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The stationary flow under Navier conditions

Let Q € RY be a bounded open set with Lipschitz boundary,
E CQ, and let V € C}YRY RY) be a divergence free vector field.
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If u:Q\ E — RY is the velocity field, we require that the following
items hold true.

(a) Incompressibility: divu =0in Q\ E.
(b) Boundary conditions: we have

u=V on 0Q and u-v=20onJE,
(c) Equilibrium: considering the stress
o= _pld + zﬂe(“)a

we require
dive =0 in Q\ E.

(d) Navier conditions on the obstacle: we have
(ov); =pu  on OE,

where 5 > 0.
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The stationary flow has the following variational characterization:
u is the minimizer of the energy

ew)i=2p [ le(u)Pax+ s [ [uPand
Q\E OE
among the class of (sufficiently regular) admissible fields

VER(Q) = {v e YR\ E,RY) : v satisfies

incompressibility and boundary conditions} .
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The drag force and the optimization problem

Assume now that the external vector field V is equal to a constant
Vs € R\ {0}, i.e. the obstacle E is immersed in a uniform flow.
The flow is perturbed near E, and the obstacle experiences a force
whose component in the direction V is given by

Voo _
Drag(E) := / ov - 2 dHIL
OE |Voo|
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The drag force and the optimization problem

Assume now that the external vector field V is equal to a constant
Vs € R\ {0}, i.e. the obstacle E is immersed in a uniform flow.
The flow is perturbed near E, and the obstacle experiences a force
whose component in the direction V is given by

Voo _
Drag(E) := / ov - 2 dHIL
OE |Voo|

It turns out that

N
=
5~

[

e(u)|2dx+ﬁ/ uf? de—1] .
E OE
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Let ¢ >0 and let f : (0,]Q]) - RU {+oc0} be a lower
semicontinuous functions that is not identically equal to +co. We
are interested in the following optimization problem:

mtjn {Drag(E) + cHIYIE) + f(\E])} .
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Let ¢ >0 and let f : (0,]Q]) - RU {+oc0} be a lower
semicontinuous functions that is not identically equal to +co. We
are interested in the following optimization problem:

mtjn {Drag(E) + cHIYIE) + f(\E])} .

Letting V be arbitrary, the drag minimization problem above is a
particular case of the following shape optimization problem

min / ]e(u)\zdx—l—ﬁ/ P g
EueVEs,(Q) | Ja\E OE

+cHIY(OE) + f(\E|)} .
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Goal: prove existence of a minimizer through the Direct Method of
the Calculus of Variations in a suitable relaxed context.

Class of admissible obstacle ~+ Sets of finite perimeter.
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Goal: prove existence of a minimizer through the Direct Method of
the Calculus of Variations in a suitable relaxed context.

Class of admissible obstacle ~+ Sets of finite perimeter.

Class of admissible velocities ~» Discontinuous fields are important!

~. .
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We are led to consider a velocity field discontinuous across . We
also expect an extra term in the surface integral related to the
Navier conditions, which amounts at least to

8 / [t P 4 Ju P dHe Y,
M\oE

where v are the two traces from both sides of . An other extra

term comes from the perimeter penalization and reads

2cHITH(T).
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We are led to consider a velocity field discontinuous across . We
also expect an extra term in the surface integral related to the
Navier conditions, which amounts at least to

8 / [t P 4 Ju P dHe Y,
M\oE

where v are the two traces from both sides of . An other extra

term comes from the perimeter penalization and reads

2cHITH(T).

A natural functional space to be considered is the space of
functions of bounded deformation SBD: u € SBD(Q) if
ue LY RY) and

Eu=e(u)dx+ (v —u)Ov,HI I,

as matrix valued measures on ).
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Compactness in SBD (Bellettini, Coscia, Dal Maso)

Let Q C RY be open, bounded and with a Lipschitz boundary, and
let (un)nen be a sequence in SBD(Q2) such that

up || Eun|(€2) + [l unll xgaimey + le(un)loaineg

sym
+’Hd‘1(Jun)] < +00

for some p > 1. Then there exists u € SBD(Q2) and a subsequence
(un, )ken such that

Up, —> U strongly in L}(Q; RY),

e(up,) — e(u) weakly in LP(Q; M2 ),

sym

d—1 e d—1
HE () < liminf 7O (Jy,, ).

k——+o0
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The functional setting

Let Q' cc RY be open and bounded with Q cc Q'.

Admissible pairs

We say that (E, u) is an admissible pair and write (E, u) € A(V),
if

(a) E C Q has finite perimeter;

(b) ue SBD(QY) with u=0a.e. in E,u=V onQ'\Qand

<|

m Incompressibility: divu =0 in D'(Q');

m Tangency constraint: vt | vg, on 0*E U J,.
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The relaxed optimization problem

The relaxed formulation for the optimization problem involves the
energy

TE = [ e o
Q\E
+6 |u+’2 derfl —|-/j/ [|u+‘2 + ‘u7’2] dszfl
O*E JINO*E

+ cHI YO E) + 2cHI (U, \ O7E)
+ f(|E).
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The main result

Theorem (Bucur, Chambolle, G., Nahon, 2022)

The minimum problem

min J(E, u
(E,u)( )

has a solution.
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Compactness

Theorem (Bucur, Chambolle, G., Nahon, 2022)
For every (E, u) € A(V) we have

HITHOE) + lle(u) 2 + H ()
+ |Eu|() + [ull 2+ < CT(E, u).

As a consequence compactness in L! for the obstacles and in SBD
for the velocities are available.
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The main difficulties to get the full result are the following.

m The tangency constraint:
u,jf 1L veuy, = vt L VEUJ,-

m Lower semicontinuity of Navier energies:

/ |t P dHt +/ P+ |u P dHI?
0*E o*E

u

< liminf / luf |2 dHe? —I—/ lu |2 + Ju, [P dHeT
n 0*E, un \O* En

n
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Theorem (Bucur, Chambolle, G., Nahon, 2022)

Let Q C R? be a bounded open set, and let (u,).en be a sequence
in SBD(£2) such that

sup [/ le(up)|? dx + "Hd_l(Jun)} < 400
n Q

with u, — v in L}(Q) for some u € SBD(R). Then the following
facts hold true.

m We have

/ [|uJr AR I/UH dHI 1
< liminf [uf - v, |+ |u™ - vy, || dHOE

n—+00 Jy
n
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m If ¢ :RY — [0,4+0c0] is a lower semicontinuous function, we
have

1oty roanst < timin [ o) o)
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Thank you for your attention!

Alessandro

n the minimization of the drag force in Stokes fluids: a free discontinuity approac



Regularity

Theorem (Bucur, Chambolle, G., Nahon, 2022)

Assume d = 2, and let (E, u) be a minimizer of the problem. Then

HYO*EUJ, \ (*EUJ,)) =0

and

ue HY(Q\ (0FEU J,);R?) N C®(Q\ (0*E U J,); R?).

In other words, the optimal obstacle is given by the closed set

O*E U J,.
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