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Introduction

Examples of integrable nonabelian partial differential equations
1 Nonabelian KdV equation

ut = uxxx − 3uux − 3uxu, u = u(x , t) ∈ Mat(N,C).

2 Other examples include

mKdV1 : ut = uxxx − 3u2ux − 3uxu2,

mKdV2 : ut = uxxx + 3[u,uxx ]− 6uuxu,
Burgers equation : ut = uxx + 2uux ,

3 Classification results of Olver-Sokolov, Mikhailov-Sokolov,
Olver-Wang.

4 Adler-Sokolov: classification of nonlinear Schrödinger type
equations.

5 Sokolov et al: nonabelian Painlevé equations.
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Introduction

Examples of integrable nonabelian differential-difference equations
1 Nonabelian Volterra equation

un,t = unun+1 − un−1un, u = u(n, t) ∈ Mat(N,C), n ∈ Z.

Notation: u := un, u1 := un+1, u−1 := un−1 . . . .
So we write the Volterra equation as

ut = uu1 − u−1u.

2 Other examples:

mVL1 : ut = (u − α)u1(u + α)− (u + α)u−1(u − α),

mVL2 : ut = u2u1 − u−1u2,

Bogoyavlensky1 : ut = u
n∑

i=1

ui −
n∑

i=1

u−iu,

Bogoyavlensky2 : ut = uu1 · · · un − u−n · · · u−1u,
Ablowitz-Ladik : ut = u1(1 − vu), vt = (vu − 1)v−1.



Introduction

Examples of integrable nonabelian differential-difference equations
1 Nonabelian Volterra equation

un,t = unun+1 − un−1un, u = u(n, t) ∈ Mat(N,C), n ∈ Z.

Notation: u := un, u1 := un+1, u−1 := un−1 . . . .
So we write the Volterra equation as

ut = uu1 − u−1u.
2 Other examples:

mVL1 : ut = (u − α)u1(u + α)− (u + α)u−1(u − α),

mVL2 : ut = u2u1 − u−1u2,

Bogoyavlensky1 : ut = u
n∑

i=1

ui −
n∑

i=1

u−iu,

Bogoyavlensky2 : ut = uu1 · · · un − u−n · · · u−1u,
Ablowitz-Ladik : ut = u1(1 − vu), vt = (vu − 1)v−1.



Introduction

Aims:
1 Necessary integrability conditions for nonabelian

differential-difference equations;

2 Classification of nonabelian differential-difference equations.
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Free associative difference algebra

1 Let
A = ⟨e; un, n ∈ Z⟩

be a free associative unital algebra over C generated by un, n ∈ Z
and a unit element e.

Notation: α · e ≡ α, α ∈ C.

2 Shift operator S : A → A: an automorphism of A defined as

S(un) = un+1, S(e) = e,

so S(f (up, . . . ,uq)) = f (up+1, . . . ,uq+1), f (up, . . . ,uq) ∈ A.
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Natural grading

1 Natural grading on A:

A =
⊕
p≥0

Ap,

where Ap consists of elements of the form ui1 · · · uip .

2 πk : A → Ak .
3 Every f ∈ A can be uniquely written as

f =
∑M

k≥0 fk , fk = πk (f ) ∈ Ak .

A derivation D is a C-linear map satisfying the Leibnitz’s rule

D(fg) = D(f )g + fD(g), f ,g ∈ A, α, β ∈ C.

A derivation is uniquely defined by its action on generators uk . For all
derivations we have D(e) = 0.
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Evolutionary derivations

Definition
A derivation is called evolutionary if it commutes with the shift operator
S.

An evolutionary derivation is completely defined by its action on the
generator u:

D(u) = a, D(un) = Sn(a), a ∈ A.

1 The element a is called the characteristic of an evolutionary derivation.
We shall denote an evolutionary derivation with characteristic a by Da.

2 Commutator of two evolutionary derivations is also an evolutionary
derivation:

Dc = [Da,Db], c = Da(b)−Db(a).
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Operators and formal series

1 Denote by La,Ra left and right multiplication operators:

La(f ) = af , Ra(f ) = fa, f ∈ A.

Relations:

[La,Rb] = 0, LaLb = Lab, RaRb = Rba.

2 Denote by M: algebra of operators M = {LaRb |a,b ∈ A}.
Natural grading on M:

M =
⊕

p,q≥0

Mp,q, Mp,q = {LaRb |a ∈ Ap, b ∈ Aq}.

3 Local difference operator: B =
∑q

i=p biSi , bi ∈ M,
ord(B) := (p,q), total order Ord(B) := q − p.

4 Local formal series: B =
∑

i≤N
∑

p,q≥0 bipqSi , bipq ∈ Mp,q.
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Lie algebra structure on A

Definition
A Fréchet derivative of an element f ∈ A is defined as a local
difference operator f∗:

f∗(a) =
d
dϵ

f (up + ϵSp(a), . . . ,uq + ϵSq(a)), ∀a ∈ A.

Example:

f = uu1 − u−1u, f∗ = Ru1 + LuS −RuS−1 − Lu−1 .

1 Lie bracket: [a,b] := Da(b)−Db(a), a,b ∈ A.

2 Lie bracket through Fréchet derivatives:
[a,b] := Da(b)−Db(a) = b∗(a)− a∗(b).

3 Natural grading: [An,Am] ∈ An+m−1.
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Differential-difference equations on free associative algebras

Assume now that the generators uk depend on t ∈ C: uk = uk (t). With
every evolutionary derivation Df we can identify a differential-difference
equation on A:

ut = f .

1 Evolution with respect to t of a ∈ A is given by at := Df (a) = a∗(f ).

2 In particular, un,t = Sn(f ).
3 Order of the equation is defined as order of f∗.

Definition
We say that g ∈ A is a symmetry of a differential-difference equation
ut = f if [f ,g] = 0.
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Symmetry algebra

1 If g is a symmetry of ut = f then the evolutionary derivation Dg
commutes with Df :

[Df ,Dg] = 0.

2 If we assume that the generators uk depend on τ ∈ C then the
common way of representing a symmetry is associating with Dg
another differential-difference equation

uτ = g.

Example: Consider the nonabelian Volterra equation

ut = uu1 − u−1u.

The nonabelian Volterra equation has the order (−1,1).
Symmetry of order (−2,2):

uτ = uu1u2 − u−2u−1u + u(u + u1)u1 − u−1(u + u−1)u

Infinitely many symmetries of orders (−n,n), n ∈ N.
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Symmetry algebra

1 A C-linear combination of symmetries as well as the Lie bracket of
symmetries is again a symmetry.

2 The Lie subalgebra of symmetries of ut = f is the centraliser of f
Cf = {g ∈ A | [g, f ] = 0}.

Definition
A nonabelian differential-difference equation ut = f is called integrable
if its Lie algebra of symmetries Cf is infinite dimensional and contains
symmetries of arbitrary large order, i.e. for every N ∈ N there exists a
symmetry g of the total order Ord(g) ≥ N.
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Symmetry algebra

1 We consider ut = f =
∑N

k=1 fk , fk ∈ Ak .

2 Symmetry: uτ = g =
∑M

k=1 gk , gk ∈ Ak .
3 Due to natural grading

[f ,g] = 0 ⇐⇒
p∑

k=1

[fk ,gp−k ] = 0, p = 1, . . .N + M.
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Symbolic representation

We construct the symbolic representation Â =
⊕

p≥0 Âp of the
naturally graded difference algebra A =

⊕
p≥0.

1 ϕ : Ap → Âp:

ϕ : α 7→ α, ϕ : ui1ui2 · · · uin 7→ ûnξi1
1 ξ

i2
2 · · · ξin

n .

2 Examples:

uk
ϕ7−→ ûξk

1 , um ϕ7−→ ûm, u1u−1
ϕ7−→ û2ξ1ξ

−1
2 ,

αuu1u2 + βu−2u−1u
ϕ7−→ û3(αξ2ξ

2
3 + βξ−2

1 ξ−1
2 ), α, β ∈ C.

3

f ∈ An
ϕ7−→ f̂ = ûna(ξ1, . . . , ξn), a(ξ1, . . . , ξn) ∈ C[ξ±1

1 , . . . , ξ±1
n ].

4

S(f )
ϕ7−→ ûna(ξ1, . . . , ξn)(ξ1 · · · ξn).
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ϕ7−→ f̂ = ûna(ξ1, . . . , ξn), a(ξ1, . . . , ξn) ∈ C[ξ±1

1 , . . . , ξ±1
n ].

4

S(f )
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ϕ : α 7→ α, ϕ : ui1ui2 · · · uin 7→ ûnξi1
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Symmetries in the symbolic representation

Equation in the symbolic representation:

ut = f , f
ϕ7−→ ûω(ξ1) + û2a2(ξ1, ξ2) + û3a3(ξ1, ξ2, ξ3) + · · · .

Symmetry in the symbolic representation:

uτ = g, g
ϕ7−→ ûΩ(ξ1) + û2A2(ξ1, ξ2) + û3A3(ξ1, ξ2, ξ3) + · · · .
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Symbolic representation

Theorem
If [f ,g] = 0 then Ak can be found recursively:

A2(ξ1, ξ2) =
Ω(ξ1ξ2)− Ω(ξ1)− Ω(ξ2)

ω(ξ1ξ2)− ω(ξ1)− ω(ξ2)
a2(ξ1, ξ2),

As(ξ1, . . . , ξs) =
Ω(ξ1 · · · ξs)− Ω(ξ1)− · · · − Ω(ξs)

ω(ξ1 · · · ξs)− ω(ξ1)− · · · − ω(ξs)
as(ξ1, . . . , ξs)+

+Rs(a2, . . . ,as−1,A2, . . . ,As−1), s = 3, . . . .

We call Ω(ξ) ∈ C[ξ, ξ−1] admissible if As are Laurent polynomials in
ξ1, . . . , ξs.

The set of admissible Ω(ξ) is a vector space and if the equation is
integrable then this vector space is infinite dimensional.

The algebra of symmetries is completely parametrised by the set of
admissible Ω(ξ).
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Example: Volterra chain

Consider the Volterra equation ut = uu1 − u−1u.
We introduce the linear term by u → u + 1:

ut = u1 − u−1 + uu1 − u−1u =: f .

Symbolic representation:

f
ϕ7−→ ûω(ξ1) + û2a2(ξ1, ξ2), ω(ξ1) = ξ1 − ξ−1

1 , a2(ξ1, ξ2) = ξ2 − ξ−1
1 .

Let us seek a symmetry with Ω(ξ1) = ξ2
1 − ξ−2

1 . Then:

A2(ξ1, ξ2) =
(1 + ξ1)(1 + ξ2)(ξ1ξ2 − 1)(ξ1ξ2 + 1)

ξ2
1ξ2

,

A3(ξ1, ξ2, ξ3) =
(ξ1ξ2ξ3 − 1)(1 + ξ1 + ξ1ξ2 + ξ1ξ2ξ3)

ξ2
1ξ2

,

and As = 0, s > 3. This corresponds to a symmetry

uτ = u2 − u−2 + (u + u1)(u1 + u2)− (u−2 + u−1)(u−1 + u)+

+uu1u2 − u−2u−1u + u(u + u1)u1 − u−1(u−1 + u)u.

Admissible linear terms: Ωk (ξ) = ξk − ξ−k .



Quasi-locality and roots of formal series

1 Consider algebra of formal series A((S)) consisting of formal
series of the form∑

i≤n

∑
p+q≥0

aipqSi , aipq ∈ Mp,q, n ∈ Z.

2 Root extraction problem: for a generic formal series

A = Sn +
∑
i≤n′

∑
p+q≥1

aipqSi , aipq ∈ Mp,q,n ∈ N.

there is no local formal series B = S +
∑

i≤n′
∑

p+q≥1 bipqSi , such
that Bn = A.

3 The root exists in the extended algebra.
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Quasi-locality and roots of formal series

1 Define θk = S−1
Sk+1−1 = (1 + S + · · ·+ Sk )−1, k = 1,2, . . ..

2 Define the operator algebra M extension as

M(0) = M,

M(i+1) = M(i)
∞⋃

k=1

θk (M(i)),

M(s) s→∞−−−→ M(θ).

3 We shall call the algebra A((S)) with coefficients in M(θ) the
algebra of quasi-local formal series.
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Quasi-locality and roots of formal series

Theorem
Let

A = Sn +
∑

p+q≥1

∑
i≤m(p,q)

aipqSi aipq ∈ Mp,q,n ∈ N,

be a local formal series. Then there exists a unique quasi-local formal
series

B = S +
∑

p+q≥1

∑
i≤m(p,q)

bipqSi , bipq ∈ M(θ),

such that Bn = A.



Formal recursion operator

Definition
A quasi-local formal series

Λ = φ(S) +
∑

p+q≥1

∑
i≤m(p,q)

φipqSi , φ(x) ∈ C[x , x−1],

is called a formal recursion operator for the equation
ut = f , π0(f ) = 0, π1(f ) ̸= 0, if

Λt = f∗ ◦ Λ− Λ ◦ f∗.

Theorem
If the differential-difference equation ut = f , π1(f ) ̸= 0 possesses an infinite
dimensional algebra of symmetries, then it possesses a formal recursion
operator of the form

Λ = S +
∑

p+q≥1

∑
i≤m(p,q)

φipqSi .
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operator of the form
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∑
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φipqSi .



Idea of the proof

1 uτ = g(uM , . . . ,uN) - a symmetry, such that

π1(g) = un +
N−1∑
k=M

ckuk , N >> n.

2 [g, f ] = 0 implies

g∗,t + g∗ ◦ f∗ − f∗ ◦ g∗ = f∗,τ .

3 The first N − n terms of g∗ can be found from g∗,t = f∗ ◦ g∗− g∗ ◦ f∗.

4 Λ ≈ g
1
N
∗ .
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Integrability test

The above theorems provides the following integrability test for a given
nonabelian differential-difference equation ut = f :

For a given f the equation Λt = f∗ ◦ Λ− Λ ◦ f∗ can be formally
resolved for Λ, i.e. its coefficients can be explicitly found in terms
of f (in the symbolic representation);
The requirement of quasi-locality of these coefficients provides the
necessary integrability conditions independent on the symmetry
structure.



Classification results

We classify integrable nonabelian differential-difference equations

ut = f (u−n,u−n+1, . . . ,un), f ∈ A, n = 1,2,3,

satisfying the following conditions
Non-zero linear term: π1(f ) ̸= 0 and π1(f ) depends of un, where
π1 is the projection π1 : A → A1;

Quasi-linearity: d2

dϵ2 f (ϵu−n,u−n+1, . . . ,un−1, ϵun) = 0;
Skew-symmetry: T (f ) = −f , where T : A → A is defined as
T (un) = u−n, T (ab) = ba;
No lower order symmetries.



Classification of skew-symmetric quasi-linear equations: order
(−1,1)

Theorem
Up to re-scaling and shift transformations, every skew-symmetric
quasi-linear integrable differential-difference equation of the form

ut = f (u−1,u,u1)

can be obtained from one of the equations in the following list:

ut = (αu2 + βu + γ)u1 − u−1(αu2 + βu + γ),

ut = (u − α)u1(u + α)− (u + α)u−1(u − α)



Classification of skew-symmetric quasi-linear equations: order
(−2,2)

Theorem
Up to re-scaling and shift transformations, every skew-symmetric
quasi-linear integrable differential-difference equation of the form

ut = f (u−2,u−1,u,u1,u2)

can be obtained from one of the equations in the following list:



Classification of skew-symmetric quasi-linear equations: order
(−2,2)

Volterra type:

ut = (αu2 + βu + γ)u2 − u−2(αu2 + βu + γ),

ut = (u − α)u2(u + α)− (u + α)u−2(u − α),

ut = uu1u2 − u−2u−1u + u(u−1 − u1)u,
ut = (u−1 + u)u2 − u−2(u1 + u) + uu1 − u−1u,
ut = uu1u2 − u−2u−1u + u(u − u1)u1 − u−1(u − u−1)u,
ut = (u + u−1)(u1 + u)u2 − u−2(u−1 + u)(u1 + u) + u(u + u−1)u1

−u−1(u + u1)u − u(u1 − u−1)u,
ut = u(u1u2u1 − u−1u−2u−1 − u1uu1 + u−1uu−1)u,
ut = (uu−1 + 1)(uu1 + 1)u2 − u−2(u−1u + 1)(u1u + 1),
ut = uu1u2u−1u − uu1u−2u−1u + α(uu1u2 − u−2u−1u + u(u−1 − u1)u),
ut = uu−1uu1u2 − u−2u−1uu1u + α(uu1u2 − u−2u−1u + u(u−1 − u1)u),
ut = (u2 − α2)(u2

1 − α2)u2 − u−2(u2
−1 − α2)(u2 − α2)− (u2 − α2)u1uu1

+u−1uu−1(u2 − α2) + uu−1(u2 − α2)u1 − u−1(u2 − α2)u1u.



Classification of skew-symmetric quasi-linear equations: order
(−2,2)

Bogoyavlensky type:

ut = u(u1 + u2)− (u−1 + u−2)u,
ut = uu1u2 − u−2u−1u,
ut = uu1u2 − u−2u−1u + u[u1,u]− [u,u−1]u,
ut = (u + u−1)(u + u1)(u1 + u2)− (u−2 + u−1)(u + u−1)(u + u1),

ut = uu1u2(u + α)− (u + α)u−2u−1u,
ut = u(u + α)u1(u2 + α)− (u−2 + α)u−1(u + α)u

+(u + α)u−1u(u1 + α)− (u−1 + α)uu1(u + α),

ut = (uu−1 + α)(uu1 + α)uu1u2 − u−2u−1u(u−1u + α)(u1u + α),

ut = (uu−1 + α)(u1u + α)(u2u1 + α)u
−u(u−1u−2 + α)(uu−1 + α)(u1u + α).



Classification of skew-symmetric quasi-linear equations: order
(−3,3)

Theorem
Up to re-scaling and shift transformations, every skew-symmetric
quasi-linear integrable differential-difference equation of the form

ut = f (u−3,u−2,u−1,u,u1,u2,u3)

can be obtained from one of the equations in the following list:



Classification of skew-symmetric quasi-linear equations: order
(−3,3)

Volterra type:

ut = (αu2 + βu + 1)u3 − u−3(αu2 + βu + 1),
ut = (u − α)u3(u + α)− (u + α)u−3(u − α),

ut = uu−1u1u3 − u−3u−1u1u,
ut = uu1u2u3 − u−3u−2u−1u − u(u1u2 − u−2u−1)u,
ut = (u + u−1 + u−2)u3 − u−3(u + u1 + u2) + u(u1 + u2)− (u−1 + u−2)u,
ut = (uu−2u−1 + α)uu1u2u3 − u−3u−2u−1u(u1u2u + α)− αu(u1u2 − u−2u−1)u,
ut = uu1u2u3(u−2u−1u + α)− (uu1u2 + α)u−3u−2u−1u − αu(u1u2 − u−2u−1)u



Classification of skew-symmetric quasi-linear equations: order
(−3,3)

Bogoyavlensky type:

ut = u(u1 + u2 + u3)− (u−1 + u−2 + u−3)u,
ut = uu1u2u3 − u−3u−2u−1u,
ut = uu1u3 − u−3u−1u + u2u2 − u−2u2 + [u,u−1u1],

ut = uu1u2u3(u + α)− (u + α)u−3u−2u−1u,
ut = uu−1u1uu2u1u3 − u−3u−1u−2uu−1u1u,
ut = uu1u2u3 − u−3u−2u−1u + u[u,u1u2]− [u−2u−1,u]u + [u,u−1uu1],

ut = (u−2 + u−1 + u)(u−1 + u + u1)(u + u1 + u2)(u1 + u2 + u3)

−(u−3 + u−2 + u−1)(u−2 + u−1 + u)(u−1 + u + u1)(u + u1 + u2),

ut = (u + α)uu1u2u3 − u−3u−2u−1u(u + α) + u(u−1 + α)uu1u2

−(u−1 + α)uu1u2u − u−2u−1u(u1 + α)u + uu−2u−1u(u1 + α)

+α(uu−1uu1 − u−1uu1u),
ut = (uu−2u−1 + α)(uu1u−1 + α)(uu1u2 + α)uu1u2u3

−u−3u−2u−1u(u−2u−1u + α)(u1u−1u + α)(u1u2u + α),



Classification of skew-symmetric quasi-linear equations: order
(−3,3)

Bogoyavlensky type:

ut = (uu−1u−2 + α)(u1uu−1 + α)(u2u1u + α)(u3u2u1 + α)u
−u(u−1u−2u−3 + α)(uu−1u−2 + α)(u1uu−1 + α)(u2u1u + α).



Abelian equations

1 Classifiaction of Volterra type equations - Yamilov (1983)

ut = f (u−1,u,u1);

2 Classification of Toda type equations - Adler, Shabat, Yamilov
(1990s);

3 Classification of quasi-linear equations of order (−2,2) - Garifullin,
Levi, Yamilov (‘17-‘18)

ut = A(u−1,u,u1)u2 + B(u−1,u,u1)u−2 + C(u−1,u,u1).
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Abelian equations

1 A =
⊕

p>0 Ap - abelian associative algebra of formal series. Each
Ap consists of elements ui1 · · · uip .

2 Differential-difference equation: ut = f , f ∈ A.
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Formal recursion operator

Definition
A quasi-local formal series

Λ = φ(S) +
∑

p+q≥1

∑
i≤m(p,q)

φipqSi , φ(x) ∈ C[x , x−1],

is called a formal recursion operator for the equation
ut = f , π0(f ) = 0, π1(f ) ̸= 0, if

Λt = f∗ ◦ Λ− Λ ◦ f∗.

Theorem
If the differential-difference equation ut = f , π1(f ) ̸= 0 possesses an infinite
dimensional algebra of symmetries, then it possesses a formal recursion
operator of the form

Λ = S +
∑

p+q≥1

∑
i≤m(p,q)

φipqSi .
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Definition
A quasi-local formal series

Λ = φ(S) +
∑

p+q≥1

∑
i≤m(p,q)

φipqSi , φ(x) ∈ C[x , x−1],

is called a formal recursion operator for the equation
ut = f , π0(f ) = 0, π1(f ) ̸= 0, if

Λt = f∗ ◦ Λ− Λ ◦ f∗.

Theorem
If the differential-difference equation ut = f , π1(f ) ̸= 0 possesses an infinite
dimensional algebra of symmetries, then it possesses a formal recursion
operator of the form

Λ = S +
∑

p+q≥1

∑
i≤m(p,q)

φipqSi .



Formal recursion operator - Adler’s version

Theorem (V.E. Adler)
If a differential-difference equation ut = f admits an infinite hierarchy of
symmetries uτ = g(up, . . . ,uq) with q arbitrary large then there exists a
local formal recursion operator of the form

Λ = f∗ +
∑
k≥0

akS−k .



Classification results

We classify integrable nonabelian differential-difference equations

ut = f (u−3,u−2,u−1,u,u1,u2,u3), f ∈ A,

satisfying the following conditions
Non-zero linear term: π1(f ) ̸= 0 and π1(f ) depends of u3, where
π1 is the projection π1 : A → A1;

Quasi-linearity: d2

dϵ2 f (ϵu−3,u−2,u−1,u,u1,u2, ϵu3) = 0;
Skew-symmetry: T (f ) = −f , where T : A → A is defined as
T (un) = u−n;
No lower order symmetries.



Classification results

Theorem
Up to re-scaling and shift transformations, every skew-symmetric
quasi-linear integrable differential-difference equation of the form

ut = f (u−3,u−2,u−1,u,u1,u2,u3)

can be obtained from one of the equations in the following list:

Volterra type:

ut = u(u3 − u−3),

ut = u2(u3 − u−3),

ut = (u2 + u)(u3 − u−3),

ut = u−1uu1(u3 − u−3),

ut = u(u2u3 − u1u2 + uu1 − uu−1 + u−1u−2 − u−2u−3),

ut = u(
u3u1

u2
− u−3u−1

u−2
) + u2(

u2

u1
− u−2

u−1
),

ut = u(u1u2u3 − uu1u2 + uu−1u−2 − u−1u−2u−3),



Classification results

ut = u(
u3

u2
− u−3

u−2
) + u(

u2

u1
− u−2

u−1
) + u1 − u−1,

ut = u2 (u2
1u2

2u3 − u2
−1u2

−2u−3 − 2uu1u−1(u1u2 − u−1u−2)
)
,

ut = (u + u−1 + u−2)u3 − (u + u1 + u2)u−3 + u(u1 + u2 − u−1 − u−2),

ut = (uu−1u−2 + α)uu1u2u3 − (uu1u2 + α)uu−1u−2u−3 − αu2(u1u2 − u−1u−2).



Classification results

Bogoyavlensky type:

ut = u(u1 + u2 + u3 − u−1 − u−2 + u−3),

ut = u(u1u2u3 − u−1u−2u−3),

ut = u2(u1u2u3 − u−1u−2u−3),

ut = (u2 + u)(u1u2u3 − u−1u−2u−3),

ut = u(u1u3 + uu2 − uu−2 − u−1u−3),

ut = u(u2u3 + uu1 − uu−1 − u−2u−3),

ut = u2u1u−1(u1u2u3 − u−1u−2u−3),

ut = u4u2
1u2

−1u2u−2(u1u2u3 − u−1u−2u−3),

ut = u2(u2
1u2

2u3 − u−1uu2
1u2 + u1uu2

−1u−2 − u2
−1u2

−2u−3),

ut = (u + u−1 + u−2)(u + u1 + u2)(u + u1 + u−1)

(u3 + u2 + u1 − u−1 − u−2 − u−3),

ut = u(u−2u−1u + α)(uu1u2 + α)(u−1uu1 + α)(u1u2u3 − u−1u−2u−3).



Classification results

Sawada-Kotera type:

ut = u(u1u3 + uu2 − uu−2 − u−1u−3)− u(u2 + u1 − u−1 − u−2),

ut = u(u2u3 + uu1 − uu−1 − u−2u−3)− u(u2 + u1 − u−1 − u−2),

ut = u2(u1u2u3 − u−1u−2u−3)− u(u1u2 − u−1u−2),

ut = u2u1u−1(u1u2u3 − u−1u−2u−3)− u2(u1u2 − u−1u−2),

ut = u4u2
1u2

−1u2u−2(u1u2u3 − u−1u−2u−3)− u3u1u−1(u1u2 − u−1u−2),

ut = u2(u2
1u2

2u3 − u−1uu2
1u2 + u1uu2

−1u−2 − u2
−1u2

−2u−3)− u2(u1u2 − u−1u−2),

ut = (u2 + 1)(u3

√
u2

1 + 1
√

u2
2 + 1 − u−3

√
u2
−1 + 1

√
u2
−2 + 1).


	

