly, L) be the R-vector space of the (}) x (})
matrices M,,(R) generated by Lj, and L. Then, the following

hold:

(1) L(G) is a unitary commutative algebra.

(ii) The Bose-Mesner algebra of the Johnson graph J(n, k) is a
subalgebra of L(G).
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Theorem (cont.)

(2ii) The dimension of L(G) is the number of different pairs
(Njrs Ajr), for i =0,...,k andr =0,...,m;, defined in
Proposition 2.

(iv) If dim(L(G)) = r, then there exists a (non-unique) matrix
such that

{I,R,R?,...,R"} and {E,E,,...,E,},

(where the E;'s are the idempotents of R) are bases of L(G).
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From (ii) and (4ii), notice that

k+1 < dim(£(G)) < <Z>

(In fact Gerstenhaber (1961) as well as Motzkin and Taussky-Todd
(1955) proved independently that the variety of a commuting pair
of matrices A, B is irreducible, so that its dimension is also
bounded above by the size of the matrices)

The pair (L, Lj) generates an algebraic variety (that is, the
collection of all common eigenvectors shared by the two matrices).
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Example 1

ev Lo [ ev Ly [ evL; [ ev R=2Ls + Lo ]

! ! 0 0 0 0

1 2 1 3 4 5

2 e 3 1 4 7

1 3 4 0 4 8

1 3 0 S 3 3 6 9
¢ rel K, 5 1 6 11

oo I

1,2 1,2 1.2
1.3 14 13 14 13 14
2,3 24 23 24 23 2,4
34 34 34
Fy(G) Fy(G) J4.2)

Then, for every matrix M € L(G), there exists a polynomial
p € RY[z] such that p(R) = M. In particular Hj,(R) = J.
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The Laplacian predistance polynomials of R are

p()(x = 17
p1(z li( 6z + 40),
p2(x) = 557 (82522 — 8700 + 11250),

)

(z) =

(z) =
P3(2) = gerieems (—26918852° 4 4644234022 — 193990839z + 25428060),

()
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Problems and (possible) future work

> Use this algebra in the context of codes or designs.

» Prove (or disprove) that all distance-regular graphs with the
same parameters have cospectral 2-token (symmetric square)
graphs.

» What about Ly + Ly + L3 = LJ?

» Consider the case when GG and G are strongly regular or
self-complementary graphs.
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Payley graphs
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Thanks for your attention
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