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.
Abstract

| will present some recent results about degenerate (ultra-parabolic)
Kolmogorov equations (also known as linear kinetic Fokker—Planck
equations) with rough coefficients. Such equations appear often in the
kinetic theory.

We consider equations in both divergence and non-divergence form
and our proof does not rely on any kernel estimates, in spirit of Krylov’s
work in 2005 about parabolic equations with VMO coefficients.

This is based on joint work with Timur Yastrzhembskiy (Brown
University).
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Kolmogorov equations

Consider linear Kolmogorov (kinetic Fokker-Planck) equations in
nondivergence form

Ut + v - Dyu—alDyyu+b'Dyu+Au=f
and in divergence form
Ut + v - Dxu— Dy,(a’Dyu+ b'u) + b'Dyu + Au = fy + div, f,

where (t, x, v) € R x R? x R? and the leading coefficients
al = al(t, x, v) satisfy the ellipticity condition §|&|? < a¥&; &, lal] < 671
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Kolmogorov equations
Consider linear Kolmogorov (kinetic Fokker-Planck) equations in
nondivergence form
Ut + v - Dyu—alDyyu+b'Dyu+Au=f
and in divergence form
Ut + v - Dxu— Dy,(a’Dyu+ b'u) + b'Dyu + Au = fy + div, f,

where (t, x, v) € R x R? x R? and the leading coefficients
al = al(t, x, v) satisfy the ellipticity condition §|&|? < a¥&; &, lal] < 671

Second-order parabolic, nondegenerate in v, but degenerate in x.
Also known as “ultra-parabolic” (or “hypo-elliptic”) equations.
The classical parabolic regularity theory cannot be applied.
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Motivations

A fundamental collision plasma model is given the Landau equation:
Fi +v-VxF =QIF,F],

where F is the density of the distribution function, v is the velocity, the
Landau (Fokker-Planck) collision operator Q (Landau, 1936) is given by

Q[Fi, Fo(v) =V, f (v — V) [Fi(V)VyFa(v) = Fo(V)V Fi (V)] av/,

R3
and the Landau (Fokker-Planck) collision kernel ¢ is defined as

o(v) = (b =|vI2vev)-|v[*2, ye[-3,1].

Hongjie Dong (Brown University) Degenerate Kolmogorov equations June 20, 2022 4/35



Motivations

A fundamental collision plasma model is given the Landau equation:
Fi +v-VxF =QIF,F],

where F is the density of the distribution function, v is the velocity, the
Landau (Fokker-Planck) collision operator Q (Landau, 1936) is given by

Q[Fi, Fo(v) =V, f (v — V) [Fi(V)VyFa(v) = Fo(V)V Fi (V)] av/,

RS
and the Landau (Fokker-Planck) collision kernel ¢ is defined as
o(v) = (b =|vI2vev)-|v[*2, ye[-3,1].

(Space homogeneous) stationary solution (Maxwellian):
u(v) = m32e7IV¥ We are interested in the stability of such solution.
Denote F = u + u'/2f.
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Motivations

In the Coulomb case (i.e., y = —3), after linearization (or applying the
Picard iteration), we get the Kolmogorov equation in divergence form

Otfar1 + V- Vxfap1r = Vi - (@nVof) + bp - Vyfopq + Cafarr = hp

where a, = ® = (u + u'/2f) is nondegenerate whenever v is any
bounded open set:

(Iv+ 13 < [a"] < (Iv]+ 1)

If f, is sufficiently smooth, we get a nondivergence form equation.
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Motivations

In the Coulomb case (i.e., y = —3), after linearization (or applying the
Picard iteration), we get the Kolmogorov equation in divergence form

Otfar1 + V- Vxfap1r = Vi - (@nVof) + bp - Vyfopq + Cafarr = hp

where a, = ® = (u + u'/2f) is nondegenerate whenever v is any
bounded open set:

(Iv+ 13 < [a"] < (Iv]+ 1)

If f, is sufficiently smooth, we get a nondivergence form equation.
Kolmogorov equations also arise in

» Diffusion processes: Langevin equation.
» Mathematical Finance.
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Scalings and translations

The equation satisfies the following scaling and translation properties
(t,x,v) = (A%t, A3x, Av),

(t,x,v) = (t—to,x — X0 — (t — to)vo, V — Vo).

In the matrix form: denoting

ol g
A—[o-/d O-Id]’

then,
(X — X0 — (t = to)vo, v — Vo) = (x, v) — 704 (xg, vp).

Formally, d; ~ D2 and Dy ~ D3.
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A quasi-metric

If we define
o(z,20) = max{lt —to"2,1x = xg = (t = to)vo!'/3, v — v0|},
then p satisfies
p(z,20) < 2p(20,2), p(z,20) < 2(p(2,21) + p(21, 20))-

Therefore, p(z, 20) := p(z, 20) + p(20, ) is a quasi-metric.

With an induced doubling measure, we get a space of homogeneous
type associated with the operator.
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Previous results in the literature

» Lanconelli-Polidoro (1993): constant coefficients, a Harnack type
inequality.

» Bramanti—Cerutti—-Manfredini (1996): an interior S, estimate for
nondivergence form equations with VMO (vanishing mean
oscillation) coefficients. Here

2
lulls, = llulle, + 1Dy ulle, + IDZulle, + llur + vDxull,.

See also Polidoro—Ragusa (1998) for an extension of the estimate
in Morrey spaces.

» Manfredini—Polidoro (1998): an interior estimate of ||Dyul|., for
divergence form equations with VMO coefficients.
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Previous results in the literature

» Bramanti—Cupini—Lanconelli—Priola (2010): constant coefficients,
a global S, estimate in {t € [-1, 1]} for solutions with compact
support.

» Bramanti—Cupini—Lanconelli—Priola (2013): uniformly continuous
coefficients, a global S, estimate in {t € [T, T]} for solutions with
compact support for a small T.

» Bouchut (2002): A result in spirit of the averaging lemma, i.e., if
ut + v- Dyu = g, then

regularity in v = regularity in x.
In particular, D2u, g € Ly = (=Ax)3u € Lp.

Hongjie Dong (Brown University) Degenerate Kolmogorov equations June 20, 2022 9/35



Previous results in the literature

» Golse—Imbert—Mouhot—Vasseur (2019): a Harnack type inequality
for divergence form equations with measurable coefficients by
using De Giorgi’s method.

» Z.-Q. Chen and X. Zhang (2019): Nondivergence form equations
with coefficients a = a'(t). Global a priori estimate in R'+29 in
the form

ID2ullL, + lI(—2x)ulle, < NIIflL,
by using the fundamental solution.

» Niebel-Zacher (2020): a priori estimates and unique solvability in
Lp((0, T), Lg(R??)) with the power weight in time t*, u € (-1, p),
assuming that the functions a’ are uniformly continuous
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Our goals

» We are interested in developing an argument without using any
kernel estimates, which works for both divergence form and
nondivergence form equations.

» Global a priori estimates and also the unique solvability of
equations (including the Cauchy problem).
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Our goals

» We are interested in developing an argument without using any
kernel estimates, which works for both divergence form and
nondivergence form equations.

» Global a priori estimates and also the unique solvability of
equations (including the Cauchy problem).

» Coefficients are measurable in t and VMO in (x, v). This is crucial
in our applications to the boundary value problem of the Landau
equation because after taking certain extension the coefficients
are no longer uniformly continuous in (t, x, v).

» Weighted mixed-norm Lebesgue spaces.
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For simplicity, we assume b = b = 0. Denote
Lu = a’Dyyu-v-Dyy,

where a’ satisfy ) )
SlEP < alg;g;, 1all< o7

We impose a condition on al, which is weaker than the uniform
continuity condition (and the full VMO condition) used by Bramanti et.
al., Polidoro—Ragusa.
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The VMOy , condition
There exists Ry > 0 such that for any zg € R'*2% and r € (0, Ro],
oscxv(a, Qr(20)) < yo, Where yo € (0, 1) is a small constant,

fo
0scyv(a, Qi(20)) = J[ J[ la(t, x, v) - a(t,x’, v') dxdvdx’dv’at,
to—r2 JDr(t,29)xDr(t,20)

Qi (z0) = {(t,x,v) 1 =r> <t —ty < 0,|x — X0 — (t —to)vo| < r3,|v—vo| < r}.
Di(t,20) = {(x, V) : [x = X0 — (t — o) ol < r3,lv—vy|<r) (time slice).
» Even if ris small, Q,(zp) can be very long in the x-direction.

» If al = al(t), then oscy,v(a, Qr(20)) = 0.

» If al are uniformly continuous in (x, v), then they satisfy the
VMOy,, condition.
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Main result for nondivergence form equations

Theorem (D-Yastrzhembskiy (2021))

Letp,ry,...,r4,g>1and T € (—oo, 00].
Then Ay, € (0, 1) sufficiently small such that the following hold.
(i) Ao > 0 such that YA > Ag and u € Sp r, ._r,q((—00, T) X R29, w),

Allull + VAIDyull + 1D2ull + lI(=2x)"2ull + I(=Ax) 8 Dyull < NIIfl],

where || -1l = Il -llL,,, (-0, Tyxx29,w) @Nd W = wo(t) TTL, wi(vi) is
certain Muckenhoupt weight.

Moreover, ¥f € Ly r,, 1, q((=00, T) x R?9, w),

the equation has a unique solution u € Sy, _ 1, q((—0, T) x R?9, w).
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Theorem (cont’ed)
(i) If T € (0,00) and f € Ly, .1, q((0, T) x R29, w), the Cauchy problem
u—Lu=f in(0,T)xR*

with u(0,-,-) = 0 has a unique solution u € Spr, . r.4((0, T) x R?9, w).
(iii) The assertions (i) and (ii) hold with Sp 1, .. r,,q((—=00, T) X R34, w)
replaced with Spr,,...r, (RY27, X% TTZ; wi(vi)), where a € (-1, p - 1).
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|
Muckenhoupt weights

For any p € (1,), recall that A, = Ap(IR?) is the collection of all
nonnegative functions w on IRY such that

p—1
[Wla, == sup (f w(x))(f w-ﬁ(x)) < oo
x0€RY,r>0 \JB/(x0) Br(xo)
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|
Muckenhoupt weights

For any p € (1,), recall that A, = Ap(IR?) is the collection of all
nonnegative functions w on IRY such that

p—1
[Wla, == sup (f w(x))(f w-ﬁ(x)) < oo
x0€RY,r>0 \JB/(x0) Br(xo)

» By Hdlder’s inequality,
ApCAg 1=[Wla, <[W]a, 1<p<g<oo.

» The maximal operator is bounded in Ly, for any w € Ap.
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|
Muckenhoupt weights

For any p € (1,), recall that A, = Ap(IR?) is the collection of all
nonnegative functions w on IRY such that

p—1
[Wla, == sup (f w(x))(f w-ﬁ(x)) < oo
x0€RY,r>0 \JB/(x0) Br(xo)

» By Hdlder’s inequality,
ApCAg 1=[Wla, <[W]a, 1<p<g<oo.

» The maximal operator is bounded in Ly, for any w € Ap.
By Lp,,..rs,q(G, W), we denote the space of all Lebesgue measurable
functions on R'*+29 such that

Wil e
9 1
n .Wd(Vd)dler" Wo(t)dt|q.

f )f‘fﬁl" g(z dx| W1V1dV12
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Remarks

» We obtained a similar result for divergence form equations.
In that case, we can estimate

Alull + VAIDyull + A2 |(-2x) 8 ul|

» We used these results to prove the existence and uniqueness of
weak and strong solutions to the Vlasov-Poisson-Landau
equations near Maxwellian with the specular boundary condition.
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The mean oscillation method

Krylov (2005): W, ?(IR%) solvability of both divergence and
nondivergence form parabolic equations with a; in VMOy.

Idea of the proof:

establish pointwise estimate of sharp functions of Du (or D?u), and use
the Fefferman—Stein theorem on sharp functions and the
Hardy-Littlewood maximal function theorem: i.e.,

IMAlL, < NIifll,,  IIfll, < NIFFIlL,.
In some sense, the proof is based on an interpolation between

C?“-estimate and W2-estimate (for equations with aj; = aj(t)),
as well as a perturbation argument.
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-]
The proof

» We first consider the case when al = al(t).
When p = 2, the global estimate follows from the Fourier transform.

Starting point: local L, estimate of D, u (Cacciopoli type inequality)
Let0 <r < Randue Spc(R'29). Let ¢ € C(By) and

n(t,v) € C5°((—1,0] X By). Denote
P1(x) = W(x/R®),  qa(t,v) =n(t/r?,v/r), o(t,x,v)=@ip2.
Then

f IDyulPp? dz < Nf (r®0;u— LuP + r2u?) dz,
Qr/R Qr/R

f IDyulPp3dz < N f (r?|9u — Lul® + r2u?) dz.
R1+2d

(~r2,0)xIRIx By

where Qp(20) =1{z:-rP<t—th<0,|v—vo| <r,|x—X — (t - to)vo|"® < R}.
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|
The proof (cont’ed)

» For higher derivative estimate (D2u, etc.), a major difficulty is that if
we differentiate uy — Lu = 0 in v, then

(Dvu)t - L(Dvu) = _Dxu.
Thus, we first need to estimate Dyu. Recall that by scaling Dyu ~ D3u.

Local estimate of Dyu (key lemma)

Let u € Sy 0c(R'+29) be a function such that d;u — Lu = 0 in Qy. Then
for any numbers0 <r <R <1,

”DXUHLQ(Q,—) < N(d/ 6/ r/ R)”U“LZ(QR)

Idea: apply the Caccioppoli inequality and the global L, estimate to

0 := (=Ax)"3(ug), which is a nonlocal quantity.
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|
The proof (cont’ed)

» From the estimate of Dyu and the Caccioppoli inequality, we can
further bound

||D5U||L2(Qr) < N”U”Lz(QR)‘

» Differentiating the eq. in x gives d;Dxyu — LDyu = 0, so we can
estimate Dyxu, D2Dyu, and D2u.
Differentiating the eq. of D,u in v again, we bound D3u, D3Dyu...

» From the eq. u; = Lu,
IDID)DE ullL(a) < Nllulliy(@py, i=0,1, j,k=>0
By the Sobolev embedding,

IDIDLDE Ul (q) < Nllullyigry, i=0,1, j k=0
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|
The proof (cont’ed)

> Next, we replace the RHS with the norms of DZu and (-A)"/3u.
Note that uy(z) := u(z) — (u)q, — V'(D,iu)q, satisfies the same
equation. Then,

| k42 | k42
sup |D{(DVJr u| + sup |8tD{(DV+ ul < N||U1||L2(Qr)~
Q1/2 Q1/2

We then apply the Poincaré inequality to bound the RHS by

N(IIDZullyq,) + IDxUllLy(q))-
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|
The proof (cont’ed)

To further bound the second term above, we use
A nonlocal inequality

Let r € (0,1) and u € Spjoc(R'+29). Assume that d;u— Lu = 0 in
(=1,0) x R? x By. Then,

||DxU||L2(Q,) < NZ 2_k(|(_AX)1/3U|2)23/122k'
k=0 ,

Proof. Apply the L, estimate to (—=A)'/3u.
Consequently, we get

[Dfulcu(@,z) < NIDG Ul + ), 27 (-0 uf)g? ).
k=0 ’
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|
The proof (cont’ed)

For solutions to nonhomogeneous equations, we prove

Let R > 1 and f € Lp(R'+29) vanish outside (—1,0) x R? x Bj. Let
u € Sp((~1,0) x RY x RY) be the unique solution to

Jtu—Lu=f, u(-1,)=0.

Then

lllul + 1Dy Ul + 1D UlllLy((~1,0)xB,xBr) < NZ 27k(k71)/2R_k||f||L2(o1,2k+1R),
k=0

(|( 1/3u| 1/2 < sz -2k fz 1/2

12'<Fe
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|
The proof (cont’ed)

Combining these estimates, we get the following mean oscillation
estimate: Let r > 0, v > 2, zy € R'29, and u € Sp(IR'+29). Then,

*ﬁr(zo)
oo 2
—2 —2k _ 1/3,,2\1/2 14+2d -k 2 1/2
+ Ny (kz;)z (l( AX) U| )Qw/zkw(ZO)) +Nv (22 (f erZkvr( )) !
f (~02)"u— (~A0) P t)a(z)
Qr(20)
o0 2
< N2 (1(~2.) U ) + Nv2+4d(z ML )

Zp)
vr2k1r 0
k=0

2

D2u ~ (D2U)ay ()| 0z < Ny 2(IDZUR) g (20

2
az
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|
The proof (cont’ed)

We conclude the proof by using the weighted mixed-norm

Hardy-Littlewood maximal function theorem and the Fefferman-Stein
sharp function theorem (cf. D-D. Kim (2018)).

For ¢ > 0, we construct a family of maximal and sharp functions.

Mifz) = sp @i
Qrre(z1)

r>0:20€Qr,rc(21)

Fz)=  sup f 1H(2) ~ (F)ay (e 2.
(1) Qrrc(z1)

r>0:29€Qr rc
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|
The proof (cont’ed)

We conclude the proof by using the weighted mixed-norm

Hardy-Littlewood maximal function theorem and the Fefferman-Stein
sharp function theorem (cf. D-D. Kim (2018)).

For ¢ > 0, we construct a family of maximal and sharp functions.

Mifz) = sp @i
Qrre(z1)

r>0:20€Qr,rc(21)

Fz)=  sup f 1H(2) ~ (F)ay (e 2.
(1) Qrrc(z1)

r>0:29€Qr rc

Letc>1,p,q,r,...,rqg > 1 be numbers, w = wy(t)wq(v) be certain
Muckenhoupt weight, and f € L, r, (R'729, w). Then,

M f“Lp/,1 rga(RI20w) < N”f”Lp,H rga(R1729,w)

#
||f||Lp,r1,.,4,rd,q(IR1+2d,W) < N”fc ”Lp,r1,...,rd,q(]R1+2er)'
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Applications: equations with boundary conditions

We consider the initial-boundary value problem of two types of
equations.

» Linear Kinetic Fokker-Planck equations:
Oif+v-Vxf-ay(al(t,x, v)dyf)+b(t, x,v)-V,f = gin (0, T)xQxXR3
» Linear Landau equation with Coulomb interaction:
OHf +v-Vxf =V, - (6GgVf) + ag- Vuf + Kgf in (0, T) x @ x R,
where

oa=0x(u+p'%g), ag=-0Tx(vu'g+p'%,0).
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Applications: equations with boundary conditions

We consider the initial-boundary value problem of two types of
equations.

» Linear Kinetic Fokker-Planck equations:
Oif+v-Vxf-ay(al(t,x, v)dyf)+b(t, x,v)-V,f = gin (0, T)xQxXR3
» Linear Landau equation with Coulomb interaction:
OHf +v-Vxf =V, - (6GgVf) + ag- Vuf + Kgf in (0, T) x @ x R,
where
06 =®+(u+u'%g), ag=-oVs(yu'g+u'%0yg).

The second equation is obtained by the Picard iteration to the
(nonlinear) Landau equation, with g = f, and f = 1.
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The boundary condition

We impose the specular reflection boundary condition
f(t,x,v) =f(t,x,Rxv), (x,v)ey_.

Here Ryv = v — 2(nx - v)nx is the specular reflected velocity, and ny is
the outward unit normal vector at x € J92, and

v+ ={(x,v): x €dQ,£tnx-v >0}

is the outgoing/incoming set.
Generally, solutions are not regular near the grazing set

vo=1{(x,v) : x€dQ ny-v =0}
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Existence of finite energy weak solutions

In a recent joint work with Timur Yastrzhembskiy and Yan Guo, we first
obtained the existence of weak solutions with finite energy.

Idea: Finite difference approximations by using an idea to Krylov
(2011) to approximate the second-order derivatives by pure
second-order directional finite-difference quotients. Then apply an
existence theory for Vlasov equations.
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Existence of finite energy weak solutions

In a recent joint work with Timur Yastrzhembskiy and Yan Guo, we first
obtained the existence of weak solutions with finite energy.

Idea: Finite difference approximations by using an idea to Krylov
(2011) to approximate the second-order derivatives by pure
second-order directional finite-difference quotients. Then apply an
existence theory for Vlasov equations.

Difficulty: The equation does not satisfies the energy identity because
we only know that f; + v - Dxf € IH;, so the uniqueness is an issue.
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Existence of finite energy strong solutions and the
uniqueness

We assume that g, D,g € Lo((0, T); C,‘f,/f'“) and g satisfies the
specular boundary condition.

Theorem (D., Guo, Yastrzhembskiy)

Suppose that Q is a bounded C® domain, ||gl|... < ¢, and the initial data
is sufficiently small (in certain function spaces). Then the linear
Landau equation has a unique finite energy strong solution for any

T > 0, and its norms are bounded by its initial data. Moreover, any two
finite energy weak solutions must coincide.
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Some remarks

» The key step of the proof is to use a boundary extension
argument. Thus it is important to check that the coefficients are
still regular (with respect to (x, v)) after the extension (but not in
(t,x,v)).

» After the extension, some drift coefficients are discontinuous, so
we need to apply the Sobolev theory.

» The above results are crucial in the proof of the global existence
and stability of solutions to the (nonlinear) Landau equation near
the Maxwellian.
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Further questions

» Harnack (Krylov—Safonov) estimate for nondivergence form
equations with measurable coefficients.

» Boundary estimate with prescribed incoming boundary condition.

» Replace a"va,.vj with a fractional (nonlocal) operator. Applications
to the Bolzmann equations.
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