
Introduction to BPS Spectra and q series Invariants

T Mz theories

T My theories are compactification of the Gd 10,21 theory the world

volume theory of M5 branes on Mz with a topological twist alongMz

IR x Ʃ x 3

The Gd theory contains 5 scalars 4 chiral fermions and a 2 form

gauge field with a self dual field strength

This theory has 505 p Spin 5 R symmetry
5015 p SO 3 R SO 2 k

We identify so13 p with localrotations 5013 of Mz This is called a

partial topological twist

After such a twist the od theory becomes independent of the
metric on Mz

Ild perspective

space time 1125 Yz
N M5 branes 1123 Mz

Mz is a Lagrangian in CY such that totally near Mz CYz
looks like T Mz

T My is the low energy effective theory living on 1R

T My is generally a strongly coupled theory



Examples of T Mz
T S3

We can give a UV description of T S3
T S UNI is the IR of 3d 1 2 Chern Simons theory at level 1

with one chiral multiplet in adjoint with R charge RCI 2

This theory has 011 flavour symmetry I e I

T LCp.li p 1 are Lens spaces
T Cpi UCN is the IR of 3d N 2 ChernSimons theory at level p
with one chiral multiplet in adjoint with R charge RCI 2

This theory has 011 flavour symmetry I e I

We don't know any Lagrangian description of T M3 for other 3Manifolds

Can we say anything about T Mz for other 3Manifolds
We can write down half indices of T Ms

Half index of T Ms
Half index of a 3d 1 2 theory is a supersymmetric partitionfunction
on S'XD with cigar geometry on D

s

D2

S'XD has a boundary 25 XD T Therefore to write down
the partition function on S'XD we have to specify a boundary
condition that preserves part of supersymmetry A boundary condition

can be a 2d N 10,21 theory
The half index labeled by boundary condition is defined as follows
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Only states with Δ R J QtQ H 0 contribute

2 s qD B Trap 17590
122

Ʃ an.bg

where Hp is the Hilbert space associated to D with boundary
condition B in the 3d N 2 theory under consideration

an.is is a signed count of number of BPS states with boundary
condition B and T 122 Δ R2 n

Zb Ma G g is the normalized half index of T M3G with some

special choice of boundary conditions b
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Where

x g k l xqit is called the gPochhammersymbol

aip 2 9 nEznaqtt.IT Rank N lattice theta

t Fugacity for flavour symmetry

1 Zik Vandermonde determinant

1 qzikj.glas Fermion fromgaugemultiplet

i.fi Cqtzilzp.qlos scalar from chiralmultiplet

p2,9
qg Boundary N 10,2 theory

Normalized Ʃ for SU121 with 1

Za Cpi 22 2 2 11 Estep 9ᵗʰ 2n
1211

What about other 3 Manifolds We can write down I for negative
definite plumbed 3 Manifolds

What are plumbed 3 Manifolds

Before we look at plumbed 3 Manifolds let's quickly review DehnSurgery

Suppose we have a knot k in some 3 manifold M Excavate the tubular

neighbourhood of K NCK from M MI NIK



880

NCK

NCK is topologically a solid torus N K S'XD the boundary of
S xD and MINCKI is T We can glue back S'XD to MINCKI

using an element of MCG T2 SL 2,2 to get a new 3manifold
Non trivial elements of 52 2,2 are diffeomorphisms of T2 not connected

to identity
5112,21 y I Plr is called the surgery slope

or surgery coefficient

This process of getting new 3manifolds from knots or links is called

Dehn Surgery

Plumbed manifold

Given a graph tree with vertices labeled by integers we can get a
3 manifold as follows

Put an unknot on each vertex of graph Two unknots are linked

if the associated vertices share an edge between them

2

1 3
7

30 7

The integer label of a vertex gives us the surgery coefficient

on that unknot



3 manifold obtained by performing Dehn surgery on such linked
unknots are called plumbed manifold

Neumann moves

Two plumbed manifolds obtained from plumbing graphs and

1 are same if P and I are related by the following moves

1

air i

2

a as a 1 92 1

Since 2 is a topological invariant of a 3manifold it should be

invariant under Neumann moves

Using invariance of 2 under Neumann moves we can bootstrap a

formula of I for negative definite plumbed manifolds
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where Q is the adjacency matrix of T b e deglul 227292 that is

b e Spin Mg T

2 for L'pill
qp pt4 za 12 mod2P

ZaLipilql qt za 0 mod2p
0 otherwise



BPS cohomology of T Mz

We will now look at the BPS cohomology of T Ms

What is a BPS cohomology or a Q cohomology

Just like the exterior derivative d squares to zero d 0

supersymmetric charges square to zero Q 0 Therefore we can

use Q to construct a cohomology

BPS conomology

If you have 3d 2d set up we can consider another kind of

BPS cohomology 3d 1 2

2d NP92 theory

yep
S Q closed localoperators at boundary

Q exact localoperators at boundary

How is this related to 2cg or half index

Halfindex Z S'XqD B is the graded Euler characteristic of HBts

2 s qD B High dim 2B g

The BPS cohomologies of T Ms gives us a cohomology valued topologica
invariant

My T My HEES Mz



Let's look at a concrete example of H'BPS S3

Recall T 53,50121 is the IR of 3d 1 2 Chern Simons theory at level 1

with one chiral multiplet in adjoint with R charge RCO 2

Jafferis Yin duality

3d 1 2 Chern Simons theory at level 1

with one chiral multiplet in adjoint

Free chiral 0 Tr x2

The free chiral has R charge 4 and flavourcharge 2

4 eity 0 e i

The supersymmetric transformation of free chiral

Integrating out F

80 REX SY Fired Firm EDu

The 3d N 2 SUSY algebra has 4 supercharges QI QI We will

look at the Q cohomology

The action of Q on 0 4 is

5 0 0 6 I 0

Q 5 ET Q 4 Riad Q 4 Ei 20

where 2 2 i22 2 2 i 22



The equation of motion gives us

1 202 2 2 10 0 2 5 20T 2041 2 x ̅

Boundary condition It 0

Local operators on boundary is generated by
I Y Y_ I I and their derivatives

G closed local operators on boundary is generated by
0 F and derivatives

Q exact local operators on boundary is generated by
200 2 0 I_ and derivatives

H'BPS S3 generated by 210

HPS S3 11210

R charge of 210 4

33 122 of 210 2 n 1 92 24

Graded Euler characteristic I q q2tnz4 q
24
qla

Putting 2 1 we get the Half index of T 53

Finding HBPS for other manifold is an important problem and solving it

might lead to fascinating results in Low dimensional topology



Can we say anything else about
HBPS for other 3 manifolds

We can make a qualitative statement about the size of NBPS

dim 2,3 even

Cepp for 3d N 2 theories

An important tool in understanding spare of quantum field theories or

RG flows beyond perturbative regime is a measure of degrees of
freedom

Such measures are often called c functions

We have c function in 2d which has been studied extensively and the

a function in 4d

We propose a measure of BPS degrees of freedom in 3d N 2 theories

The growth of supersymmetric BPS states in 3d N 2 theories

is given by the following asymptotic formula

an Re exp 27pct airn

where re Q 2 and Ceppe G

ZBs'xqD q an.bg or2 sXqstq

EanqnWhenr0andceffElR it is exactly the same as Cardy

formula



When rto or when Cerf IR the above formula captures two

curious features of density of BPS states that we call branching
and oscillations

When r 0 then BPS states organize themselves into k

branches

when Im G to then the density of BPS states oscillates

ran

to
supersymmetricpartition functions have the following asymptotic
behaviour near roots of unity q e 2thir re 12

Z q exp w̅ hrw̅ hw

hr 2mi Ctr

Using this asymptotic behaviour of SUSYpartition functions we can

derive the asymptotic formula for an

By Cauchy's theorem

an f1 q 9 2 q

Near unit circle 2 g vanishes or blows up has a singularity

Suppose 21g has a dominant singularity near q e air



Then

an frt
tis

de exp w hr w̅ amirn ñ w̅ ni
r Ztie

Saddlepoint approximation gives

expfziwpn w.tw airn Tur

since an are real we expect an equally dominant singularity near

q eater which has same real contribution but opposite imaginary
contribution

ann Re exp
ʰ EuM airn

Example

Chiral multiplet with superpotential W
3

Icq 4 918
It has dominant singularity at q e

F Fee expf ie

an Re exp Liz e Liz eM 251

Cerf 2 Liz e Liz é 0 2742271

Purely imaginary



Cepf of Half index of T My

For Mz with H Ms 2 0

291 Ft Ennamese am e Eescatm zgerton

Mflat Modulispace of 5212,4 flat connections

n x m 0 trans series coefficient

Sla Chern Simons value of α

Zjertch Perturbative series around α

For half index of T My

Ztem s'xqb Bo exp It 24 Csa ml

q
for some flat connection α

Cepp It 24 Csa m

CS x is defined modulo integers Therefore cs a m is a lift

of Csca from IR 2 to IR

Example 12,35T
For 12,35T
Z S'XqD Bo 9

11 where to is the Ramanujan's order

5 mock theta function



Xo g 9 Xo q 9
4 7 x 191 BorelMordell integral

q e 472
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