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Heat equation with Dirichlet white noise boundary conditions
L Problem

My talk will be based on a joint work with Ben Goldys (Univ.
Sydney). It is a continuation of Z. Brzezniak, B. Goldys, S.
Peszat, and F. Russo, Second order PDEs with Dirichlet white
noise boundary conditions, J. Evol. Equ. 15 (2015), 1-26.
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Given a possibly unbounded domain @ C R? and an elliptic
second order operator A we are concerned with the following
parabolic boundary problem

= Au(t, x) on O,

Zek de (t) on (0, T] x 00,
k

where e;: 0O — R and (W) are independent real-valued
Wiener processes.
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Example

G. Da Prato, J. Zabczyk 1993. O =(0,1), d =1,

Szymon Peszat Heat equation with Dirichlet white noise boundary conditions



Heat equation with Dirichlet white noise boundary conditions
L Problem

Example

G. Da Prato, J. Zabczyk 1993. O =(0,1), d =1,

(t,x) a;(t,x) t>0, x e (0,1),
u(O,x) = up(x), x €(0,1),
u(t,O):Wot, t >0,

1)

(t7

where W, and W are real-valued Brownian motions.

t), t>0,
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Freidlin and Sowers, Sowers (1994), proved the existence of
function valued solutions to the problem with Neumann
boundary Wiener white noise conditions.
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Freidlin and Sowers, Sowers (1994), proved the existence of
function valued solutions to the problem with Neumann
boundary Wiener white noise conditions.

Da Prato and Zabczyk (1993) used semigroup approach (see
Lasiecka (1980), Balakrishnan (1981), Lasiecka and Triggiani
(2000) for deterministic problem).
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Freidlin and Sowers, Sowers (1994), proved the existence of
function valued solutions to the problem with Neumann
boundary Wiener white noise conditions.

Da Prato and Zabczyk (1993) used semigroup approach (see
Lasiecka (1980), Balakrishnan (1981), Lasiecka and Triggiani
(2000) for deterministic problem).

Alés and Bonaccorsi (2002) provided some formulae for the
integral kernel.
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The idea of Lasiecka, Balakrishnan, Da Prato and Zabczyk:
let 7 be the boundary operator

m Dirichlet
T(x) =(x),  x €090,

m Neumann
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1 00 +— R be regular,
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1 00 +— R be regular, n = D,1) denotes the solution to
elliptic problem

An = An, TN =1,

where A > 0 chosen properly.
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1 00 +— R be regular, n = D,1) denotes the solution to
elliptic problem

An = An, TN =1,

where A > 0 chosen properly.
D, - the Dirichlet map if 7 Dirichlet.
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After some calculation, for regular £: [0, T] x 0O +— R, one
obtains the so-called mild solution to the boundary problem

t
u(t) = e*tug + (A — AT)/ eA" (=)D ¢(s,-)ds.
0

In fact the mild solution is a weak solution.
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Thus formally

t
u(t) = e*tug 4+ (A — AT)/ e ID Y e dWi(s),
0 K

or
du = Arudt + (A — A)D; Y~ edWi(s).
k
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In the example
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Our main goal is show that under some condition

du = Arudt + (A — A)D; Y~ exdWi(s).
k

has good meaning and its solution is a Markov family some
function space (E = LP(O, w(x)dx)).
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Let us first consider the problem on the scale of Sobolev
spaces. Namely assume that

Hypothesis 1 There are A > 0, p > 1 and sq > 0 such that
the Dirichlet map D, is a well defined linear operator acting
from linspan {ex} into the Sobolev space W—P(0O).
Hypothesis 2 Operator A with homogeneous Dirichlet
boundary conditions generates an analytic Cy-semigroup S on
each W*P(O)-spaces. For all s,s" € R, p>1and t >0,
S(t): WeP(O) — W*P(O). Moreover, if A, , denotes the
generator of S on W*P(O), then we assume that there is an
s1 such that W=%P(O) — D(A_q, ).
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The hypotheses hold in a number of cases; if O is a bounded
Lipschitz domain and the operator A has Lipschitz coefficients,
then Dy: HY2(00) — H*(O) is well defined and bounded. In
that case it is enough to assume that

linspan {ex} C HY2(90).

If O is a bounded C* domain and the operator A has C*
coefficients, then

Do: H*"2(80) — H™*(0)

is well defined and bounded for any s > 0, see Sections 6 and
7 in Chapter 2 of Lions-Magenes. In particular, if s < —%
then linspan {e,} € H="2(00) C L2(O).

Very general conditions given in terms of capacities of O can
be found in Chapter 15.7 of Mazya.
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Our hypotheses enable us to reformulate the boundary
problem into
du = Audt + ) _ Be,dW
k

considered on the state space W~1?(O). In fact the map
B=(\—A)Dy:=(A—A_5,)Dx

is a linear operator from linspan {e,} into W=*:*(O) and
A = A_,, p» generates a Cp-semigroup S = S_g, , on

W=s(0).
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Therefore, using some basic facts from the theory on
stochastic integration in LP-spaces (Brzezniak and van
Neerven (2003), Brzezniak and Veraar (2012)) the boundary
problem has the mild solution solution

u(t) = S(t)uo + /OtS(t — 5)BdW(s)

in W—=1P(O)-space if and only if

T 9 p/2
/(') [Z/o <(/ — A)*sl/2 S(t)Bek> (x)dt] dx < 400

for a certain or equivalently for any T € (0, +00).
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Moreover, if there is an o > 0 such that

p/2

/o Z/T t <(/ —A)? 5(2.“)Bek)2 (x)dt| dx < 400

then the mild solution has continuous trajectories in
W==1P(O).

Szymon Peszat Heat equation with Dirichlet white noise boundary conditions



Heat equation with Dirichlet white noise boundary conditions
L Problem

Alos and Bonaccorsi observed that the solution lives in a
weigthed space L2((0, +00), x?dx). In Brzezniak, Goldys,
Peszat, Russo we proved that in many cases the solution is
C*int>0and x € O.

Szymon Peszat
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G. Fabri and B. Goldys, SIAM J. Control Optim. (2009)
showed that the problem on half line is well-posed in weighted
[?-space.
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G. Fabri and B. Goldys, SIAM J. Control Optim. (2009)
showed that the problem on half line is well-posed in weighted
[2-space. They followed

N.V. Krylov, Weighted Sobolev spaces and Laplace’s equation
and the heat equations in a half space, Comm. Partial
Differential Equations 24 (1999), 1611-1653.

N.V. Kylov, The heat equation in L,((0, T), L,)-space with
weights, SIAM J. Math. Anal. (32 (2001), 1117-1141.

N. Krylow showed that the heat semigroup in analytical on
LP((0, +0), x°dx), § < p.
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We showed that under very mild assumptions on A and O the
semigroup in Cy on the weighted space
Ly s = LP(O, wy s(x)dx), where

wp s(x) = min {dist (x,00)" (1+ | x |2)_6} ,

pe(l,+), 0 €[0,2p—1)and 6 > 0.
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We showed that under very mild assumptions on A and O the
semigroup in Cy on the weighted space
Ly s = LP(O, wy s(x)dx), where

wp s(x) = min {dist (x,00)" (1+ | x |2)_6} ,

p€(l,+), 8 €[0,2p —1) and § > 0. Lindemulder and
Veraar (2020) showed this for A = A on half spaces.
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Let w': O — (0, +00), i = 1,2, be measurable weights. Let
L= 1P (0,B(0), w'(x)dx), i=1,2,

and let £LP := LP(O, B(O), w(x) dx), where
w(x) = min{w!(x), w?(x)}. We will need the following
elementary result.

FACT

Assume that T is a bounded linear operator from L? to £? for
i =1,2. Then it is bounded from L£P to LP and the operator
norm satisfies the estimate

1T leesy < 2072 max {1 Tlugepys 1 Tllugesy -
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Hypothesis 3)
|G(t, x,y)| < Cmy(y)ga(x — y), t <1, x,y €O,

and

IV, G(t.x,y)| < C \/(_”ga( Sy, t<l xyco,

where

and
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Hypotesis 4) For any ¢ > 0 and x € (—1,0) there is a
constant C < 400 such that

sup [ (y)ealx ~ vy < CEF. - Vee (1]
O

)

The hypothesis is satisfied if O is a half space or if O is a
bounded C**-domain.
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Hypotesis 3) holds if O is bounded C'** domain, or is a
graph above C'** function, or O = RY or

O = {(X,‘) S RI+L. a < Xg41 < b} .

A is uniformly elliptic, the coefficients a;; are Dini continuous,
and pi are sign measures of the parabolic Kato class. In
general a;; and p' may depend on t and x variables. For more
details see S. Cho, P. Kim, H. Park 2012.
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Since the semigroup acts from W=P(0) into Ly 5 we need
only to verify the integrability condition

p/2

LIz [ (082 (dt | ol < box

for a certain or equivalently for any T € (0, +00). Moreover,
this guarantees that the boundary problem defines a Markov
family on the state space Lg,a
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If for a certain o > 0,

p/2

/(9 zk:/o t=* (S(t)Bex)” (x)dt Wy s(x)dx < 400,

then the mild solution has continuous trajectories in L} ;.
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Consider the simplest case of O = (0,1). Let p € (1, +00)
and # € (p — 1,2p — 1). Then the boundary problem

%(t,x) = Au(t,x), xe€(0,1),
 dW
U(t, 0) - dt (t)a

ofe.1) = ),

defines Markov family with continuous trajectories in the space
Lgo = LP(0,1, min{x? (1 — x)’}dx).

Szymon Peszat Heat equation with Dirichlet white noise boundary conditions



Heat equation with Dirichlet white noise boundary conditions

L Examples

Let O be a bounded domain R?. Assume that

Z sup eZ(y) < +oo.
P y€eoo

Then for any 1 < pand § € (p—1,2p — 1), boundary problem
defines a Markov family with continuous trajectories in Lep,o-

Szymon Peszat Heat equation with Dirichlet white noise boundary conditions



Heat equation with Dirichlet white noise boundary conditions

L Examples

In the case of the so-called white noise on S9!, {e,} is an
orthonormal basis of L2(S91, ds). We have the following
result

Theorem

Assume that W is a white noise on S*. Let p > 1 and

0 € (22 —1,2p—1). Then the boundary problem defines a
Markov family with continuous trajectories in Lgp. If the
semigroup is stable on unweighted space, then the Markov
family defined by the boundary problem on L;O for

p € (1,+00) and 0 € ( —1,2p — 1) has a unique invariant
measure.
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Consider the case of half space O = R™ x (0,400). Let W be
a spatially homogeneous Wiener process on R” = 90. Recall

that
EW(T.'7X)W(S7}/) =tA S//L\(X - y)7

(4 is the so-called spectral measure of W.
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Assume that: the spectral measure of W is finite,
d>(m+1)/2, pe(l,+o0)and 8 € (p —1,2p —1). Then
boundary problem defines Markov family with continuous
trajectories in Lj ;.
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If 1(dy) = dy, then W is the co-called cylindrical Wiener
process on [*(R™) or equivalently 2% (t,y), t >0,y € R™, is
the space-time white noise.

Let m=1,6 > 1, and let W be a cylindrical Wiener process
on L?(R). Then the boundary problem defines a Markov
family with continuous trajectories in the space Ly ; for p > 1

and 0 € (%—1,2p—1).
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Let

Let W be a Wiener process on R™ with the spectral measure
tr, 0 < k. (i) If K > m, then boundary problem defines a
Markov family with continuous trajectories in the space Lg 5
forp>1landfec(p—1,2p—1).

(if) If m —2 < k < m, then boundary problem defines a
Markov family with continuous trajectories in the space Lg,é for

1< p < +oo, p+g(m—li)—1<6’<2p—1.
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Let
Keth(x) = /O kt(x,y)w(y)%,
ke(x,y) == (%) N me(y)&ee(x — y)p(y).

Co-property of S will be established as soon as we show that
for each 0 < t <1, K; is a bounded linear operator from

Lp ((’) d—y)> into LP <(’) i) and that supy_,<; || Ke|| < 400,

" ply 7 p(y)
where || - || is the operator norm on

L (LP ((9, —)) Lp (0, %))

Szymon Peszat Heat equation with Dirichlet white noise boundary conditions



Heat equation with Dirichlet white noise boundary conditions

L Examples

Taking into account the Schur test, it is enough to show that

d d
sup sup/ k:(x,y) A sup sup/ ke(x,y) P i,
0<t<1xc0 Jo p(y) o<t<iyeo Jo p(x)

Note that our assumption # < 2p — 1 is necessary for the
application of the Schur test.
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[@ S. Albeverio, T. Layons, and Yu. Rozanov, Boundary
conditions for stochastic evolution equations with an
extremely chaotic source, Sb. Math. 186 (1995),
1693-17009.

[§ E. Alds and S. Bonaccorsi Stability for stochastic partial
differential equations with Dirichlet white-noise boundary
conditions, Infin. Dimens. Anal. Quantum Probab. Relat.
Top. 5 (2002), 465-481.

@ E. Alds and S. Bonaccorsi, Stochastic partial differential
equations with Dirichlet white-noise boundary conditions,
Ann. Inst. H. Poincaré Probab. Statist. 38 (2002),
125-154.

[§ S. Bonaccorsi and G. Guatteri, Stochastic partial
differential equations in bounded domain with Dirichlet
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boundary conditions, Stoch. Stoch. Rep. 74 (2002),
349-370.

[§] I. Chueshov and B. Schmalfuss, Parabolic stochastic
partial differential equations with dynamical boundary
conditions, Differential Integral Equations 17 (2004),
751-780.

3 |. Chueshov and B. Schmalfuss, Qualitative behavior of a
class of stochastic parabolic PDEs with dynamical
boundary conditions, Discrete Contin. Dyn. Syst. 18
(2007), 315-338.

[d R. Dalang and O. Lévéque, Second order linear hyperbolic
SPDE's driven by isotropic Gaussian noise on a sphere,
Ann. Probab. 32 (2004), 1068-1099.
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[@ R. Dalang and O. Lévéque, Second-order hyperbolic
SPDE's driven by homogeneous Gaussian isotropic noise
on a hyperplane, Trans. Amer. Math. Soc. 358 (2006),
2123-2159.

[d R. Dalang and O. Lévéque, Second-order hyperbolic
SPDE's driven by boundary noises, Seminar on Stochastic
Analysis, Random Fields and Applications IV, pp. 83-93,
Progr. Probab., 58, Birkhuser, Basel, 2004.

[d G. Da Prato and J. Zabczyk, Stochastic Equations in
Infinite Dimensions, Cambridge Univ. Press, Cambridge,
1992.

[§ G. Da Prato and J. Zabczyk, Evolution equations with

white-noise boundary conditions, Stochastics Stochastics
Rep. 42 (1993), 167-182.
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[§ S.D. Eidelman, Parabolic Systems, North-Holland,
Amsderdam, 19609.

[ M. Freidlin and R. Sowers, Central limit results for a
reaction-diffusion equation with fast-oscillating boundary
perturbations, Stochastic partial differential equations and
their applications (Charlotte, NC, 1991), pp. 101-112,
Lecture Notes in Control and Inform. Sci., 176, Springer,
Berlin, 1992.

@ N.V. Krylov, Weighted Sobolev spaces and Laplace’s
equation and the heat equations in a half space, Comm.
Partial Differential Equations 24 (1999), 1611-1653.

A N.V. Kylov, The heat equation in L,4((0, T), L,)-space
with weights, SIAM J. Math. Anal. (32 (2001),
1117-1141.
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[@ J.L. Lions and E. Magenes, Non-Homogeneous Boundary
Value Problems and Applications I, Springer-Verlag, Berlin
Heidenberg New York, 1972.

@ A. Lunardi, Analytic Semigroups and Optimal Regularity in
Parabolic Problems, Birkhauser, 1995.

[§ X. Mao and L. Markus, Wave equations with stochastic
boundary values, J. Math. Anal. Appl. 177 (1993),
315-341.

[§ R.B. Sowers, Multidimensional reaction-diffusion equations
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(1994), 2071-2121
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