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The Heritage

GPeano 1858 1932

ATuring 1912 1954 K Godel 1906 1978

GGentzen 1909 1945
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Peano Arithmetic PA

domain IN

Language O I t o E

axioms defining equations

schema of full induction for all formulas

Alo n tx AG A Sx Fx ALA

Godel 2nd Incompl Then PA Coup

Gentzen's Consistency Proof PATTI E t Compa
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Fragments of PA

Kirby Paris end of 1970s

1En En Fx z Qxng.fiy
eg bounded quantifiers

Parsons beginning of 1970s

provable recursive fat of E prim rec fats

Wainer Ono Kadota 1970 1980

provable recursive fits of PA SE rec ft
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The Thing Bounded Arithmetic

Cook 1975 equational theory PV

Buss 1986 aligned to PA

Zambella Cook Nguyen language with sort for indices and strings
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Bounded Arithmetic a la Sam

similar to PA

domain IN

Language O I t E plus 1

In binary length of x

x y 21 polynomial growthrate

bounded formulas

Fx es Hye 14174 y NP E

NPNP EPFx es Tx es Fye1H ACA x2 y 2

S sa t terms A quantifier free
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Theories

BASIC set of open fulas defining non logical symbols

Induction

E Ind Alo tx AG 17 Sx Kx thx

E Lind Alo n tx AG 17 Sx Kx AND

where He 2
Theories

52 BASIC Lind T BASIC E Ind
s BASIC E LInd TE BASIC E Ind
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I Computational Complexity

Main result for St
E def ble fat in S poly time fat FP

Main methods version of Gentzen's LK
a cut elimination

Witnessing
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2 def ble fat in Sh

f E defble in S if ex I fula Af ay sit

1 Af defines graph of f IN

2 Sit tx Fy et Af xx for some term t

3 Sit Hay y Alay n AfGy s y y

Thu Buss 853

S can I define all fats in FP

Converse needs Witnessing
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Witnessing A witness of Fystylacy
is some wet with glow

Given LK proof inSt of A 17h Bit Be
I
y

witness titness

exists feFP 17 17 Bin Bin Be
I
y

Then Sit Fyet play enfeFP IVE plates
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Other characterisations

Theories Induction Graph computational
Definability Complexity

St E Lind IP

SE 2 Lind 2 IPNP

skit Ipsf2 2kt Lind 2kt

y Y Und E
b

FPSPACE

Vi EY Ind E
b

FEXPTIME
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Further Results

This Buss 85

s E T Ive S ET Ive S E

Tim KPT B Z J

If Ti SI then PH collapses to DI poly
and B E provably in B A

Bolo
lean combinations

Pnf introduces KPT witnessing them
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KPT witnessing

y
universal version

Suppose 9 army e it and TI tatty glary

Ten ex FPS fat f la flab fala bin bay

uchthat TI t y la fila bi v e la fila bl bi v

v y la fa la bi bail bu
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Relativisation link to type Z

Add 2nd order variables a Bir

ranging over sets of integers

new atomic formula tea or a t

I x allow x t as atomic fula

Sila a
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Results relativize

Ela def ble fat in Sila poly time fab FP

S x E TIK Eyez S a STK Ivey S K E

Comment a in theories completely unspecified

Using a specific oracle to separate complexity
classes will separate theories
However a specific oracle collapsing complexity
classes will not collapse theories
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Tim KPT

TI a SI Ca

Pof idea
a implies a finite round student teacher

game

for some properly in PH

construct oracle that falsifies this game
D
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E Propositional Proof Systems Aims

Correspondence between theory T and proof system P

Tt Ux Glx translation of p b has small P proofs

T proves soundness of P

Q
any other proof system

T proves soundness of Q P polynomially simulates Q

Prime example T PV P EF Cook

Also Upper bounds simulation easier
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Paris Wilkie Translation

PW bounded fulas relativised propositional fulas

alt thn 1h pm

if SN to
set to

t

Olu

translation commutes over Boolean connectives riv

Vast pk to An pli
Pw

Fast qb to gym plitPW

Then Glu is const depth prop formula of size g poly n
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Example

PHPa

Has a tyca a xx Fxx's a Fye a la lay rally

PHP AS If pij V V E pig
a

pig
i o it in j o

Thus TK PHP a

because I a t PHP a

PHP Aco Frege proof of g poly size

which contradicts A BPI UPW
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Paris Wilkie Translation of Provability

Theory PPS

TX RestCley tree like E PK

T a Res leg E PK

T a IE Pk

Uk F

VL EF

Pk propositional version of Gentzen's LK
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Cook Translation of Provability

Theory PPS

PU SI UPV EF G

T S G Ga't

T s Ga G

U G

Y
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I Total NP SearchProblems

TF NP set of ptime Reid sit
R polynomially bounded Ren ly eld
R total Kx Fy Rem

Search task Given x find y s t Ray
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Provably Total NP SearchProblems

TFNP T set of provably total TFN Ps int

Observe

FP TF NP S E TF NP TI E TF NPC E

E TF NP AT E I TF NP PA E TF NP ZFC

Thu Buss Krajicek 94

TIN PITY E PLS
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Results

Theory Complete Problem

TL PLS BK

TE CPLS KST

T LLle KNT

U LU RLI KNT BB

V1 LI RLleg KNT BB

PA a BLS INE B

Arnold Beckmann Bounded Arithmetic Survey 29 / 34



Separations revisited

SI a KEI LATE G
S a repeat a CK

Open Problem

Th ti TI la they Tak

ti Tin repay Tak
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Approximate country

APC i Sits WRHP Pri Jerabek

APC i TI SWRHP Pk

Can count size of P NP set up to polynomial error

Then BUT AT

APC Ca
iii iii isThat SWPHP PULA HEH separated from

Tz
T k

Also CUT ARCHIE TECH
Arnold Beckmann Bounded Arithmetic Survey 31 / 34



Themes

1 the Heritage

f The Thing
II computational Complexity

II PropositionalProof Systems

I Total NP SearchProblems

VI Some Things missed

Arnold Beckmann Bounded Arithmetic Survey 32 / 34



 

Missed

2 sorted BA below P

non standard models forcing

formalisation of lower bounds

other forms of Godel's consistency statements

ele ele et
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