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Rough paths to model stochastic dynamics

- Suppose we are interested in giving meaning to stochastic
differential equations

dY, = F(Y,)dX,, Yy = yo. (1)

with X a given multidimensional stochastic process.
- We must only give meaning to the terms
Xpon f AXo . dXon ag| 4.+ o] < 1
s<uy<...<un <t
with X |a|-Holder, e.g. through some kind of notion of stochastic |.
- (1) will then automatically inherit meaning as

Y, R Yo+ Fo(YO) XS 4.+ Fay 00 Fy (Vo) X0ymon

- Is consistent with 1t6 and Stratonovich calculus and works for many
other multidimensional stochastic processes beyond
semimartingales, including 1/4 < H-fBm".
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Rough volatility

- Option pricing: find dynamics for the (discounted) stock S
ds; = ,S,dW2

such that the values of E2®(S;) agree with those on the market, for
liquid instruments @, e.g. call options C(K,T).
- Black-Scholes: o1 = o, too simple, volatility surface;
- Local volatility: o¢ = o(St, t);
- Stochastic volatility: o; a Markovian diffusion process, correlated with
but not determined by S (Bergomi, Heston, SABR,...).
- Rough volatility?: a stoch vol model in which o, has behaviour
similar to 0.1 ~ H-fBm on short timescales:
- Good fit to market data (short dated smiles, term structure of the ATM
vol skew) with relatively few parameters;
- Statistical evidence from historical volatility.




Rough volatility models

- In most rough vol models, o is taken to be an explicit function of
type-Il fBm, e.g. rough Bergomi:

H _ 1.2 2,2H
or = exp(vB{' — ez t?)

t

where B = cHJ (t —s)A=1/24B, B = pW ++/1— p2W+.
0
- More complex models: take ¢ to satisfy a Volterra equation

oy =00+ jot(t — )12 (f(os,s)ds + g(os, s)dBs).



Challenges and limitations

- Challenges with rough vol:

- |o,W] = 0o = no Stratonovich formulation or classical Wong-Zakai;
- H<1/4,W } B — (W, BY) not a classical Gaussian rp.

- Use regularity structures® to precisely subtract the divergent
It6-Stratonovich correction originating from EB W ~ peH—1/2,

- However this comes at the cost of heavy tools, which become
intractable for Volterra equations with low H.

- Moreover, Volterra equations driven by B with kernel K (t, s) are
different to ODEs driven by jo s)dB, (even if B is C*°), which
are more basic and W|despread.

- Since o is one-dimensional, we could model it as an SDE with drift
driven by B,

- However, currently no framework to treat general joint dynamics of
price and vol, in the ODE sense, when the vol is rough.
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The 1t0 lift of an adapted process

- W d-dimensional brownian motion, X an e-dimensional stochastic
rough path. Goal: jointly lift X and W to a geometric rough path X.

- Use Greek letters a, 3, € [d] for W, Latin letters ¢, 5,k € [e] for X.
Define some terms with Stratonovich or 1t6 calculus. For a, 8 € [d],
v € [e]*:

t
X" =X", X = J we, odwp

u?
t
Yo . v «
XG = f X AW
s

- X of Holder regularity € (1/3,1/2] and deterministic*:
ai=ilWa—in ~ XY= XXX
- When the regularity is < 1/3 there are more terms needed to define
X. Impose some conditions on X:
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The 1t0 lift of an adapted process Il

Definition (Adapted H-integrable rough path)

An F,-adapted H-integrable (geometric) rough path is an
Fo.-adapted, GL1/H1(Re)-valued stochastic process X sit.
X1 = X! ® X, satisfies the Chen identity and

sup || X3 lI7, Spr (E—s)PP#Y, pel,+o0).
0<s<t<T

Theorem (Ito Lift)

There exists a unique geometric rough path extending ( ) on words
af, v and va for v € [e]®. It is Fo-adapted and

| t(w)|NpTw t_S)Av

with the constant of proportionality € LP for all p.



The 1t0 lift of an adapted process IlI

- Main idea: only words left are of the form uav with u,v € [e]®.
Recursively express uawv as a Lw-polynomial in words v/ a, v’ (~ X a
polynomial in rough path terms already defined).

n

uozjl...jn:uau_ljl...jn—Z(umjl...jk)ajk+1...jn.
k=1

B8 gk
=iaWjk — (iWj)ak — (iwWjk)a
=ia W jk —ijak — jiak —ijka — jika — jkia
=iaWjk — [ijawk — (ijwk)a] — [jiawk — (ji wk)a] — ijka — jika — jkia
=ia Wik —ija Wk +ikjoa+ kijo — jia W k + kjio.
- BDG + Kolmogorov + above statement ~ Holder regularity.
- Chen identity is inherited, shuffle property holds by construction.



A rough path for rough volatility

- Take X to be the canonical rough path above X = BY
(0.1 =~ H-fBm correlated with X).

Proposition

t ( Y _ m Y _ X’ n
m "y n Aqy 1 s < PAY o
X? . a0 (& ) ( U) (H{ ;\
. m)! n!
n X" —k

:
— “*t m Xu I’Y“
Z mlkl(n — k)! J. sul=
k=0 :

- Consider general dynamics of the form

dSt = O'a(St, ‘/t, t)dW? + g(St, ‘/t, t)dt,
dVy = 7(Se, Vi, t)d Xt + 6o (Se, Vi, t) AW + h(Sy, Vi, t)dt



A rough path for rough volatility Il

Proposition

S is given by Itd and Riemann integration as

t
Sy = So + f 0 (Suy Vi, w)dW,,
0

T : : .
+ .fo {‘) Z(()SUaUa + 0voasa) + g] (Su, Vi, w)du.

Z

[e3%

- Proof: compare Davie expansions. Interesting to consider the Davie
expansion of V (1/3 < H < 1/2):

v
Viw = TXyw + Wiy +h- (v —u) + (Ovspsa + 8S§BUQ)J W o dw? + Oy X
+[(2), J XE AW + (957,04 + Oy ey ) XE, WD,

and if [X, W] < oo the second line is equal to

v v 1 pu
+Tk6V§7J X{fr odW, + (av§ﬂ§a + 85§5Ja)j W o de — 5[(‘%) , ( i )]V[Xk’W'Y]m,.



A rough path for rough volatility Il

dSt - Ua(St7 ‘/ta t)tha + g(St7 ‘/ta t)dta
dVy = T(St, Vt,t)dXt + Ga(Sn Vt’t)dW? + h(St, Vtyt)dt-

- For some dynamics only the original rough path terms are needed:
this occurs when ¢ = 0 and 7 does not depend on S. This has
already been used for “simple” models (V; = f(X;)).>

- Correlation between V (rough process that feeds into the diffusion
coeff. for S) and S can even be introduced if X 1L W, thanks to <. In
this case, X can be viewed as a Gaussian rough path with non i.d.
components (the condition is H; + H; > 1/2, always verified if
H;j =1/2).

- Includes many models already in the literature, possible to consider

multi-asset extensions.
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Lead-lag approximations

- How to simulate RDEs? Euler scheme requires prior simulation of
rough path terms and derivatives of order-10.
- Every geometric rough path X is the limit (in rough path topology)
of the Stieltjes lifts of a sequence of smooth paths:
X0 = lim Xoor e X0 duy - - duy,

€20 Jscur <. <un <t

2L (dYe = F(Y9)dX®) =% (dY = F(Y)dX)

- X Stratonovich lift: X* pwl interpolation, X¢ = . x X, etc.
- It0 integrals of one-forms can also be approximated smoothly:®

f fWy)dW, = liH(l)J FWET)Wedt.
e—
- Define (X = BH) fort;,1 —t; = ¢, t € [t;, ;1] piecewise lead-lag
approximations
t—t;
€

Wte = Wti + Wti>t'i+1’ X?_ = Xz‘fsfe'




Lead-lag approximations Il

Theorem (Strong convergence of lead-lag)

X — X% lgllzr S

for all p > 1 and moreover the convergence is a.s. if the sequence of
partitions is reqular.

- Similar results using hybrid scheme approximations

23
J (tp —s)=1/2dB,

tr

ZI H 1/2(18 th 1t f (tk - S)H_1/2dWs
t

k—1

and for mollifier approximations.



- Simulate X&~,W¢ on a grid and solve CDEs driven by them on a
grid several times finer, using Diffrax’.

~+ notebook




Calibration

- Model:
ds,

5 a(Z; —b)? +COth—7((Zt—b)2+c)dt, Sy = 50 >0,
dZ, = MO — Z)dt + Apy/a(Z, —b)2 + codBH, Zy =z >0,

+ Minimise loss function:

L; 2
obs
L(a,b, e\, 0,7) = Ej(cmabcwn) cgh )
Jj=1
Options data Errors on options data
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