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e 29g—2+r>0, r>Q0, II,, profinite surface group
e m>1, X, :m-th configuration space of a hyperbolic curve X of

type (g,r) over a field k = k with char(k) = 0

def

Hgg’r) = m1(Xm)

= Out" (11" = Owt*™(m1")  Out(I%¥) = GTx S 43

L —— Uy —— Hge — Go —— 1

l l J

1 —— outF (Mg —— owt*(MY"”) —2» AT —— 1

Out?g’r) def Out™ (ITY™) x g Gy

Aim: to prove
Theorem A : The map Il .y, — Outfg’r) is surjective

Corollary B : The map H(Mw)@ — OutF(Hé%”)geo is surjective



1 % Hg,?" Hg7{r Nout H(Mga"’)@ H(MQyT)Q 1

| | l

1 —— I, —— II,, x°o Out?w) — Out?g’,,) — 1

Show:

(scheme) II,, %" II — II,, x°m Outfg,r) (combinatorial)

9.7)Q
is surjective

II, , - @ finite, characteristic, centre free (cofinal)
Show:

(scheme) @Q X"y, ), — @ x°" Out?g,r) (combinatorial)

is surjective



1. Anabelian construction of Out?gﬂn)—labelled coverings

o [X] € (./\/lgﬂn)% ~o s:Gr = a0 F/Q finite

1 =1, =1y - Gp — 1

e 0 C Out(Fg’r) ~ - def as(GF)o_l ~ Myo = Ty

1 —=1,, =-1Ixs -G =1

IIxo ~ (F,, F,, G% = Aut(F,/F,), X°, O(X?))

e II,, - () finite, characteristic, centre-free (cofinal)

e o€ x" Outh’r) :

HYU gopen HXO’ - (FYU, FYU — F0'7 YU, O(YU>, YU — XU geO. Gal-)

Function space approach:

O(Y?) —— Fet[(Y*)(F,), F]

T T

O(X7) —— Fet[(X7)N(F,), Fy]



o 0,7 € (QxOu OUth,r) Y7 5 X7 ~» Y™ - X" combinatorial !
dilatation:

To~ 1 € Outh r a priori combinatorial, non-geometric !

meaningless comparison:

Fet|(Y9)/(F,), Fy] —— Fet[(Y7)(E,), F]

T T

oY) — oY)

F

(9,r-)function space

e Aim: Construct a single (non labelled) (Out

Fct [Ygt, Q]

oYe?) Fct[Yé‘Ct,@] — OYT)

want a  Q x°" Out(Fgﬂn) action on Fct[Y@?Ct,@]



2. Synchronisation of labelled objects over Q

e Synchronisation of labelled copies of Q and P'(Q)

GQ — GT — Out(Hojg)
1 —=1lys = lmp = Gg — 1

Fr %) M= Qeomp  Tp(M)  Cusp(M) = {0,1,00}
~» Tripod labelling: PY(M) = {z1,22,... ,Tpn,Tnyi1,...}

e Synchronisation of (X?)?(Q), (Y?)°(Q), via simple coverings
[X] € (Mg,,ﬁ)fQ}, fix d>g+1, f:X;? — P}, simple degree d covering
choose section: PH(M) LN X°P(M) — PY(M)

~» Tripod labelling:
Sectx . f.0;, = {Zatiz>1 C X4(M)

Sectyy,f,6; = {[Yail}i>1 C V(M)
aEOutg,T: Sectxs fo5;0 = {28, }i>1 C (X )N (M)

t I = 1
o€ Q=" Out,, : Sectye o500 = {lya,lti>1 C (Y7)9 (M)
Hilbertian points
Hilb
Sectxl&,fa’(;f[, Cinfinite SeCtX}Q,f”,foo
Hilb
Secty;%faﬁfa Cinfinite SeCtYA‘},f”ﬁfa

Hurwitz datum of type (g,7,d):

([X], f: Xar — Py, 0p) 0 will ultimately vary



3. Group-theoretic construction of Out’-active points

m > 1 Oout™ (YD ¢ outF (g ™)
(*) 1 — 119" - out" (11 +Imby - out™ (Il — 1

Out?g,r+|m|) = OutF<H<(>%’T+|m|)> xar Go
ou F F
(**) 1= Hg,T+m — Hg,r—i—m X t Out(g7r+|m|) — Out(gﬂ._Hml) — 1

F F
(***) 1 — Hg,r—i—oo — Hg,?"—i—oo ><]OUt Out(gﬂ""HOOD — Out(g7r+|oo|) — 1

Hilb ¢
To € Secty) ¢ s, 2y = Lo,

I, CIl;,+o cuspidal inertia — T

Hilb ac
{ya} € SeCtYM,f,éf ~ {ya t} - {[Ia]?"ng@,r }

—+ oo

XEOVE (X5 (v
out F out F F
Hg,r-too X7 Ot(g ooy = @ X7 OUl(g 1y o)) = Oty

Fet[(Y9)Y, M] — Fet[(Y5)*, M] S Fet[VF, M)

Fct[YEE, M] common container to the various O(Y?), and O(X7),



F F
1 e Hg,?"—l—oo _ Hg,?“—l—OO NOUt Out(g,?“+|oo|) —_— Out(g7r+|oo|) —_— 1

l l l

F F
IL—— Q@ —— Qx"O0ubi, ey — Outiy, 4o — 1
dJ a finitely generated subgroup:

ou F
R € Qx" Out(y o))

and a finite sub-quotient (of @ x°"* OUt?g,r+|oo|)):

R — QNQ
(%) 1—-0Q—qgNg— Ng—1
acts on Y7t Im(Out(Fg,r)) = Im(Ng) C Out(Q)
&€ Ng: O(X™1) = Im[O(X)]

{Im[O(Y)]}seon, C Fet[YiF*, M]

Fixed Combinatorial base point x:

F F
1 — Hg,?“—l—l — Hg,?“—l—l NOUt Out(g7r+|1|) — Out<g’r+|1|> — 1

Lo = [IO]HQ,H—IlI



act act act }

{o, 23w xa,

{{yo s h<izes {05 hicice {vas hi<i<er -+ {9557 hi<i<s - -

F Sz t F F
Out g ppprpy — g,r ¥ Oty oy = Out(y )
Splitting of (xx): 1—-Q—oNg— Ng—1

Sxo - NQ — QNQ

yo € {y65 hi<j<t



Over moduli:

ymod,m — Xmod,m — My, :Mg,r—|-|m|

l l l

fét
yrnod,l — Xmod,l — Mleg,r+|1|

l l

Xmod —_— M - Mg,fr

1 =1y, =1y, 0, — I, — 1

od,1

fé
{Vmod 1 — Xmod1} +— {112, .s(In,) C Mx, ..}

def

e, = Ker (I, — Q)

Limit: (moduli problem)

ymod,oo — Xmod,oo — My = Mg,?“—|—|oo| — M = Mgﬂ»

O(Xmod,0) — [JOX™?) C 11 Fet[ X3, M U {o0}]
([X],f,05)eHurw

Oéd:ef5€QNQ:

pa : OVmod,oc) = [ [Ims(O(Y7)) € ] Fet[Vir, M U {oo}]

Hurw



O(XE 4 o0) E I[O(Xiod,o0)] OV 450)" E Pa([O(Vmod,0)])

Rxmod = O(Xohao) C ] Fet[X5", M U{oo}]

Hurw

def

Rymod = < O( rérfod,oo)a >acoNo C H Fet[YFY, M U {oo}]

Hurw

Ry mod/Rx mod finite étale (after possibly shrinking the base M)
5. Analysis of idempotents (study the idempotents of Ry mod)
project onto a single Hurwitz datum:

Hur = ([X], f,6¢) € Hurw, a fixed Hurwitz datum of type (g,,d)

DHur 11 (Fet[Yt M U {c0}]) = Fet[YEY, M U {co}]
([X],f,05)EHurw

Rx ¥ ox)

def

Ry =< O(Y)” >ac,on, finite étale over Rx

Ry moa — Ry



Emod = {& }ier max. orth. idemp. of Ry mod

Zfizl

1€l

Q acts on Enoq

Fuuw C Ry (non-zero) image of &g

Fiur = {e;}jes orth. idemp. Z ej =1
jed

Lemma 1. d infinite subsets
Xja\;t’T g X]a\ft

act,t def act,T act act
YM — XM XX?;‘C YM g YM

such that if

R, Rl EL = Fet[Y2T MU {oo}]

arise from Rx, Ry, Fygur, and

ER7Y = {e€ Bl 1 e#0},
then
(i) EIT{’]iO is a set of orth. idem.

ii) the action of Q on EN70 is transitive
( ) Hur



Corollary 1. Assume Q C Ky C K C Q; K/Kq Galois (possibly infinite);
Y/K; X = Xo Xk, K such that Y/ X, Galois;

1 —Q — Gal(Y/Xy) — Gal(X/Xp) — 1.
Then, there exists a homomorphism
px.o : Ng — Gal(X/Xo)
~  “New mysterious” action of Ng on @) via px ¢

Proof. Recall Ry &< O(Y)® >qeoN,- After restricting to () :

Spec(Ry):UY; - X = X

D; = Decp. gp. of an idempotent ¢; <— a connected component Y; :

1—>DZQQ—>D2 (CQNQ) — NQ—>1

” D,iNQ —— Gal(Y;/X)

D;/(DiNQ) = Nq — Gal(Yi/X0)/Q

Proposition 1. After restriction to Y]fft’T and (Hurw)' :

R§7,mod d:ef Im(Ry’mod) C H FCt[Y]\E}Ct’T, MU {OO}],
(IX),f,0¢)€(Hurw)t

the action of () on 5:;0 4 (= non zero image of &y0q) is transitive
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Aim: Show that

1

~

O
5
5

(Ng)™® = Ng

Proposition 2. There exists a map
pq : Ng — (Ng)™®

~  “New mysterious” action of Ng on @ via pg.
Proof. Similar to the proof of Corollary 1.
Proposition 3. The map pg : Ng — (Ng)?# satisfies the following

(i) The composite map
(NQ)™® C No = (Ng)™®
is identity
(ii) pg is injective
Proof: (i) pg restricted to decomposition groups (C Nglg) is identity.

Use Hurwitz spaces of simple coverings, and the Hilbertian property.
(ii) Passage from (g,r) to (g,7 + 1)

Use Hilbertian property:
e Need 2-types of Hilbertain points

e Make sure in the deletion process, keep both types of points



