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Outline

Motivation and Broad Goals.
Worldsheets from Feynman Diagrams.
Target Space from Feynman Diagrams (Belyi Maps).

The Simplest Gauge-String Dualities (and embedding in AdS/CFT).

[Open-Closed-Open Trialities]
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Motivation

Gauge-String duality a more general phenomenon than AdS/CFT.

Need to understand its nuts and bolts. Derive it from first principles,
at least in some limits e.g. perturbative (1 < 1) large N QFT.

Simple examples capture some of the bare bones features.
Aim to extract general lessons for gauge-string duality.

Often embedded inside more complex AdS/CFT dualities as well.
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Closed String Gauge Theory Target Space
Worldsheet Feynman Diagram ~ Covering Map
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Feynman diagrams know a lot about the dual closed strings.
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Simple Gauge-String Duality

1
— | dKdM, e NTTEM) | | Tr(K") | | Tr(M™)
ZN : :
J
Reconstruct [R.G, Kaushik, Komatsu, Mazenc, Sarkar '24] }
Spacetime: Feynman Diagrams Worldsheet: Feynman Diagrams

count special holomorphic maps to P! = Lattice points on moduli sp.

: Reproduce

3

4 Closed String Dual: §I(2,|R)k=1/u(1) Kazama-Suzuki
—_—

ws twy) /2 W 1 Cigar) exhibits these unusual features.
0 L)) = L ( 5 [Gaberdiel, R.G, Li, Mazenc (To appear)]

<H %+l H% > [Also relation to c=1 at R=1.]

[R.G, Mazenc '22]
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The Simplest Duality Chain Complex

Mirror
ﬁ
Symmetry

Open-Closed

B
Duality

[ Gaberdiel-R.G.
Li-Mazenc]

[ Ghoshal-Mukhi;
Hanany-Oz-Plesser] i

[Mukhi-Vata]] [Ashok-Murthy

[ Nakamura- -Troost|
Niarchos| i

OpeniClosed-Open

|R.G.-Mazenc] Aty

|
ennavisyl  B-Model on deformed ;%:
: ~f———- conifold “,.
Self dual I‘adlus [Ooguri_vafa; [Dijkgraaf—Vafa]

Aganagic et.al ]

Imbimbo-Mukhi Matrix USSENGLET

Model ¢ = 1 String theory at

[Cf. Kontsevich-Penner Model [Gross-Klebanov]

Chekhov et.al.; Bonora-Xiong] [Moore-Plesser-Ramgoolam]




The Embedding: :SUSY Correlators

| ~— —~_ Glant Graviton
Z%@ee[

D(Fields)y, e~ 7 5= ‘D’]H det(x ~ Y, - @(Wl))H det(y, — Y, - D(w,)) Operators
a=1 u=1

Bgi:::Y1'<DU(Mﬁ)

1
= ——Ww \vl Tr(KM)
— | dKdM, y e 7" | Idet(x K)I Idet(v — M) v,

Ly

| dKdMy, o~ T Wwol* THEM)+ 3 6, Tr(K")+ Y BTrM™) 7(t,T.)

n’

Generating Function of <H—Tr[ -CID(wl))ki]HllTr[(Yz-CI)(wz))lj]>§V=4

j=1 7

— correlators in a Two Matrix Model.
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Worldsheet of
Open String Theory #1 (Closed) String Worldsheet of

Worldsheet Open String Theory #2

Open-Closed-Open Triality
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Some Pretty Maths Pictures
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The key object: The Strebel Difterential for 2, , 1

[Strebel '84] _f
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“Meromorphic
Quadratic Differential”

Cbs = Cbs(Z)dZ ® dz
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., Only Double-poles
at marked points
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Some Pretty Maths Pictures

The key object: The Strebel Difterential for 2, ,

[Strebel '84]

Concentric closed
- curves around
each double pole.

Horizontal trajectories:

poaen(S2) > 0

L
~ do?
b Oy
Special to Strebel Differentials: (1 =

Horizontal trajectories are like
isotherms/equipotentials.
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Some Pretty Maths Pictures

The key object: The Strebel Differential Cried bt ontl e

[Strebel '84] are graphs - not closed curves.
Strebel Graph

Horizontal trajectories:

bl (2 ) > 0

Each Face has a single
~=  double pole

-
>

P

Vertices are zeroes of the
Strebel Differential: -~
Valence of vertex=order of zero+2

T~ Generic Horizontal trajectories
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Conformally

Equivalent

Build a punctured RS from gluing (half-)cylinders i

Ly = {) \/ ¢s(z)dz > 0 of circumference L, along the Strebel Graph.
k

Similar to light-cone gauge; no internal
propagators unlike in closed SFT. |
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Strebel Parametrisation of

Edge lengths [, ,, = proper distance between \
: > s # of Double Poles

zeroes (a, b) of the Strebel Graph

b
l(ab) — ‘\/¢S(Z) dZ
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V-E+F=2-2g genus ¢ Riemann surface |

e

.'.':.'»‘.«.\'.:..; E ermeses _; : E E .L. ..‘E‘.E. S‘:E 5...

n = #Faces n = # marked points

B ek el bl B St
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Each ribbon graph (topology)
+ all possible edge lengths

coudiates cn Ko7 M. <0 parametrize one cell of A, ,

i ——————— e S e

edge lengths [, coordinates on M, x RY
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perimeters L = Z [,

e; around face k
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Expect Vertices of Feynman Graph < Punctures on dual closed RS
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What about the Feynman Graphs? |
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Whereas Faces of Strebel Graph < Punctures on dual closed RS i
Feynman Diagram identified as graph dual to the Strebel Graph

R.G. '04-'06]
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Worldsheets From Feynman
Diagrams

Special Vertical

Trajectory

TN

8%

Width [,

b (=2 <0

Vertical Trajectories

Carves the Riemann Surface
into (infinite) strips

-
x double-pole

A half-strip
(Semi-infinite)




Worldsheets From Feynman Diagrams

/
/

e
X double-pole
\

\

of QbS

“String Bit’ picture.

/ \ e
zero of / \\
I

| \

\

L
I ;

The closed (punctured) These strips between double poles

Riemann Surface is assembled

naturally identified with the ribbon

from these strips of width [ ,. graphs of the large N gauge theory.




Worldsheets from Feynman
Diagrams

Can explicitly implement this picture of gluing by holomorphically patching together the strips.
The Strebel length assignment [, now made to the dual Feynman edge. R. G. ‘06, Razamat'08]

For matrix integrals [ , simply number of homotopic Feynman edges i.e. lengths are +ve integers.ﬂj
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e.g. FD contributing to (77K Tr[K°1Tr{M*1Tr[M>]) 1,
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Worldsheets From Feynman Diagrams

Integer Strebel Lengths are special in

, A . < Arithmetic Riemann Surfaces
"__ — Assigned Edge Length 8,1
1 [Mulase-Penkava’98]

Double Pole — Strebel Graph

2 Gives a natural latticisation of -

Not of the worldsheet.
Counting gives discretised volumes of

moduli space. Norbury0s

Zero ‘

Critical Horizontal EaCh Feynman diagram

Trajectories
(Not Closed Loops)

Horizontal

One point on moduli space
: with integer Strebel coordinates

Trajectories
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- Matrix model correlators

(N kD[] Tr™) ) g
i j

Wit Wy

....................................... 2 Expressed 1S sum over branched |
. =® holomorphic covering maps of a P! | f
ga VKavM 1 PR ,’
Worldsh = ((w1+w2)/ ' by the worldsheet over exactly three | &
orldsheet) X ) O by
o= : . o

: branchpoints (in target space).

2 e (100) IP) ;
(Target Space) [cf. Gross-Taylor "92 for 2d Yang-Mills]

Such branched covers of P! special: admitted only by Arithmetic RS - Belyi’s Theorem.  iBelyi ‘sl
Exactly the worldsheets we saw in our dictionary between Feynman Diagrams and worldsheets.
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e L T L e M H A T R H H RH A R R A

Belyi Maps

Two step process to rewrite

K — Vertices (R): Matrix model correlators
l .
= ox = (14)(23) ( H Tr(K Z)H Tr(M™)) kuy
I v Faces (@): A. Each contribution (wick contractlon)é
4 r o = (13)(24) can be written in terms of three
- = Q permutations - cycle structure.
= M — Vertices (()): :
1 Two of them are determined by

i the cycle structure of the K, Mvertlces ;,

(I)(L)...(I) and (n))(n,)...(n,)

The third cycle depends on the specific wick contraction (diagram). Cycle structure in terms of faces.

[ di Francesco-ltzykson '92;
de Mello Koch-Ramgoolam’10;
R.G., R.G-Pius’10-"11]




Belyi Maps

Two step process to rewrite
Matrix model correlators

: : — } iy AT ] T 0
4 i /

B. Each diagram can be viewed as

o = (14)(23) oy = (13)(24) oy = (12)(34) |
- 1 a branched covering of the target space @
CP ol i
W1 wq + wo Wo - P* by the worldsheet.
2

The degree of the cover is the number

of edges Z [ = Z n;. The three

permutations < three branch points.

Thus sum over Feynman diagrams counts the number of such branched Belyi maps. (Cf. Grothendieck)

Closed string dual is thus an A-model topological string theory with a target topology P!.
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Vertex Type

e.g. /// = 4 SYM, Double-Scaled Matrix Models

o (Ext.) Diagram Vertces < Closed String insertions
* (Skeleton of) Feynman Diag = Dual of Strebel Graph

e e T e R S T e e S R A R e T T I T MR T R e A 1) SR PSS M R L A T s e A ST A 1 90 TP PP LR TR S R E A S i s rh e 2d ph e
RN e R R e s e e s R L e B R s e e T T
i A HEHERETHHEHRHHHHEHHEHEE -uhuu!:i:i:ilildﬂ;:;iﬂ:ﬁﬁihnlgudzhl;ﬂun:9:!:!:::::z!;!:!:{:i;:zhliin;;ﬁ:.';.Eﬁ;hiszzzi:i:hh[:hhu!:hizi HHHHARHE R EHH B B RERHEE HHARHHHREHART d-ghi;!;ﬂmm;izhi;}ﬂﬂ;i;};

[}

[R. G’10; R. G-Mazenc '22]

Face Type

E.g. Chern-Simons duality, Kontsevich Model

[Kontsevich’91; R.G.-Vafa '98] | /i

* Diagram Faces (branes) < Closed String insertions
* ['eynman Diagram = Strebel Graph

!

|

- ‘ - ~ - -
e ————— e S e

’ I’!“
i

()
L1
|
{"lx
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V-type vs. F-type:
Refinement of Open-Closed Duality




V-type & F-type: Trialit

i

Feynman
Graph Duals 4

—

“V_.type”
Duality

“F-type” i
Duality ;

— —
e

——— -
e e

——y
L e e et Bt et
oty - + ~
B L T e L LI LA LA S L AL T O

i —

Two complementary open string descriptions arising from open strings on different D-branes.

e T T T T —— T T ~— -

e e e e —
= = 4
- T Tt = S <
~ co v o
% rvesases 38assessemecnsasecs

Early example: Minimal string theory with ZZ-branes and FZZT branes.
[Maldacena-Moore-Seiberg-Shih '04]

o
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Graph Duality
of Feyn. Diags.

OPEN

= g" Lrd )= o ;” Tr(M") <:> = Tr(VSTXS)+N Trlog(1—StS)
: [ dsasy, e K,
(Strings on N D3s) = Frgk ) (Strings on Q Giant Gravitons) x\p/
fn = TTQ(V_H)
Vertex-Type Face-1ype 7| |4

Open/Closed Duality Open/Closed Duality

n
> Type IIB on

AdS5 X S5

Can realise this in the simple matrix integrals describing this subsector of /' = 4 SYM

Explicit integrating in and out of fields - implements dynamical graph duality.
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Tr(M?) Tr(K?)

s s

c STEP 1
X : >
Tr(K?) Tr(M?)
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T

Dynamical Graph Duality

[R. G’10; R. G-Mazenc ’22]j I

V A

dKdMy, ve ~Y THKM)+ Y, 1,TH(K")+Y, T,Tr(M")

Y A ® v A

STEP 1: ,
@~»Other holes open up” Integrate In l// s X L

s

> N i
deMdl/jdwTdXd%Te_TTFN(KM)_FV/ZE(Xab le])l//]b_I_)(l'u( Uv l] l] /,[y))(ﬂ/ 'g :

i

. i

* @ e
STEP 2:

l
Integrate out K., M. |
/STEP 2

dl//dl/ﬁd)(d)( e"’ Xt 2,V X NV X i
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STEP 3 d]/jd]/dedeTe WiaXabWib_l_)(iﬂVﬂy)(iv_l_ Nl//zal//]a)(]ﬂ)(m

STEP 3: iV%
Integrate in Sgﬂ

_Ngt v i i i
dl/jdl/de)(d)(TdeS Te /1Sa/«lS//lCl_l_Saﬂl//dj)(jﬂ+Sa,ul//aj)(jﬂ+ iaXabWbi_I_)(i/,tVﬂy)(yi

{
STEP 4:
| {
;'ff
i
{

T,
Integrate out Yir Xy

dSdST o~ TTrVS'XSHNE,, £Tr((S'SY)
OXR

,Ooriginal D3 holes
close up*“ |




rer) ) o=
Play the Movie! ] | +< s 9
==

STEP 2 l
O

- L mesre e as > oin B
B LR LA et B

e n

b reeieereennnt

<.

VA

% e aevon
EAPITTORS FORAS P PP Smtey

FuS A

1
——
e v R T P L L Lt
S e e LR

2o samen

SR

1 o

e e e e
O = L T T TR TR P Lt T T TSt
IR S I T

S Timiiriaeaiiniasiiaeainiasis

et omayn
R S

-

STEP 3

Yo

B T T T e Lt

T T T TS

P ———

e —— T e e e e e e, . iy e g, e e . e e e . . e e o % bwon .
LTavimiTeaiaiie st

18 PP Pt uiey 4 rvi sty ey

W
—
e

Equivalent | Redrawing

Viaiiaeiaes

e vany
P AT

it

oheas vewees

ST

&

&

STEP 4

L e S AT S S LI TR LU LA T SULE IS

= Teren e
s

e —

———

..‘...A“
eh e seeresie e

T A A

P e 0e & v e

Seweeie

e T e T S e T i S T T g g

’i
|
.l




s

e LT St

Y58
shimin
St pa Teg)
A‘\.\-w-m.
4

-

o

y o5 inine “Ki'
> . 23 >l i 3, 3 s biats

lelr - - - ; : g 2 1315658 2 A sGE8 A 5 3 2. Fa SO,

OCH I g ’ - y T . . i ) :

4 ;\‘:g- - o) : 4 K . : LI 4 N s 3 : %3 \ s 3

chotsasit g P { . ’ ‘ 3 .

RS g n 333 3Egag 3 R

AP Es s

v

B iy
STITITINE
Ses cakICs

.~ 3 4 ::jx’r
eIl
373 :i:gwih:i.

s R3EI2R
85

bt
PEITs

Faive

s - v
iR

e n

srany
L orty
Mb b

RSt
e LA St

R
8

.n:,)

SIAREINNE
AT,

SRR DL

;,,-.....,.-
- Loletates

X

.

S AN
RPOSAR IS oS!

s

3t 'E?.Qn
3O

st

.

Sy

-y

-
3

SN AL
i

90

1y
s

i
Faah.
bl

S At

3%
Sels e
rlan

WO,

.-'b"
i

i

!.
B
.g.‘

it

S
31505 ."

: vl
(el e ol N4
e

el T IS T e

" .
p : 3 33 . - : e : = As ¢ i (5 das LT A R R
R et | SRR LR SapEnii 2 BRaRiLy fod BatE Rl L e ResRat e 0 S e e e e
v o - > e o - . . Y, K . ~ - -~ % 3 o4 5 et s EY de . e el o ‘ . > % . e ..y & " » +
] RS S R 3 & % s R X i bR s N S B S T T ; SRRy St 3 252303 . 5 ER R \ 8 il < DR : S $otss = e
Pty . DIAGE: RO UCGE I e . a5 OGBS ETTIG :::é;:, $RILIEIN : - X SO { SRR OEAG 3 X : o 3

Sty AN RINSL ths ¥’ : - : 281 'y 3 4

3
20
a4

AT

: 335 ST TRl e ’x“ s - e ’z" St . . | B4 143 b T i'“’::;:zz’::" e
23 % { 8 { 1ot e v T e ; 449, e £ 3 g . R 1t gy
IS b et SRR ) T T T Is gkl ; RSN S : : $531 LR
ot . > A 3 Neh A
LPTIOS0 LRy LA L e 124 :&; o teras2os Lrsarida 3 & < - g s ! !
! vw-dn " e A o ¢ S g i 2055,
S‘. b "(A‘:;;_-CK: e p v ¢ {B« ».-\nn!?cn X % ¥ C:}"

SIS > : S T 198e : : 4 e
“.' Ssags : Xa ‘f‘ 4 #ayl L Sfay ety - 3 e~

:I:ﬂ}i:‘

Yers
5

T
e

TS

"'1‘{-:': 1\-::',
RIS

.
atew . ormi B

s
b5

BETIR ey ket

Xs.u 262
ol (ot
o (AR i ,’-5; :
S Fe A NS o e > . <
2 & SSHEA R R S :
- ew - »e e - . 4 9 saet S . tergbindy sige it ) €5
e B R R S eI S L ST RAC X A b R T L S e T ISt R S ST
A SR S R e RS RL
A ST ? S Lo "2 $ 33

ot
AL
LSty

e

J
o

B
':;’Si’zg

E
o
.r::‘
33

v
A
N
»
S

R

Sa e ‘i
STl

Seardtod i

SRR
rg;‘;gz; {
%

¥t

.“2\ A
ek

4
2

e

Sy s

3
4 BN & : e&:;’g 1
CITiP ey > seiilt s P cdla sttt Y
AT : : BB {RsArCH She3azies
ST TR T4 s RPoLdB L <
I3t 15 i e i 'ra"l-a'ii. SR i;;fz‘%é‘ E!Ei: 8 it
1 seke it 5 BRI R ST iy ] i EAotait Hh

se TGy .- - . . - sisy sisit - Singh S .’::{1(:!" Lpimasns it laad i3t he v 4 4 S e
s N RS : TAers 5 V,-\.I (S5 ’ SRl s I gé ML e ? i N eated - iees $ vt .-n s s ..Q .
Seeitt x'-‘g : & B B AT A i - Fhu giits i T "s“':"' e 5 : e £ g et 5‘; e :.,T 5 ‘g‘

»

4 s ¥ & - R BtEithin fas i 5
LAt ARSI . ety R
o R o)

e ";zié:q’

Faas

v

-4

Ne o0t ot oe ne

v
S8

wohe S

o4
Fid

¢ v 4 -): 43 N > : }‘i 3 LIS, ;;!8:;!:
braid, ¥ I~ R s " e
;1,‘:> Eoosiiitse T e 4 RIS

-
-
e
3
sty

SO

el

gaat s IR
g'& s - BT :’:éxa'ézr
RSISES SR TAI ! At
TR MR O :
IR NS PR O DR G LN

4 8 £ ; > . : 1o ¢ ' ¢ ! ried 200
SOtk FILNS Fota e : 21 T e Sl i At SRS it oot )
HODEO R T , < ¢ . A e 1 $ : : A
‘ﬁt.ﬁ?fﬂ} H ity T Hedat s : 2 Rty T 3 7 Yot s s bl . 450% M‘:; o0 _..:i;‘f_
33 gl i 5 : i ng : : 2 Tapat ; e ;Sé’.ga
4

Al s

e

oy

]
Tiateas

7

St

e

<
A

R

. LT IT e
(et il ok
' LB

i

2]
fiii

...
e
Faislis

A

%
e

S
Y

s

A
3 X
et “g‘r

R
Aol
i

"
s
-
2
Rk
g ver

..H.
Aotk

%
A
1R

s
it
e

A

SUTA
.

B

i
LAl ses : :
AL 7 s 2 o e Y 5 1 3 AL e 59
SRR c:g’”é 3 ' ?“P g L e g 5 el : e e \’ﬁiﬁ\t}fs%‘}i
W : it a3t . 31 . A 3 ; ’a SISO J Ee T RTaT A b S I s
S é.;:":" : b e SRR ELLE SRRy
' : 3 k:?-’x}:: & 3 i
ShEis BRI
(38302272 SRR
Rietan { 2
st
-.;’i&ﬁ“

! l‘:::g.
T

£ty

%
3
B

Ha

T

3 52
DA

§

5¢)
RIS
ot

Ko

NG
R

P
%3

.

-

3

L
PERreay
SO
s

%

’.

-~
S

e,

4
v 4

$
b

AN
o

g
e

&Y

s o nbavia

322
3
i
e I
3
)

asiau
Bl

N
bt

rassst

WD

_x
F Y
fa1ss

enase

Y

e
A
-3.\4\ .
ENINa AT
J"I
SRIAPE IR
ie<pas
25Eea3tad

%ot
7

%
i

3%
A

b - T - > 9 . . PR » s b, L4
M TS T T T T e e e il LR LN st iy

.
v

W



