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Motivation

Ax = b.

A € K™ very large, sparse, and ill conditioned.
Important aspects required by users:

¢ Effectiveness: need a solution with a desired accuracy

e Efficiency: need it as fast as possible

Scalability: more computing resources yields faster solver

Black box: prefer non-intrusive solvers. Only provide A and b

Easy setup: Few knowledge on linear solvers. Not worry how
to set it up perfectly. As minimal parameters as possible.
(Type: Hermitian, saddle-point, etc; Accuracy; Max iter)
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Ingredients: Overlapping Subdomain

The sparsity graph of A has n nodes.

N non-overlapping sudbomains {2 }1<j<n: N disjoint subsets of
Q= [[1, n]]. ny = #Q/,'

The connections in the graph define the overlapping subdomain:
If k € Qyi, j ¢ Qi and A(k,j) # 0 then j € Qr;.

a1 a12
a a a
A= 21 a2 4a3 N =2
d32 433 das4

d43  d44

e Q= {1,2} Qi = {3,4}
° Qr]_ = {3}, Qrg = {2}
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Restriction to subset nodes:
® Rji = 1,(Q;,:): to nonoverlapping nodes
® Rri = I,(Qrj,:): to interface nodes
® R; = [Ry; Rri]: to overlapping sudomain nodes
® R.: to the rest
Partition of unity: D;: diagonal 1 if € Q; and 0 if € Qr;

N
> RIDiR; = I,
i=1
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Ingredients: Restriction and Partition of Unity

a1 a12
a a a
A= 21 d22 a3 N =2
a32 a3z ass
dq3  da4
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° er = {3}, Qrg = {2}
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Ingredients: Restriction and Partition of Unity

a1 a12
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A= 21 d22 a3 N =2
a32 a3z ass
dq3  da4

Qn={1,2} Qp ={3,4}

Qr1 = {3}, Qr2 = {2}

Rin = 1([12],:), R = 1(3,2), Ry = I([1 2 3], )
Rio = 1([3 41,:), Rra = 1(2,2), Ro = I([3 4 2], )
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Ingredients: Restriction and Partition of Unity

a1 a12
A= a2 a2 as N = 2.
a32 a3z ass
dq3  da4
° Q/l = {1,2} Q/g = {3,4}
* Qr; = {3}, Qrp = {2}
° Rin=1(12],:), Rr1 =1(3,:), Ri = I([1 2 3],:)
® Rp=1([34],:), Rra=1(2,:), R = I([3 4 2],")

()
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Ingredients: Local Problems

ail
a
A— 21

° R/l = /([1 2], :), er
° R[2 = /([3 4-], :), Rr2

a1 a1
Al = | a1 ax
as2

Al Daas

R =I([123],)
Ry =I([342],2)

Aii = RiART .

a1z

dp2 d23

azpy as3 ass
d43 444

=1(3,:),

= I(27 :)v

a3 Axp =

a33

as3
a43
an3

as4
a4

as32
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N|2 4 8 16 32 64
It |42 53 66 74 84 07

Table: 2D Poisson on 300x300 mesh. Metis partitioning.
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One-Level Schwarz Not Scalable

N
Mt =Y RTA'R:.
i=1

N|2 4 8 16 32 64
It |42 53 66 74 84 97

Table: 2D Poisson on 300x300 mesh. Metis partitioning.

Iteration count = O(N). Not scalable
Need a second level (coarse space correction) to maintain
robustness
N
-1 H p—1 T p-1
Myt = R Ag Ro+ > RT AR
i=1

Al Daas 10
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Local HPSD Splitting [H.A, L. Grigori '19]

B HPD
Bi1 B
B=|Bx Bx B
B3> Bss
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Local HPSD Splitting [H.A, L. Grigori '19]

Bi1 B2
B=|Bx Bx Bx|.

B3, Bss

Bi1 Bz N
B = 321 822 + B22 - 822 823 .
Bz» Bss

B HPSD HPSD

B HPD
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B HPD
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B3, Bss
Bi1 Bz N
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Local HPSD Splitting [H.A, L. Grigori '19]

B HPD
Bi1 B2
B=|Bx Bx Bx
B3, Bss
Bi1 Bz N
B = 821 522 + B22 - 522 823
Bz» Bss
B HPSD HPSD

Some options: 04821 Bl_].lBl2 + (1 — a)(BQQ — B23B3_31 B32), « € [O, 1]
Energy norm minimizer and localizer:

0< uHéug uHBu.

12
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P; = I ([Ryi; Rri; R, :) Permutation matrix

Aii Arri
PAPT = | Ari Ari Arci
Acri Adi
Aii Arri _
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A;=RT A;iR; Local HPSD splitting
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Acri Aci

-~

A;=RT A;iR; Local HPSD splitting
Some options: aAr; A Arri+ (1 —a) (Ari — AreA  Acri), a € [0,1].

® a =1, cheap (good) but yields large kernel (far lower than
the energy norm) (bad)

® « # 1 very expensive (bad)
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Local HPSD Splitting
[e]e] e}

Local HPSD Splitting in DD
P; = I ([Ryi; Rri; R, :) Permutation matrix

Ai A
PAPT = | Ari Ari Arci
Acri Aci
Aii Arri _
PAP] = Arii Ari + 1 Ari—Ari Arc
Acri Aci

A;=RT A;iR; Local HPSD splitting
N
E uHA,-u < kmuHAu
i=1

Local HPSD Splitting <= Robust (w.r.t N) Two-Level DD
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Spectral Coarse Space
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RH =R/ D:12Z1,..., R} DnZn], Avo = RoARY!

N
Myt =R Ag Ro+ ) RTAG'R;
i=1

K (MytA) < (ke +1)(2 + (2ke + 1)kmT)

Al Daas

14



Local HPSD Splitting
oooe

Spectral Coarse Space

D;A;iD;z = )\Z,-,-z, Z; = basis for span{z,\ > 7}

RH =R/ D:12Zy,..., R} DnZn], Avo = RoARY!

N
Myt = Ri'Agg Ro+ Y RTA;'R:
i=1

K (MytA) < (ke +1)(2 + (2ke + 1)kmT)

Al Daas

14



Local HPSD Splitting
oooe

Spectral Coarse Space

D;A;iD;z = )\Z,-,-z, Z; = basis for span{z,\ > 7}

RH =R/ D:12Z1,..., R} DnZn], Avo = RoARY!

N
Myt =R Ag Ro+ ) RTAG'R;
i=1

K (MytA) < (ke +1)(2 + (2ke + 1)kmT)

Al Daas

14



Local HPSD Splitting
oooe

Spectral Coarse Space

D;A;;iD;z = )\Z,-,-z, Z; = basis for span{z,\ > 7}

RH =R/ D:12Z1,..., R} DnZn], Avo = RoARY!

N
Myt =R Ag Ro+ ) RTAG'R;
i=1

K (MytA) < (ke +1)(2+ (2ke + 1)kmT)

Al Daas

14



Introduction
00000000

Applications

Al Daas

Local HPSD Splitting
0000

Outline

Applications
@00000000000

Bibliographies
o]

15



Introduction Local HPSD Splitting Applications Bibliographies
00000000 0000 000000000000 o]
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Two to multi-level [H.A., P.J., L.G.,P.-H.T. SISC "21]

Ao = RoARY!
N ~

UHZA,'U < kut Au
i=1

(Rov)S " Ai(Rov) < km(Rov)" A(Rov)

IIMZ

N
VIS (REAR))Y < kM (RY! ARy )V = kv Agov
i=1

N>
vH Z (Z(RA’A,RO)) v < kv (RE ARy = kv Agov

j=1 \i€g

Aoo,j

Al Daas
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Normal Equation [H.A., P. Jolivet, J. Scott '22]

min ||Jx — c|lg-1, or S=J"HG7ly

G ~ D = diag(d)
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Normal Equation [H.A., P. Jolivet, J. Scott '22]

min ||Jx — c|lg-1, or S=J"HG7ly
G ~ D = diag(d)
A=B"B, where B=D"2J

Partitining A <= Partitioning columns of B.

Bii Byri
T __ li ITi
Bh = < Bri Bci>

H T BII-II;IB" BII-II;IBIri H H
BiBri BB

Bf'B; HPSD BY B, HPSD
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Sparse SPD Matrix [H.A. P. Jolivet '21]
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ut" 2y < uH Au.
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"2y < uH Au.

G = A, )AQ;, ) = vix2vH
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Sparse SPD Matrix [H.A. P. Jolivet '21]
C=AA=A

ufCu < vl cu

uHcli2y < M Au.

G = A, )MAQ;, ) = viz2vH

A= VviEvl
Currently based on Dense-SVD A(Q;,:) = U;L;VH1 (LAPACK)
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Sparse SPD Matrix [H.A. P. Jolivet '21]
C=AA=A%

ufCu < vl cu

utci2y < uH Au.

G = A, )AQ;, ) = vix2vH

A; = VL vH
Currently based on Dense-SVD A(Q;,:) = U;x;VH1 (LAPACK)
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Diagonally Dominant HPD [H.A., P. Jolivet, T. Rees '22]
B HPD diagonally dominant b;; > >, [bj.
Bii B

B=|Bx Bx By
B3, Bss

Al Daas
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Diagonally Dominant HPD [H.A., P. Jolivet, T. Rees '22]

B HPD diagonally dominant b;; > >, [bj.
Bi1  Biz
B=|Bx Bx By
B3, Bss

S = |Bg3|]..

Al Daas

19



Applications
0000e0000000

Diagonally Dominant HPD [H.A., P. Jolivet, T. Rees '22]

B HPD diagonally dominant bj; > 3., |bj].

Bi1  Biz
B=|Bx Bx B
B3, Bss
s = |Bxl1
B B>
B=|Bx Bxp—diag(s) |+ | diag(s) Bos
B  Bss
Diag Dc:rrn HPSD Diag Dom HPSD

Al Daas 19
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PDE-CO

Solve
min [ly = 7llg, + Bllulla,  subject to Ly = u € Q

The resulting matrix

M K*
BR L*
K L

Mass lumping yields an equivalent diagonal matrix W to the
(1:2,1:2)-block. S = J*J, where J* = [KL]W~1/2,

Al Daas
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Poisson PDE-CO
IFISS: Grid 28 x 28, 3 = 0.01, @-FE, matrix length ~ 200K.
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Figure: Plots
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Poisson PDE-CO
IFISS: Grid 28 x 28, 3 = 0.01, @-FE, matrix length ~ 200K.

0
10
== Cheb-Mass-10-Schur-approx-2-AMG-2V-Jac-2steps-pre-post
> = Two-Level Schur--Schwarz

102

10 ¢

10 ¢
—N
= -
= -

108 \

\
-
-10 [ -
10 X
® \
1072 S
N
10.14 L L L L L
0 10 20 30 40 50 60
Iteration

Figure: Residual history
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Helmholtz PDE-CO: |

Test case inspired by [Kouri et al. SISC 21']
Grid 80 x 80, # = 0.01, P;-FE, matrix length ~ 80K.

Figure: State (real part): Desired (left), solution (right)

Al Daas
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Helmholtz PDE-CO: |

Test case inspired by [Kouri et al. SISC 21']
Grid 80 x 80, 8 = 0.01, P;-FE, matrix length ~ 80K.

Figure: 3D view of the state (real part)
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Helmholtz PDE-CO: |

Test case inspired by [Kouri et al. SISC 21']
Grid 80 x 80, 8 = 0.01, P;-FE, matrix length =~ 80K.

wlseYale

I o

Figure: Control (real part)

Al Daas
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Helmholtz PDE-CO: |

Test case inspired by [Kouri et al. SISC 21']
Grid 80 x 80, # = 0.01, P;-FE, matrix length ~ 80K.

10°
== One-Level Schur--Schwarz
=== Two-Level Schur-Schwarz
2
10
~
-~
el _
107 e
10°
10°®
1010 . . . . . ,
0 20 40 60 80 100 120

Figure: Residual history
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Helmholtz PDE-CO: |

Test case inspired by Kouri et al. 21’
Grid 80 x 80, 8 = 10~°, P;-FE, matrix length ~ 80K.

Figure: State (real part): Desired (left), solution (right)
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Helmholtz PDE-CO: |

Test case inspired by Kouri et al. 21’
Grid 80 x 80, B = 1079, P;-FE, matrix length ~ 80K.
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Figure: 3D view of the state (real part)
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Helmholtz PDE-CO: |

Test case inspired by Kouri et al. 21’
Grid 80 x 80, 8 = 10~°, P;-FE, matrix length ~ 80K.
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Figure: Control (real part)
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Helmholtz PDE-CO: |

Test case inspired by Kouri et al. 21’
Grid 80 x 80, 3 = 1079, P;-FE, matrix length ~ 80K.

== One-Level Schur-Schwarz
m=—=Two-Level Schur--Schwarz

il

L
30 40 50

60 70

10710
] 10 20
Iteration

Figure: Residual history
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Helmholtz PDE-CO: Il

Test case inspired by Kouri et al. 21’
Grid 160 x 160, B = 1072, P;-FE, matrix length ~ 50K.
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Figure: State (real part): Desired (left), solution (right)
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Helmholtz PDE-CO: Il

Test case inspired by Kouri et al. 21’
Grid 160 x 160, B = 1072, P;-FE, matrix length ~ 50K.
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Figure: 3D view of the state (real part)
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Helmholtz PDE-CO: Il

Test case inspired by Kouri et al. 21’
Grid 160 x 160, 8 = 1072, P;-FE, matrix length ~ 50K.
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Figure: Control (real part)
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Helmholtz PDE-CO: Il

Test case inspired by Kouri et al. 21’
Grid 160 x 160, 8 = 1072, P;-FE, matrix length =~ 50K.

== One-Level Schur--Schwarz
=== Two-Level Schur--Schwarz
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Figure: Residual history

24



Applications
000000000080

Summary

® Local HPSD matrices provide a simple way to construct
preconditioners that are effective, efficient, black-box and easy
to set up

® Provable: Diagonally weighted normal equations matrix
(Schur complement); HPD; Diagonally dominant HPD

e All preconditioner are accessible in PETSc PCHPDDM
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Thank you for your attention!
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