Tnboduction to BPS SPecJCfa and GL-SE't'tes Towvaviants.

T{Ma]  theories
- TIMy ] theories anve Com'pac%f‘Pica'Htm of the 64 02) %‘neo*ra, the world-
Volume, ‘Uﬂeo-rd 0‘?‘ Mg b'rqm, on M3 (_wﬂ'h a ’\'DPo\osiqu ‘l:'-JI&lT q'long M3).

Rx ¥ x My

The 6d —thecnd contaime S scalaws, 4 cheal fermions and a 2-fmm
ﬂamse, Rield wikh a el dual Pield S']:\-enafl'?n.

© This -’chea-ra had SOQS)R (S?'m CS)) R Sj‘m'm&’b'u.

80(S)g = So@), x Sol)y
We iden‘\‘"?\& 20(2); wrth local 2olatieng  So(@) o? May. This is called a
C?cm'fk‘;qﬂ ’h)?olog'\ca\ twist.

« Allen sueh a hoist the 6d -];heo—nd becomes inde,PenJ:en'\- oF the
wetvic on My,
Id pm'spedive,

Space. Yime R> x C Ya
N MS branes R® x M,

m?, 8 a La.S’\‘C«\jiaﬂ N CY3 such Hﬂq"t, |oc<:\ll3 nNear Mg) C‘Y&»
looks hke T¥ Ms,

T, ] & the low enevgy e¥Pec tive ‘H‘hﬁo—r\& \N'ma on R®

TLMy] s 3e~ne/r‘(calla a s‘\mr\ﬂk/ cw\)leo\ 'H')em\a



Exqmpk& of TLM, ]

T[s*]
© We (an give a OV descyiption o T[s*]

T[S%U(N)j iS the TR of 2d N=2 Chern Simons %ema at level |
with ore chimal mulds plet in ad&omjc with R- change R(B) = 2.
- This dAneory hos UW) Flavour S’\/mme'l‘ra- d— %3

’\'[L(P,\)] L(P.l) at, Lens spaces

. 'T[_LCP,\),UCN) is the TR of Ad N=2 Chevn Simons -\:heovj at \evel P
with one  chimal multiplet in ad&o‘m-lt with R- change R(®) = 2.

¢ This dheory  hos O Plavour symmetny. & — "%

- We doo't know any - Logmngian description of TMa ] v other 3-Moniblds.

Can we Say Qﬂyjch'mﬁ about TMs | for otber 3-Moniblds?
—We can write down holl indices of T):Mg,]

Hall ndex of T[‘_Mg,-].
Half index ofF a 3d A=2 Jdr\ecw& s a SuPe«s\/mme,hlc Pq"(-\:ijcion Lanction
on  SxP*, with Cigar gte,mejora on D*.

D?—
S'XD* bhos a boxmo\ovra ASXD" = T, Therehre, 1o write down

the Pafr‘\:'\'l:\oﬂ fanction ov SxD* we have ‘o sFec\% a bumo\a'ra

condition Hhat preserved pow’r of SuPe'xsymmek‘r\d. A bowndlx'r& condition
can be a 24 N= (92) -l—heond.

The ball index labeled b‘d bowolowa condition g delined os Tollows,

yay o)
Z( %D B) = T E-\)F e’E’H T}]
! ) Neo %



Only states with A-R-To=13,0 =H=0 contvibute,
Z( g XCLD'L, B ) = TT%D"‘B[GDF CLA- R/Q] = g Qn,p C},n )

where szp, is the Hilbest space associated ‘o OF with bou'ndmr\a
condition B in Hhe 2d N=2 Jchecmé under  (ongideration.

Qng is @ <igned cowot of number of BPS stales with bowdo:ra
condtion B and ’3'3+Q/Q_ = O-Rh =n.

ibCMs,G;cp is the vovmalized halt idex ofF T[Ms G| with some
spec‘\o\\ choice of boqnolafra conditions b.

Comection between 7 and  diPfevent woxlds of Mathematical Physies.

S‘l"mna 'h)?o\osicql invariant Witk Pojccn'tia\
o detect exotic pheomencn in 44 'topoloay
A P\aytjwou'n& %0 S‘hld

Non- Pe'rjcw(bqfwe p\nenomenoﬂ

Non Q'ls'hw bc\"(w-e, der rkxoﬂ

7>

o} Complex Clhern Simong %heond

Quon tum / \ Qe SwyY ae-n ce,
Modulcm |

* Halb index of TLLLPN,UN]]

szm (s'x oD% 2;9)
N

N
[N (g7l ) Onp%i)
W, f :ﬂ: 2MiZ; ;1 G- /7 ) _g’_' (‘315; Zjlij.q)w (:q/(l)r:o

1z;|=



Wheve,,

K
('x,aL)K = Ill_ Cl—xcf") i3 called the Cl—Pochhamne-{ s~,mbo\

N N, .
ea,P(-z:‘L)z Z CLQ'P sz Ramk N lattice theta

nePZ“‘+a
% — FuaaCi*a kv Rlavous 37mme,4~r\a

1T -2z 3) — Vandermonde  determimant
H::’j

N
TquZi/Z;j,q)oo —  Feqwion From qauge mql%i\)le’r

:i,j:l
N l
T ——  Scloar Hom chival mul’t‘up\e)c
J,jzl Cﬂ,‘\? ZJ/Zg.q)oo
62,'?(1'(1) Y  Bounda N=1(02) theo
@,9)% "d ’ "4

Novmalized Z for SUR) (with t— 1)

> = dz_ _,% ’4& n
ZQ(L(PA)) = ﬂgzml (z-z )ﬂgﬂﬂ 9* Z
1z|=1

What about other 3-Mumblds?  We con wvite down 7 Sor neﬁq’c'we,
dedinite lem\oed 2- Man ol ds.

Whot  one plwmb?.d %- Manibolds ?
Belve we look ot plumbed %- Manifolds letrs aLuickl_\J ~veview Dehn Swrjewj,

Supposc we have a knot K in sowe 2-manifold M. Excavate the tubulay
ne'lﬂ‘n\)owfhood ok K , N(K), fyom M. (M\ N(K))



O AD

N(K) s %oPologlcﬂltd a goldd torus N (k) $'XD* | the boundmd oF

SxD* and MNNNK) 8 T?. We can gle baek S'XD* o M\N(K)

Using  an element of Mca(T%) CSLCLZ)) to 39:\- a hew 3-manifdd.

Non- t¥ivial elements of SL(2,2) grve di?{-‘eomofphismx & T not connected

ety P s PA s calld the Surgewy slope

SLeZ) aY = ( ) ”61 P
v % oY Surgewy coeMicient

Thie process o ge+’cir3 new 3-manblds Fom knots or lnks is called
Delhn Su'rse'a:\j.

Plumbed wan Qb\d
Given o qm‘:h bree. ' with vextices \aboeled ba in’ceﬂevs we Can 3e+‘ a
-manfold as  bllows:

Pk an unkvet on each vewtex of quph. Twoe wnknots ave |mked

W the ascociated vevtices gshave an edae between them.

K — =59,

The '\ﬂ’ceam’ label of a vevtex gves us the, Suvgey coediciont
on that unkwol.



3-manfold obtained \oj Pew?mmmj Debn surgery on swelh linked

waknots ave called Plum bed wanifold.

Neumaann wmoves
Two P\uwn\oed manibolds  obtained Hom Plumbinj Tmphs ", and

M, are same ¥ T, and T, are ~elated by the ?ollowmj Woves.

A

e Since Z & a jCD?olOS\CQI invasiont o a B-manifold , 7t should be

wvoviant under Neuwmann moves.

. [aN
U.s'mﬁ nvaxiance 0'?- Z  undex Neumann moves, we  Can bocs’CS‘l"rqP a

‘Po-o'mulo\ o? %. ﬁw neﬂq{ivc, detini ke F\uvn\oed yani folde-

A ~deg(v _nNn Qr\ \Y; v
Zp,(My(m, q) = <f E]S(Tr dz, CZV-Zv"ldjc)> 2 ¢ 9 * _TTZC)

veV 2TiZy Neb+2Q@Z

where R} is the adiacencj matyvix of T, b, € dstv)+22/.V/2QZV,+haJcis
be Sp\ncCM3CP))-

N

Z Sov L)) 2
%L}%I'A 2a = 49 mod 2P
Z,(Lpad;q) = 4 _ 1’2—3 2a= 0 med 2p

¥) otherwise.



RPL cohomo \03y ot T[M’b—]
We will now look qt the BPS Cohomoloax/ of Ttmgj.
Whot 18 o BPPS CO‘nomo\037 oY QA Q-Cohomology?

Tust like the exkrior devwative d quaTes to Zero (df"=0),
Qupe/rsx/mmejmc, charges  squone to zero @ =0. Therefore, we. can
wuse. Q 4o conshwet a cohomo\osy.

Q- closed local opemtvrs

S h =
BPS co °m°\°fj7‘ } -exact local oPerra’m'rS

TL yow hane  3d-2d cet up  we @ congidenr another Kind of
BPS COhomo\ogy

ad M=2
€Y
2.d N=(92) -H'\eo-g
MBPS _ Q-closed local opem’rmrs at bownclcxm
B Q- exact local o‘)ermlmrs at bmmciwr%
How is this ~elated 4o %@p or \natd-index ?
—> Halkindex ZCS'X%DQ, &) i the a'mded Euler characteristic of H%PS
[ 2 _ jn . ;PSS
Z( qu_D , B} = nZ 1) 9. dimn HB,n,j

J

The BPs cohowologies of TTMa] gives us a Cohormology valued bpb\oa'\ca\

moviany .

My — TOMs] —> Ay (M)



Let's look at a concrete Qxam‘ﬂe o‘P- ME’PSCS'5>.

° Reaall _T[:SE’,SU@-):I is the TR of 2d N=2 Chemn Simong -’cﬁeowa at leel |
with one chimal muldi P\e‘t Ta ad&o'm-l? with R- chovrse, R(B) = 2.

>+ Jolleris- Yin dm\md.

24 N=2 chem Simens -'H‘)eeva at level |
with one chimal mulds F\e‘l N adﬂoinjc

I
Free chival (cb = Tv(\pl)>
The free chival has R-charge 4, and Plavour chavge 2
R A A
The  super symmetvic tvansformation of e chival
In’cccjm-t'mg out F
§é = eV SY = {Zic€¢ -J2iT™ €D,

The 3d N=2 SusY algebva has 4 Supev chavged EQ_L,'@/i}. We  will
look at the Q_ cw\nomo\oay.

The actin of Q_ on @, V¥ s

['é_)d?]“—'- O {5 N-_r} 0

r—a
Il

\E:$- {Q_,'\k(-?] = ‘\‘_9-—.13 b {Q-— W} 2.1 o d

where 9+ = 9,-".13?_ o_ = 9\’-:'91 .



The eaLm'l'ioﬂ o¥ wotion 3'\'\4‘.8 ws

9+ 2,0.)P =0 %Y =-2,% .V =V

Bwndq'va condtition '\‘\lj_p\'a = 0

Local opeffcd'vvs on bo.rno\qva 8 Se.nerm"CO\ ba
¢ , 5 ) .\P+ ) V_ ’ ,\f|‘/'+ , '\(F_ and  thewr de/\’i'\rq'\:'\'\/‘ez-

((5_ clo&ei local o?arq'*mrs on boumo\awa i3 Sene'rql'eo\ bat
&, V_ and devivativex.

Q- exact local o?@rqfhﬂrs oNn boumo\awa is 9ene/rq¥eo\ b.a
'aod), 3_,_&9 . {VV,_ and de"('vvo\{fivca

MEPS (<?) 3enemjced bd b

BPs P . ® '
Mg o (82) = ® c[ 2 ¢]

R - chm—se, 03? 'Bﬂ_ d> = 4— (
a >
Tt o 3.b = 24n (1-q**"2*%)

® l ‘
Graded Euler chavackeristic = T =
“‘ Yo (g | @

PV\'H‘i‘Y\S Z=>1 we Se'l' Yhe Hal? index o?‘ 'TESE’] .
F’md'mg HBP‘S ?m’ other manifold is an '\m?m"\an% Vmb\em and SQ\V'\nj 37
voight lead to -Fa.sc‘ma*ing vesults in Low-dimensional ‘opolegy.



BPS

Can we oy any ‘H’\\nj else about N v other 3-manifolds ?

— We can magke o aLuqu-a’tive stalement about the size of MBPS.

oo

2P
dvn }KB,n V)

Cepp for 2d N=2 4heovies

An i'mPo’V‘]an‘% bo\ n uﬂde«shnd'm% ,S‘.Pace, OP qurb,\m Pield theovies or

R& Mows be\/oﬂol Pﬂ"(']:u'fba'l'ive Tegime g a measure of olegree.s o
Dreedom.

Suech meagures ave OP ten qu\ed C—Punc,{ions.

We, have ¢ Ricton in 2d which hos been ctudied exjcmx'weld and “the
a- funetion in 4d.

We, Pmpo&e, o Mealdue, oP Bps deg'reex oP‘ Pngwlom in 2d N=2 theovies.

The g'row‘kh ol Su?ero’S\]l‘mme'l:Y‘(c, (BPS) gtates m Dd N=2 Ztheovies
18 gw&n by toe, {%llommﬂ asvmzpfb’hc, feroulo

0 ~ Re [QXP( ,Z'gfce%n + Qm.wr\)j‘

whee ve R/Z and Coppe €

'ZB(S'X%DL' gl) b— ; a"’:@ qﬁn oY 'ZCS'x,LSl,q_) = Z an\:\

n

Ween =0 omd Colp elR, it is emcﬂa the, same as Cafrdj
‘PDTW\\A.\&:



When  v30 of when ¢pp € Ry the above fovmula caphuves  two
cuvions  features of de'n&i*a A4 BP2 states thot we all b-fanching

and.  ose lla{'ion&

When Y= —f;#o then BPS shates srqanize themseher wolo k
branches

When  Tm(fCgy) 0O  then  the denJ'&a of 8Ps slates oscillates

A Cn

>
AN

>N

S\A‘aeﬂsymme‘l'nc. Pa'rl"\’rion Sunctions  have the PDllow'ma qs\/m?’ro’\tic,
behaviour near ~vots o'P‘ u‘nu)t\a cl;_ -2y Ye Rz

Z(@) Nexp[--‘%"(\,“(;f() + B Wy WP s )j}

Ry = 210 (TH+Y)

Us'ma thie as\,mp'l-v’cic, behaviewur of <SusY Pa»(h’cion Rinctions we can
devve,  the as\/mPJm’cic, fvrula. Br a,.

B\/ Cawchy's theorerm
an = Qﬁ'—’ q;“ Z(_ﬂ) )

Q.'nJCL

Neary unit cicle ZCaL) vanishes o7 blows wp (hos o Singwquﬂ:j).

Suppose, ZCCP has o dominant singuh«i{a neay q= e



Then

~xt+ie
O ~ f dr exP[— . (ﬁfﬂ + (W9 -amivn ) +hy (\T),i”—n))j)
Y

VI I
Y. ati€

Saddle poimt aVme'\mocl-lon gives

o~ ™~ . ~ )
exp Qli J w,ﬁﬂ n=WOWE & 2rivn W, )

Smee.  a, are weal, we exPeC'l: an eqml\a dominant s\nau\lavu}a near

e e:mw, which ot Same veal ontrvibution but o\apo&l-e lmO\SW\O\’Ya
eontyibution.

an v Re [exP( J’ 21T (- €0 n +rmm)}
Example:

Chival mulkiplet  wike  super polential W= 3>

TCCL) =

T hay dom'man‘l‘.' s‘mﬂulcwi’ﬂa q‘t‘ qﬂ: <

Li, (&2 ) - L %)
T(cL) (1;; - exp(— ey >

n RQ[QXP(J%(LJl(e%)-Ul(Q%ﬁ))n 4 1ﬂ?&>n>]

Cop = agi(LilCezgi)-Uz(e%ﬁ)> ~ 0.274227 ]
Pwre\»d '\mqs'mmdl_



Cept o} Hall index of T[Ma].

For ™My with H(My2) =0,

N . _4—'7(?‘
7G4q) = “/E’v; Z ) Negmyo € (csaer) AE)
%e My, meZ

M% — Moduli space of SL(2,) Rbt connections
Nexmy,0 — Trams-sevies coe Hlicient:
C3x) —=  Chewn-Simont value of .
Z,r:“%(h) — Pertuwrbative geries avound .
For hall index of T, ]

2%
Z‘rcmsj (S'XGLD')‘,'BQ ~ QXP[ZT_‘\R (l+ 24—(CSCo<)+m§>] ,
%ﬁl

?b*r Some P\od' connection KX -

Cew_ = |+ 24 (CS&)"'W\)

CS) 15 defimed modulo 'm%e,ae'vs. Therelore, C2Co)+m ig a hit
o} ¢stx) fFom R/Z fo R

Example : 2 (2,%5)
Fovr  2(2,%3)

: " %o(a)
Z (8% B,) = q—’—c%—- , where Uy 1§ the Rawanujans ovde
N4
5 wock  thela funclion.



%0(1) = %-1%.—0 %(%) + 6]:'%'%” %,C’ﬁ'/) +  Bovel Myrdell in‘l‘ejm]

g=
o1 | c

%b(CL) ~ e%h —_— CeHl = |+ 9.4—(5) - ? .



