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Introduction

Consider a parabolic SPDEs of the form:

du + Audt = F(u)dt + (Bu + G(u))dW, te (0, 7),
u(0) = up.
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Consider a parabolic SPDEs of the form:

du + Audt = F(u)dt + (Bu + G(u))dW, te (0, 7),
u(0) = up.

X1 — Xo special Banach spaces (e.g. L9, H®9

g € [2, 00) spatial integrability, p € [2, c0) temporal integrability.
Xo = [Xo, X1]o (complex interpolation)

Xr, = (Xo, X1)1_1LpK’p (real interpolation), x € [0, £ — 1)

A(t,w) : X1 = Xo linear (simplification for talk)
B(t,w) : X1 — X% (¢2) linear (simplification for talk)

F(tw): Xs = Xoand G: X5 — X3 (¢) critical nonlinearities, 8 < 1

W = (W,)n>1 independent Brownian motions
® up: Q — X[, initial data

Talk: overview of recent results on SMR approach to (1).
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0 Stochastic maximal regularity (SMR)
@ Local well-posedness

© Global well-posedness

0 Variational setting

e Stochastic Navier-Stokes equations for turbulent flows
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What is stochastic maximal regularity (SMR)?

SMR is an LP-estimate for the linear part of the SPDE (1) with u(0) = 0.

du+ Audt = fdt + (Bu+ g)aW,  te (0, T). @)
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Definition
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]
10 Ullo(0.1)x 2% —g) < CollFllie(o, myxe:x0) + Collgllie(o, myx0:x, o(e2))-

In (2) for p = 2: use u € L3(Q; C([0, T]; Xi 2)) instead.
Weighted variant SMR, ,.: replace LP(0, T) by LP((0, T), t"dt).
(2) is important for SPDEs. It implies: u € LP(Q; C([0, T]; XI'p)) (Meyries-V. '14)
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SMR: Examples

Variational setting

p=2,V =X, H= X, (Hilbert space), V* = X;: Coercivity = (A, B) € SMR]
Bensoussan and Temam '72, Pardoux '75, Krylov-Rozovskii '79, Liu-Rdckner '15
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p=2,V =X, H= X, (Hilbert space), V* = X;: Coercivity = (A, B) € SMR]
Bensoussan and Temam '72, Pardoux '75, Krylov-Rozovskii '79, Liu-Rdckner '15

Real interpolation scale

A sectorial, Xo = Da(0, p), X1 = Da(1,p) = (A,0) € SMRy.
Da Prato '83, Brzezniak '95, Da Prato-Lunardi '98, Brzezniak-Hausenblas '09, Lorist-V. 21

Krylov’s '99 LP-theory p € [2, )

Xo = HSP. Ais 2"4-order, B is 1°*-order. Coercivity + regularity = (A, B) € SMR,
Krylov since ‘94, Lotoskii, Mikulevicius, Rozovskii, Kim K.H., Kim [, ........

Functional calculus approach

A bounded H>-calculus, Xo = H>? = (A,0) € SMR; ..
van Neerven-V.-Weis '12, Agresti-V. 20
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New combined approach to SMR

How to obtain (A, B) € SMR, ,, for A(t,w) and with nonzero B ?
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New combined approach to SMR

How to obtain (A, B) € SMR, ,, for A(t,w) and with nonzero B ?

@ Portal-V. ’19: some abstract setting A(t,w) and B # 0:
“A — 1B? good” + regularity = (A, B) € SMR, ..

@ Agresti-V. 21a: Analogue of Krylov '99 on H*9(T9).
Coercivity+regularity = (A, B) € SMR;; ,..

@ Agresti-V. '21b: Same for Stokes case (extends Mikulevicius—Rozovskii '04)

Transference method:
@ A(,w) € MRp,. and SMR} . # @ => (A,0) € SMR/ ,,
@ (A, B) € SMRyp . and SMR}, . # @ = (A, B) € SMR;, .

He°-calculus helps, but PDE techniques seem required as well.

Many cases of SMR for (A, B) are still open.
p = q leads to limitation in nonlinear SPDEs.
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Overview

e Local well-posedness
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Local well-posedness

@ Eitherp e (2,00) and x € [0, 5 — 1), or
@ p=2andx = 0and Xo, Xi are Hilbert spaces.

du + Audt = F(u)dt + (Bu + G(u))dW, te (0, 7),
u(0) = up.
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@ p=2andx = 0and Xo, Xi are Hilbert spaces.

du + Audt = F(u)dt + (Bu + G(u))dW, te (0, 7),
u(0) = up.

Theorem (Local well-posedness, AV20a)

Let F and G be as below. Let uy € X', a.s., and suppose (A, B) € SMRy, ., then there
exists a (unique) maximal local solution (u, o) to (3) with o > 0, and a.s.

ue HP0,0; Xi_9) V0 €[0,1/2) and u e C((0,0); XJ',) (instant regularity).
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Local well-posedness

@ Eitherp e (2,00) and x € [0, 5 — 1), or
@ p=2andx = 0and Xo, Xi are Hilbert spaces.

du + Audt = F(u)dt + (Bu + G(u))dw, te(0,7), 3)
u(0) = up.

Theorem (Local well-posedness, AV20a)

Let F and G be as below. Let uy € X', a.s., and suppose (A, B) € SMRy, ., then there
exists a (unique) maximal local solution (u, o) to (3) with o > 0, and a.s.

ue HZP(0,0;Xi_g) V0 €[0,1/2) and u e C((0,0); Xg',) (instant regularity).

Here F(t,w, ) : Xz — Xo: Yn > 13C, > 0Vx, y € X3 with HxHan, Y1l e
4 T,

HF(tvw?X)“Xo < C"HXHS)(A‘1

IF(t,w, x) = F(t,w, ¥)llx < Calllxllx, + IY1Ix,)11X = ¥llx;
where p > 0 and g satisfy the (sub)criticallity condition:
1+k 1+ p
- <pB<1- _—
s p p+1
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Example of a quadratic nonlinearity

Burgers/Navier-Stokes nonlinearity

Let Xo = H='"2%9 and F(u) = V(u?)

When do we have ||F(t,w, u)||lx, < Cllull}' and 1 — BE el el
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Let Xo = H='"2%9 and F(u) = V(u?)
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2 2 2
IF(Wllx S IUlle = llullze < llullx, — p=1

if —14+28—2 > —Z. Orequivalently: 8 > Z + }.
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Example of a quadratic nonlinearity

Burgers/Navier-Stokes nonlinearity

Let Xo = H='"2%9 and F(u) = V(u?)

When do we have ||F(t,w, u)||lx, < Cllull}' and 1 — BE el el

2 2 2
IF(W)llx S Il = llullza S llullx, — p=1

if —1+28—2>—2Z. Orequivalently: 8> L + 1.
Thus we can find admissible g if and only if
d 1 14k d  1+k ¢

—_<1- i — < 1.
aq + 5 = 1 or equivalently 2q + <1

@ p=g=2notokunless d € {1,2}.
@ higher order p and g needed in general

@ Choosing « such that equality holds in («) leads to criticality, and
_qp204) _14d
right scaling: X', = Bq,:,+ = Bq,:;rq. Instant regularity if & > 0.
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Overview

© Global well-posedness
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Global well-posedness via blow-up criteria

Mark Veraar (TU Delft) SPDE in critical spaces June, 2022 9/17



Global well-posedness via blow-up criteria

Theorem (AV21b)

Suppose that the conditions of the local well-posedness theorem hold. Then
P(o < oo, sup [lu(t)l xr, < o) = 0 if the nonlinearity is subcritical
tel0,0) s

P(o < oo, ||U||LP(0,U;X17%) < 00) = 0 if the nonlinearity is quadratic.
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Global well-posedness via blow-up criteria

Theorem (AV21b)

Suppose that the conditions of the local well-posedness theorem hold. Then
P(o < oo, sup [lu(t)l xr, < o) = 0 if the nonlinearity is subcritical
tel0,0) s

P(o < oo, ||U||LP(0,U;X17%) < 00) = 0 if the nonlinearity is quadratic.

Strategy: check [|U||p(0,0:x,_ ) < 00 On {o < oco}. This leads to
P
P(oc < 00) = P(0 < 0, HUHLp(oyg;X‘iﬁ) <o) =0.
P

This gives o = ~o a.s., and thus would lead to global well-posedness.
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Global well-posedness via blow-up criteria

Theorem (AV21b)
Suppose that the conditions of the local well-posedness theorem hold. Then

P(o < oo, sup [lu(t)l xr, < o) = 0 if the nonlinearity is subcritical
tel0,0) s

P(o < oo, ||U||LP(0,U;X17%) < 00) = 0 if the nonlinearity is quadratic.

Strategy: check [|U||p(0,0:x,_ ) < 00 On {o < oco}. This leads to
P
P(O‘ < OO) = P(O‘ < o0, HUHLp(oyg;)qiﬁ) < OO) =0.
P
This gives o = ~o a.s., and thus would lead to global well-posedness.

Weights in time make it possible to
@ obtain higher order regularity by new weighted bootstrap method
@ transfer global well-posedness results between different spaces
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Overview

0 Variational setting
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Variational setting

Let V := X; — Xp =: V* Hilbert spaces, p =2, x = 0.

Then X({'z = Xi,» =: H. Locally Lipschitz F and G as before.
(sub)criticallity condition: 1/2 < 8 < 1 + m
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Variational setting

Let V := X; — Xp =: V* Hilbert spaces, p =2, x = 0.

Then X0 2 = Xi2 =: H. Locally Lipschitz F and G as before.

(sub)criticallity condition: 1/2 < g < 1 7t p+1)

Theorem (AV22a)

Suppose thatVT > 0,36,C,M > 0,¢ € L?((0, T) x Q) s.t. Vv € VVt € [0, T],

(v, AV + F( V) = 3BV + G(, V)Iyey 2 OlIVIE — Milull? — [6(1)F (coercivity)
1GC, V) llewr < SO+ IVI)S() + [1VI1v) (quadratic growth) (@)

ThenVuy € L°(Q; H), there exists a unique global solution u of (3) such that a.s.
u e C([0,00); H) N L%, ([0, x0); V).

Moreover, in this space u depends continuously on uy (in probability).
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Variational setting

Let V := X; — Xp =: V* Hilbert spaces, p =2, x = 0.

Then X0 2 = Xi2 =: H. Locally Lipschitz F and G as before.

(sub)criticallity condition: 1/2 < g < 1 7t p+1)

Theorem (AV22a)

Suppose thatVT > 0,36,C,M > 0,¢ € L?((0, T) x Q) s.t. Vv € VVt € [0, T],

(v, AV + F( V) = 3BV + G(, V)Iyey 2 OlIVIE — Milull? — [6(1)F (coercivity)
1GC, V) llewr < SO+ IVI)S() + [1VI1v) (quadratic growth) (@)

ThenVuy € L°(Q; H), there exists a unique global solution u of (3) such that a.s.
u e C([0,00); H) N L%, ([0, x0); V).
Moreover, in this space u depends continuously on uy (in probability).

Replacing 1||Bv + G, v)Hf%(ZZ’H). by (3 +e)||Bv + G(-, V)12, 2.y ONE caN omit (4).
Many applications! No monotonicity condition.
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Variational setting

Let V := X; — Xp =: V* Hilbert spaces, p =2, x = 0.

Then XO 2 = Xi2 =: H. Locally Lipschitz F and G as before.

(sub)criticallity condition: 1/2 < g < 1 7t p+1)

Theorem (AV22a)

Suppose thatVT > 0,36,C,M > 0,¢ € L?((0, T) x Q) s.t. Vv € VVt € [0, T],

(v, AV + F( V) = 3BV + G(, V)Iyey 2 OlIVIE — Milull? — [6(1)F (coercivity)
1GC, V) llewr < SO+ IVI)S() + [1VI1v) (quadratic growth) (@)

ThenVuy € L°(Q; H), there exists a unique global solution u of (3) such that a.s.

ue C([O, OO); H) loc([o OO) V)

Moreover, in this space u depends continuously on uy (in probability).

Replacing §[|Bv + G(-, V)|% 2.1 bY (3 + &)lIBV + G(-, V) ||%, 2. ONE caN omit (4).
Many applications! No monotonicity condition.

Independent results due to Réckner-Shang-Zhang ’22
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Overview

e Stochastic Navier-Stokes equations for turbulent flows
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Stochastic Navier-Stokes equations for turbulent flows

Stochastic Lagrangian approach
Reynolds 1880:

Velocity field = u aF bW
~— ~—
Slow oscillating part ~ Fast oscillating part
(deterministic) (random)
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Stochastic Navier-Stokes equations for turbulent flows

Stochastic Lagrangian approach
Reynolds 1880:

Velocity field = u F bW
~— ~—~
Slow oscillating part  Fast oscillating part
(deterministic) (random)

Kraichnan’s turbulence theory (1968)

@ Statistic modeling: b € C* for some o > 0;
@ Newton’s law yields

du— Audt=(—Vp—(u-V)u)dt+> o (bn- V)udWy. (5)
= ——

Stochastic
transport

Eq. (5) is called the Navier-Stokes equations for turbulent flows.
Contributors include: Brzezniak, Capinski, Ferrario, Flandoli, Gatarek, Hofmanova,
Leahy, Mikulevicius, Motyl, Nilssen, Peszat, RozovskKii
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Stochastic Navier-Stokes equations for turbulent flows

Stochastic Lagrangian approach
Reynolds 1880:

Velocity field = u aF bW
~— ~—
Slow oscillating part ~ Fast oscillating part
(deterministic) (random)

Kraichnan’s turbulence theory (1968)

@ Statistic modeling: b € H"* for some n > d/¢ and ¢ € [2, 0);
@ Newton’s law yields

du—Audt=(—Vp—(u-V)u)dt+> -, (b V)udWy. (5)
= —

Stochastic
transport

Eq. (5) is called the Navier-Stokes equations for turbulent flows.
Contributors include: Brzezniak, Capinski, Ferrario, Flandoli, Gatarek, Hofmanova,
Leahy, Mikulevicius, Motyl, Nilssen, Peszat, Rozovskii
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SNS: transport noise as a model for small-scales

Derivation in Mikulevicius-Rozovskii 2004:

Separation of scales
Suppose that u = u; + us where L stands for “Large" and S for “Small" scale and

Orup — Aup = —V P — ((uL + us) - V)uy,
Oius — Aus = —VPs — ((UL + Ug) - V)USA
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SNS: transport noise as a model for small-scales

Derivation in Mikulevicius-Rozovskii 2004:

Separation of scales
Suppose that u = u; + us where L stands for “Large" and S for “Small" scale and

o — Aup = =V P — ((u + us) - V)ur,
Otus — Aus = —V Ps — ((uL + us) - V)us.

Then the sum u = u; + us solves the Navier-Stokes equations.
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SNS: transport noise as a model for small-scales

Derivation in Mikulevicius-Rozovskii 2004:

Separation of scales
Suppose that u = u; + us where L stands for “Large" and S for “Small" scale and

o — Aup = =V P — ((u + us) - V)ur,
Otus — Aus = —V Ps — ((uL + us) - V)us.

Then the sum u = u; + us solves the Navier-Stokes equations.

Turbulent regime

In a turbulent regime one can model us as an approximation of white noise, so that

Us = Z bn th.

n>1
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SNS: transport noise as a model for small-scales

Derivation in Mikulevicius-Rozovskii 2004:

Separation of scales
Suppose that u = u; + us where L stands for “Large" and S for “Small" scale and

o — Aup = =V P — ((u + us) - V)ur,
Otus — Aus = —V Ps — ((uL + us) - V)us.

Then the sum u = u; + us solves the Navier-Stokes equations.

Turbulent regime

In a turbulent regime one can model us as an approximation of white noise, so that
Us = Z bn Wrn.
n>1

Thus the large scale component u; solves

duy — Aupdt = (= VP — (ur- Vu)dt+ > (bn - V)urdWy.

n>1
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SNS: local well-posedness and regularity

Consider

(6)

du— Audt = (-Vp—(u-V)u)dt+ 3, (bn- V)udWy onT?,
divu =0, u(0)= up, on T9.

() 1llpmeqezy < Mim > 2, €> 2,550 32, bhbhyiy; < (2 —€)|y|? (coercivity).
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SNS: local well-posedness and regularity

Consider

{du —Audt = (=Vp—(u-V)u)dt+3,-4(bn- V)udW; on Y, ®)

divu =0, u(0)= up, on T9.

() 1llpmeqezy < Mim > 2, €> 2,550 32, bhbhyiy; < (2 —€)|y|? (coercivity).

Theorem (Local well-posedness and regularity, AV21c)

Yup € LO(Q; LY(T9)) with div up = 0, there exists a maximal local solution (u, o) to (6),
andu e LY (0,a; W) 0 CJ1:%2((0,0) x T9) a.s. ¥q € (2,00),61 € (0, 1), 62 € (0,1).

loc loc
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SNS: local well-posedness and regularity

Consider

{du —Audt = (=Vp—(u-V)u)dt+3,-4(bn- V)udW; on Y, ®)

divu =0, u(0)= up, on T9.

() 1llpmeqezy < Mim > 2, €> 2,550 32, bhbhyiy; < (2 —€)|y|? (coercivity).

Theorem (Local well-posedness and regularity, AV21c)

Yup € LO(Q; LY(T9)) with div up = 0, there exists a maximal local solution (u, o) to (6),
andu € LY (0,0, W"9) n C:%2((0,0) x T%) a.s. ¥q € (2,00),61 € (0,1),602 € (0,1)

loc loc
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SNS: local well-posedness and regularity

Consider

{du —Audt = (=Vp—(u-V)u)dt+3,-4(bn- V)udW; on Y,

(6)

divu =0, u(0)= up, on T9.

() 1llpmeqezy < Mim > 2, €> 2,550 32, bhbhyiy; < (2 —€)|y|? (coercivity).

Theorem (Local well-posedness and regularity, AV21c)
Yup € LO(Q; LY(T9)) with div up = 0, there exists a maximal local solution (u, o) to (6),
andu e LY (0,a; W) 0 CJ1:%2((0,0) x T9) a.s. ¥q € (2,00),61 € (0, 1), 62 € (0,1).

loc loc

. . "
@ uo can even have negative (Besov) regularity down to —3.
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SNS: local well-posedness and regularity

Consider

{du —Audt = (=Vp—(u-V)u)dt+3,-4(bn- V)udW; on Y,

(6)

divu =0, u(0)= up, on T9.

() 1llpmeqezy < Mim > 2, €> 2,550 32, bhbhyiy; < (2 —€)|y|? (coercivity).

Theorem (Local well-posedness and regularity, AV21c)
Yup € LO(Q; LY(T9)) with div up = 0, there exists a maximal local solution (u, o) to (6),
andu e LY (0,a; W) 0 CJ1:%2((0,0) x T9) a.s. ¥q € (2,00),61 € (0, 1), 62 € (0,1).

loc loc

. . "
@ uo can even have negative (Besov) regularity down to —3.

_d
Q@ Evenue C""7TE((0,0) x T as. Vg € (2,00), 61 € [0,1/2),02 € (0,1)

loc
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SNS: local well-posedness and regularity

Consider

{du —Audt = (=Vp—(u-V)u)dt+3,-4(bn- V)udW; on Y,

(6)

divu =0, u(0)= up, on T9.

() 1llpmeqezy < Mim > 2, €> 2,550 32, bhbhyiy; < (2 —€)|y|? (coercivity).

Theorem (Local well-posedness and regularity, AV21c)

Yup € LO(Q; LY(T9)) with div up = 0, there exists a maximal local solution (u, o) to (6),
andu e LY (0,a; W) 0 CJ1:%2((0,0) x T9) a.s. ¥q € (2,00),61 € (0, 1), 62 € (0,1).

loc loc

. . "
@ uo can even have negative (Besov) regularity down to —3.

_d
Q@ Evenue C""7TE((0,0) x T as. Vg € (2,00), 61 € [0,1/2),02 € (0,1)

loc

© Previous results: high smoothness of uy and b, not much regularity for u.
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SNS: local well-posedness and regularity

Consider

du— Audt = (-Vp—(u-V)u)dt+ 3, (bn- V)udWy onT?,
divu =0, u(0)= up, on T9.

(6)

() 1llpmeqezy < Mim > 2, €> 2,550 32, bhbhyiy; < (2 —€)|y|? (coercivity).

Theorem (Local well-posedness and regularity, AV21c)

Yup € LO(Q; LY(T9)) with div up = 0, there exists a maximal local solution (u, o) to (6),
andu e LY (0,a; W) 0 CJ1:%2((0,0) x T9) a.s. ¥q € (2,00),61 € (0, 1), 62 € (0,1).
@ uo can even have negative (Besov) regularity down to —%.

91a92+"7_g

@ Evenue C,, ((0,0) x T?) a.s. Vg € (2,00), 61 € [0,1/2),60 € (0,1)
© Previous results: high smoothness of uy and b, not much regularity for u.
© Results are new even in the special case d = 2, and then ¢ = 0o
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SNS: local well-posedness and regularity

Consider

(6)

du— Audt = (-Vp—(u-V)u)dt+ 3, (bn- V)udWy onT?,
divu =0, u(0)= up, on T9.

() 1llpmeqezy < Mim > 2, €> 2,550 32, bhbhyiy; < (2 —€)|y|? (coercivity).

Theorem (Local well-posedness and regularity, AV21c)

Yup € LO(Q; LY(T9)) with div up = 0, there exists a maximal local solution (u, o) to (6),
andu e LY (0,a; W) 0 CJ1:%2((0,0) x T9) a.s. ¥q € (2,00),61 € (0, 1), 62 € (0,1).
@ uo can even have negative (Besov) regularity down to —%.

91a92+"7_g

@ Evenue C,, ((0,0) x T?) a.s. Vg € (2,00), 61 € [0,1/2),60 € (0,1)
© Previous results: high smoothness of uy and b, not much regularity for u.
© Results are new even in the special case d = 2, and then ¢ = 0o

@ Results are also new if non-gradient noise is used
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Classical theory and criticality for d = 2

Semi-linear term: F(u) = (v - V)u = div(u ® u) easy?.
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Classical theory and criticality for d = 2

Semi-linear term: F(u) = (u- V)u = div(u ® u) easy?.
Energy bound via Ito’s formula:

Theorem (Folklore)

There exists a unique solution u € Z := [2(0, T; H") n C([0, T]; L?) a.s. to SNS (6) and

El|ullZ < Cr(1 + El|uollf2)-

Mark Veraar (TU Delft) SPDE in critical spaces June, 2022 14/17



Classical theory and criticality for d = 2

Semi-linear term: F(u) = (u- V)u = div(u ® u) easy?.
Energy bound via Ito’s formula:

Theorem (Folklore)

There exists a unique solution u € Z := [2(0, T; H") n C([0, T]; L?) a.s. to SNS (6) and

El|ullZ < Cr(1 + El|uollf2)-

@ One has Z < L*(0, T; H'/22) — L%(0, T; L*).
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Classical theory and criticality for d = 2

Semi-linear term: F(u) = (u- V)u = div(u ® u) easy?.
Energy bound via Ito’s formula:

Theorem (Folklore)

There exists a unique solution u € Z := [2(0, T; H") n C([0, T]; L?) a.s. to SNS (6) and

El|ullZ < Cr(1 + El|uollf2)-

@ One has Z < L*(0, T; H'/22) — L%(0, T; L*).
@ Therefore, u € Z = ujuj € L?(0, T; L?) = F(u) € L*(0, T; H ™)
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Classical theory and criticality for d = 2

Semi-linear term: F(u) = (u- V)u = div(u ® u) easy?.
Energy bound via Ito’s formula:

Theorem (Folklore)

There exists a unique solution u € Z := [2(0, T; H") n C([0, T]; L?) a.s. to SNS (6) and

El|ullZ < Cr(1 + El|uollf2)-

@ One has Z < L*(0, T; H'/22) — L%(0, T; L*).
@ Therefore, u € Z = ujuj € L?(0, T; L?) = F(u) € L*(0, T; H ™)
@ Classical parabolic regularity — u € Z.
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Classical theory and criticality for d = 2

Semi-linear term: F(u) = (u- V)u = div(u ® u) easy?.
Energy bound via Ito’s formula:

Theorem (Folklore)

There exists a unique solution u € Z := [2(0, T; H") n C([0, T]; L?) a.s. to SNS (6) and
Ellullz < Cr(1 + El|woll?)-

@ One has Z < L*(0, T; H'/22) — L%(0, T; L*).

@ Therefore, u € Z = ujuj € L?(0, T; L?) = F(u) € L*(0, T; H ™)
@ Classical parabolic regularity — u € Z.

@ Classical L2-theory is not enough for bootstrapping regularity!
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Classical theory and criticality for d = 2

Semi-linear term: F(u) = (u- V)u = div(u ® u) easy?.
Energy bound via Ito’s formula:

Theorem (Folklore)

There exists a unique solution u € Z := [2(0, T; H") n C([0, T]; L?) a.s. to SNS (6) and

EllullZz < Cr(1 + El|woll2)-

@ One has Z < L*(0, T; H'/22) — L%(0, T; L*).

@ Therefore, u € Z = ujuj € L?(0, T; L?) = F(u) € L*(0, T; H ™)
@ Classical parabolic regularity — u € Z.

@ Classical L2-theory is not enough for bootstrapping regularity!

The above is connected to the critically of F.
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Classical theory and criticality for d = 2

Semi-linear term: F(u) = (u- V)u = div(u ® u) easy?.
Energy bound via Ito’s formula:

Theorem (Folklore)

There exists a unique solution u € Z := [2(0, T; H") n C([0, T]; L?) a.s. to SNS (6) and

El|ullZ < Cr(1 + El|uollf2)-

@ One has Z < L*(0, T; H'/22) — L%(0, T; L*).

@ Therefore, u € Z = ujuj € L?(0, T; L?) = F(u) € L*(0, T; H ™)
@ Classical parabolic regularity — u € Z.

@ Classical L2-theory is not enough for bootstrapping regularity!

The above is connected to the critically of F.

Key tool to move away from L2: LP-theory and weights in time!
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Conclusion and future work

SMR gives a flexible setting to prove well-posedness and regularity for parabolic semi-
and quasi-linear SPDEs.
Stochastic version of the recent Priiss-Wilke-Simonett 2018 theory.

@ Agresti-Hussein-Hieber-Saal '21: Primitive equations
@ Agresti-V. '22b: Reaction-diffusion equations: Lotka-Volterra, Brusselator

In several cases the linear theory is missing: p # q, B# 0
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@ Large deviations
@ Existence of invariant measures
@ New a priori estimates for nonlinear SPDEs

Mark Veraar (TU Delft) SPDE in critical spaces June, 2022 15/17



Conclusion and future work

SMR gives a flexible setting to prove well-posedness and regularity for parabolic semi-
and quasi-linear SPDEs.
Stochastic version of the recent Priiss-Wilke-Simonett 2018 theory.

@ Agresti-Hussein-Hieber-Saal '21: Primitive equations
@ Agresti-V. '22b: Reaction-diffusion equations: Lotka-Volterra, Brusselator

In several cases the linear theory is missing: p # q, B# 0

Many follow-up questions need to be answered:
@ Large deviations
@ Existence of invariant measures
@ New a priori estimates for nonlinear SPDEs

There is more than just hope for 3d SNS:
Flandoli-Luo "21: noise improves well-posedness in fluid dynamics (vorticity
formulation)
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Selection of some of our recent papers which appeared in the talk

AV20a Agresti, & Veraar. Nonlinear parabolic stochastic evolution equations in critical spaces Part |. Stochastic
maximal regularity and local existence. To appear in Nonlinearity

AV20b Agresti, & Veraar. Nonlinear parabolic stochastic evolution equations in critical spaces Part Il. Blow-up
criteria and instantaneous regularization. Online first in Journal of evolution equations

AV21a Agresti, & Veraar. Stochastic maximal LP(L?)-regularity for second order systems with periodic
boundary conditions, arxiv

AV21b Agresti, & Veraar. Stochastic Navier-Stokes equations for turbulent flows in critical spaces, arxiv
AV22a Agresti, & Veraar. The critical variational setting for stochastic evolution equations. arxiv

AV22b Agresti, & Veraar. Reaction-diffusion equations with transport noise and critical superlinear diffusion, in
preparation

LvV21 Lorist, & Veraar. Singular stochastic integral operators, Analysis and PDE Vol. 14 (2021), No. 5,
1443-1507

PV21 Portal, & Veraar. Stochastic maximal regularity for rough time-dependent problems, SPDE: Analysis
and Computations 7(4), 2019, 541-597.
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