‘ ’ nﬁsnté Laval

Steklxr‘a (' :

Jcplr“: w rk

=0

: i LI
 universiTE
5k “‘ |

Bruno Colbois# '\" Iy

Université de Nel :if. i

——



Steklov eigenvalue problem

Let M be a compact Riemannian manifold with smooth X := oM.

Au=0 in M,
o,u=ocu onx.

The Steklov eigenvalues form a sequence

0=00<01<02 < /400
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Steklov eigenvalue problem

Let M be a compact Riemannian manifold with smooth X := oM.

Au=0 in M,
d,u=ocu onkx.

The Steklov eigenvalues form a sequence

0=09<o01<0,< - /400

Sy |Vul? dv
Ok = min max =i —
VeE(k+1)uev\{0} [5 u? dA

where E(k + 1) = {V Cc H}(M) : dim(V) =k + 1}
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Geometric upper bounds for Steklov eigenvalues
Fraser-Schoen 2011

o1 (M)|Z|M| T < (0 + 1)V (M)2/"H
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Colbois-El Soufi-Girouard 2011
If M c R"*! is a bounded domain,
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Geometric upper bounds for Steklov eigenvalues
Fraser-Schoen 2011

o1 (M)|Z|M| T < (0 + 1)V (M)2/"H

Colbois-El Soufi-Girouard 2011
If M ¢ R""! is a bounded domain,

o (M) || |M] 557 < K(n)i?/ ()
The isoperimetric inequality leads to
ak(M)|Z\1/” < K(n)kZ/(n+1)

Here ¥ = OM is the boundary of a domain: an hypersurface
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Colbois-Girouard-Gittins 2019
Let ¥ c R be a n-dimensional closed submanifold.
There is Ay > 0 such that each submanifold M C RY with

Y = OM satisfies
or(M) < As [M|Kk?/"
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Colbois-Girouard-Gittins 2019
Let ¥ c R be a n-dimensional closed submanifold.
There is Ay > 0 such that each submanifold M C RY with

Y = OM satisfies
or(M) < As [M|Kk?/"

This applies to arbitrary submanifolds, not only hypersurfaces.
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Colbois-Girouard-Gittins 2019
Let ¥ c R be a n-dimensional closed submanifold.
There is Ay > 0 such that each submanifold M C RY with

Y = OM satisfies
or(M) < As [M|Kk?/"

This applies to arbitrary submanifolds, not only hypersurfaces.

What is the nature of the constant As?
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Theorem A (Colbois-Girouard 2021)
Let M be a smooth connected compact Riemannian manifold of
dimension n + 1 with boundary .

The following holds for each k > 1,

where

b = number of connected components of the boundary
N = packing constant of X for dy
[ = growth constant of &

N\ = distortion of X in M
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a) The packing constant N € N for (X, dy):

For each r > 0 and x € %, the extrinsic ball BY(x,r) N ¥ can be
covered by N extrinsic balls of radius r/2 centred at points

Xl,"',XNGZ:
N

B"(x,r)n X c | JB"(xi,r/2);
i=1
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a) The packing constant N € N for (X, dy):

For each r > 0 and x € %, the extrinsic ball BY(x,r) N ¥ can be
covered by N extrinsic balls of radius r/2 centred at points

Xl,"',XNGZ:
N

B"(x,r)n X c | JB"(xi,r/2);
i=1

b) The growth constant [:

Foreachx € Zand r > 0, |B>(x,r)|s <"
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c) The distortion of the boundary A:
For x,y € ¥, we have du(x,y) < ds(x,y).

LetXq1,---,2p be the connected components of the boundary.

The distortion of ¥; in M is the number A; € [1, c0) defined by

N=inf{c>1: ds(x,y) < cdu(x,y) Vx,y e L;}. (1)
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c) The distortion of the boundary A:
For x,y € ¥, we have du(x,y) < ds(x,y).

LetXq1,---,2p be the connected components of the boundary.

The distortion of ¥; in M is the number A; € [1, c0) defined by

N=inf{c>1: ds(x,y) < cdu(x,y) Vx,y e L;}. (1)

The distortion of ¥ in M is
A= max{A1,-- ,Ap}.
The distortion is a measure of how much the geodesic
distance dy differs from the induced distance dM\Z.
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Theorem A
Let M be a smooth connected compact Riemannian manifold of
dimension n + 1 with boundary .

The following holds for each k > 1,

where

b = number of connected components of the boundary
N = packing constant of X for dy
[ = growth constant of &

N\ = distortion of X in M
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Theorem B (Colbois-Girouard 2021)

Let M be a smooth connected compact Riemannian manifold of
dimension n + 1 with boundary ¥ = u}’zlz,.

Then, foreachj=1,--- ,bandeachk > 1,

|M| n
Uk(M) < K(n) DiamM(Xj)zinj():j)”k +1

Diampy(X;) is the extrinsic diameter of X

h
YT inj(%)) is the injectivity radius of ¥
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Theorem B (Colbois-Girouard 2021)

Let M be a smooth connected compact Riemannian manifold of
dimension n + 1 with boundary ¥ = uj?:lz,.

Then, foreachj=1,--- ,bandeachk > 1,

|M| n
ok(M) < K(n) Diamm(zj)zinj(zj)nk +1

Diampy(X;) is the extrinsic diameter of X

h
where inj(X;) is the injectivity radius of X

M|
Moreover o1(M) < K(n) Diamu (X )2inj(x )7
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Applications to eigenvalues of the Laplace operator
Let 2 be a closed Riemannian manifold.

Let 0 < A1 < Ay < A3--- be the nonzero eigenvalues of the
Laplacianon .

LetM = [-L,L] x X.

The Steklov eigenvalues of M are

0, 1/L, v/ Actanh(v/ ML), /A coth(y/AcL)

For L > 0 small enough, ox = \/ A« tanh(y/AcL).
Noticethatb=2, A=1, N=Ny and |M|=L|X|.
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Theorem A —

LI
V Ak tanh(y/ ML) < Ny 3r| |‘n+|2k2/”
>
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Theorem A —
LIX
V Ak tanh(y/ ML) < Ny 3r| |‘n+|2k2/”
>

Divide by L:

\/A»k tanh(\/)\»kL) <N3r/\2 1 k2/n.
LT
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Theorem A —
LIX
V Ak tanh(y/ ML) < Ny 3F| |‘n+|2k2/”
>

Divide by L:

vV <W> < N3FA2|12k2/”.

| n

Take L — 0: | M(Z)|Z|7 < Ns3rk2/m

This is in the spirit of Grigor’'yan-Netrusov-Yau and Korevaar.
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Theorem B —

VActanh(vAd) < K(”)DiaLrlnz(|Z)2 (inj(lz)n> kT,
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Theorem B —

Victanh (V) < K(n) g b (o ) K0

Diam(X)? (X

Divide by L and take L — 0 and obtain...

Theorem C (Colbois-Girouard 2021)

Ae(Z)Diam(X)? < K(n)mjl(zz\)nknﬂ

This is an improvement of results from Berger, Croke and
Kokarev.
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Berger, Croke and Kokarev
Let X be a closed Riemannian manifold

Berger 1979
If £ admits an isometric involution without fixed points, then

M(E) < KO s
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Berger, Croke and Kokarev
Let X be a closed Riemannian manifold

Berger 1979

If £ admits an isometric involution without fixed points, then

M(E) < KO s

Croke 1980 and Kokarev 2019

|Z|2 2n

A(E) < K(”)W

conv(X) is its convexity radius

Theorem C (Colbois-Girouard 2021)

Diam(X)2inj(X)"

M(X) < K(n) > kntl
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Improvements:
The exponent on k is better.

Because conv(X) < inj(X) < Diam(X), the control is better.
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Improvements:

The exponent on k is better.

Because conv(X) < inj(X) < Diam(X), the control is better.
Example: Consider ¥; = S} x "1 with L — +o0.

M~ 1/L2  Diam(X)~L  |X|=LS"1.

Injectivity and convexity radii = .
Berger and Croke:
M (X) < K(nLIS" /2" and  Ap < K(n)L2|S"TY2pen 2,

Our bound:
Al < K(n)

‘Sn_1| L—oo
T 0.
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Optimal exponent on k for negative curvature

Croke 1980 and Kokarev 2019

pas 2
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Optimal exponent on k for negative curvature

Croke 1980 and Kokarev 2019

= .

Colbois-Girouard 2021

2
Ae(X) < K(n) Diam(2|)2’inj(z)" K

Kokarev 2019
Let X~ be a closed Riemannian manifold with non-positive
sectional curvature. Then,

Y2
)\k(Z) S K(n)|nj(|2)|2n+2k2/n
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