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• 2g − 2 + r > 0, r > 0, Πg,r profinite surface group

• m ≥ 1, Xm : m-th configuration space of a hyperbolic curve X of

type (g, r) over a field k = k̄ with char(k) = 0

Π(g,r)
m

def
= π1(Xm)

• m ≥ 4

OutF(Π(g,r)
∞ )

def
= OutF(Π(g,r)

m ) = OutFC(Π(g,r)
m ) Out(Π(0,3)

m ) = GT×Sm+3

1 −−−−→ Π(Mg,r)Q
−−−−→ Π(Mg,r)Q −−−−→ GQ −−−−→ 1y y y

1 −−−−→ OutF(Π
(g,r)
∞ )geo −−−−→ OutF(Π

(g,r)
∞ )

Trp−−−−→ GT −−−−→ 1

OutF
(g,r)

def
= OutF(Π(g,r)

∞ )×GT GQ

Aim: to prove

Theorem A : The map Π(Mg,r)Q → OutF
(g,r) is surjective

Corollary B : The map Π(Mg,r)Q
→ OutF(Π

(g,r)
∞ )geo is surjective



1 −−−−→ Πg,r −−−−→ Πg,r oout Π(Mg,r)Q −−−−→ Π(Mg,r)Q −−−−→ 1

id

y y y
1 −−−−→ Πg,r −−−−→ Πg,r oout OutF

(g,r) −−−−→ OutF
(g,r) −−−−→ 1

Show:

(scheme) Πg,r oout Π(Mg,r)Q → Πg,r oout OutF
(g,r) (combinatorial)

is surjective

Πg,r � Q finite, characteristic, centre free (cofinal)

Show:

(scheme) Qoout Π(Mg,r)Q → Qoout OutF
(g,r) (combinatorial)

is surjective



1. Anabelian construction of OutF
(g,r)-labelled coverings

• [X] ∈ (Mg,r)
cl
Q  s : GF → Π(Mg,r)Q F/Q finite

1→ Πg,r → ΠX → GF → 1

• σ ∈ OutF
(g,r)  GσF

def
= σs(GF )σ−1  ΠXσ

∼→ ΠX

1→ Πg,r → ΠXσ → GσF → 1

ΠXσ  (Fσ, Fσ, G
σ
F = Aut(Fσ/Fσ), Xσ, O(Xσ))

• Πg,r � Q finite, characteristic, centre-free (cofinal)

• σ ∈ Qoout OutF
(g,r) :

ΠY σ ⊆open ΠXσ  (FY σ , FY σ = Fσ, Y
σ, O(Y σ), Y σ → Xσ geo. Gal.)

Function space approach:

O(Y σ) −−−−→ Fct[(Y σ)cl(Fσ), Fσ]x x
O(Xσ) −−−−→ Fct[(Xσ)cl(Fσ), Fσ]



• σ, τ ∈ QooutOutF
(g,r) : Y σ → Xσ  Y τ → Xτ combinatorial !

dilatation:

τσ−1 ∈ OutF
(g,r) a priori combinatorial, non-geometric !

meaningless comparison:

Fct[(Y σ)cl(Fσ), Fσ] −−−−→ Fct[(Y τ )cl(Fτ ), Fτ ]x x
O(Y σ) −−−−→ O(Y τ )

• Aim: Construct a single (non labelled) (OutF
(g,r)-)function space

Fct[Y act
Q ,Q]

O(Y σ) ↪→ Fct[Y act
Q ,Q] ←↩ O(Y τ )

want a Qoout OutF
(g,r) action on Fct[Y act

Q ,Q]



2. Synchronisation of labelled objects over Q

• Synchronisation of labelled copies of Q and P1(Q)

GQ ↪→ GT ↪→ Out(Π0,3)

 

1→ Π0,3 → ΠTrp → GQ → 1

 

(Fσ
∼→) M

def
= Qcomb Trp(M) Cusp(M) = {0, 1,∞}

 Tripod labelling: P1(M) = {x1, x2, . . . , xn, xn+1, . . . }

• Synchronisation of (Xσ)cl(Q), (Y σ)cl(Q), via simple coverings

[X] ∈ (Mg,r)
cl
Q , fix d ≥ g+1, f : Xcp

M → P1
M simple degree d covering

choose section: P1(M)
δf−→ Xcp(M)� P1(M)

 Tripod labelling:

SectXM ,f,δf = {xαi}i≥1 ⊂ Xcl(M)

SectYM ,f,δf = {[yαi ]}i≥1 ⊂ Y cl(M)

σ ∈ OutF
g,r : SectXσ

M
,fσ,δfσ = {xσαi}i≥1 ⊂ (Xσ)cl(M)

σ ∈ Qoout OutF
g,r : SectY σ

M
,fσ,δfσ = {[yσαi ]}i≥1 ⊂ (Y σ)cl(M)

Hilbertian points

SectHilb
Xσ
M
,fσ,δfσ

⊆infinite SectXσ
M
,fσ,δfσ

SectHilb
Y σ
M
,fσ,δfσ

⊆infinite SectY σ
M
,fσ,δfσ

Hurwitz datum of type (g, r, d):

([X], f : XM → P1
M , δf ) : will ultimately vary



3. Group-theoretic construction of OutF-active points

m ≥ 1 OutF(Π
(g,r+|m|)
∞ ) ⊂ OutF(Π

(g,r+m)
∞ )

(*) 1→ Π(g,r)
m → OutF(Π(g,r+|m|)

∞ )→ OutF(Π(g,r)
∞ )→ 1

OutF
(g,r+|m|)

def
= OutF(Π(g,r+|m|)

∞ )×GT GQ

(**) 1→ Πg,r+m → Πg,r+m oout OutF
(g,r+|m|) → OutF

(g,r+|m|) → 1

(***) 1→ Πg,r+∞ → Πg,r+∞ oout OutF
(g,r+|∞|) → OutF

(g,r+|∞|) → 1

xα ∈ SectHilb
XM ,f,δf

←→ xact
α = [Iα]Πg,r+∞

Iα ⊂ Πg,r+∞ cuspidal inertia ←→ xα

{yα} ∈ SectHilb
YM ,f,δf

 {yact
α } = {[Iα]rΠQ

g,r+∞
}

Xact
M Y act

M (Xσ
M )act (Y σM )act

Πg,r+∞ oout OutF
(g,r+|∞|) � Qoout OutF

(g,r+|∞|) � OutF
(g,r)

Fct[(Y σM )cl,M ] � Fct[(Y σM )act,M ]
∼→ Fct[Y act

M ,M ]

Fct[Y act
M ,M ] common container to the various O(Y σ)σ and O(Xσ)σ



1 −−−−→ Πg,r+∞ −−−−→ Πg,r+∞ oout OutF
(g,r+|∞|) −−−−→ OutF

(g,r+|∞|) −−−−→ 1y y y
1 −−−−→ Q −−−−→ Qoout OutF

(g,r+|∞|) −−−−→ OutF
(g,r+|∞|) −−−−→ 1

∃ a finitely generated subgroup:

R ⊂ Qoout OutF
(g,r+|∞|)

and a finite sub-quotient (of Qoout OutF
(g,r+|∞|)):

R� QNQ

(**) 1→ Q→ QNQ → NQ → 1

acts on Y act
M Im(OutF

(g,r)) = Im(NQ) ⊂ Out(Q)

σ̄ ∈ NQ : O(Xmod) = Im[O(X σ̄)]

{Im[O(Y σ̄)]}σ̄∈QNQ ⊂ Fct[Y act
M ,M ]

Fixed Combinatorial base point x0:

1→ Πg,r+1 → Πg,r+1 oout OutF
(g,r+|1|) → OutF

(g,r+|1|) → 1

x0 = [I0]Πg,r+|1|



{x0, x
act
α1
, xact
α2
, . . . , xact

αn , . . . }

{{y0,j}1≤j≤t, {yact
α1,j
}1≤j≤t, {yact

α2,j
}1≤j≤t, . . . , {yact

αn,j}1≤j≤t, . . . }

OutF
(g,r+|1|)

sx0−−→ Πg,r oout OutF
(g,r+|1|) � OutF

(g,r+|1|)

Splitting of (∗∗): 1→ Q→ QNQ → NQ → 1

sx0
: NQ → QNQ

 

y0 ∈ {yact
0,j }1≤j≤t



Over moduli:

Ymod,m −−−−→ Xmod,m −−−−→ Mm =Mg,r+|m|y y y
Ymod,1

fét−−−−→ Xmod,1 −−−−→ M1 =Mg,r+|1|y y
Xmod −−−−→ M =Mg,r

1→ Πg,r → ΠXmod,1
→ ΠM1 → 1

{Ymod,1
fét−→ Xmod,1} ←→ {ΠQ

g,r.s(ΠM1
) ⊂ ΠXmod,1

}

ΠQ
g,r

def
= Ker (Πg,r � Q)

Limit: (moduli problem)

Ymod,∞ −→ Xmod,∞ −→M∞ =Mg,r+|∞| →M =Mg,r

O(Xmod,∞) ↪→
∏
O(Xmod) ⊂

∏
([X],f,δf )∈Hurw

Fct[Xact
M ,M ∪ {∞}]

α
def
= σ̄ ∈ QNQ :

ρα : O(Ymod,∞) ↪→
∏

Imσ̄(O(Y σ̄)) ⊂
∏
Hurw

Fct[Y act
M ,M ∪ {∞}]



O(X ét
mod,∞)

def
= Im[O(Xmod,∞)] O(Y ét

mod,∞)α
def
= ρα([O(Ymod,∞)])

RX ,mod
def
= O(X ét

mod,∞) ⊂
∏
Hurw

Fct[Xact
M ,M ∪ {∞}]

RY,mod
def
= < O(Y ét

mod,∞)α >α∈QNQ ⊂
∏
Hurw

Fct[Y act
M ,M ∪ {∞}]

RY,mod/RX ,mod finite étale (after possibly shrinking the base M)

5. Analysis of idempotents (study the idempotents of RY,mod)

project onto a single Hurwitz datum:

Hur = ([X], f, δf ) ∈ Hurw, a fixed Hurwitz datum of type (g, r, d)

φHur :
∏

([X],f,δf )∈Hurw

(Fct[Y act
M ,M ∪ {∞}])� Fct[Y act

M ,M ∪ {∞}]

RX
def
= O(X)

RY
def
=< O(Y )α >α∈QNQ finite étale over RX

RY,mod → RY



Emod = {ξi}i∈I max. orth. idemp. of RY,mod

∑
i∈I

ξi = 1

Q acts on Emod

EHur ⊂ RY (non-zero) image of Emod

EHur = {ej}j∈J orth. idemp.
∑
j∈J

ej = 1

Lemma 1. ∃ infinite subsets

Xact,†
M ⊆ Xact

M

Y act,†
M

def
= Xact,†

M ×Xact
M
Y act
M ⊆ Y act

M

such that if

R†X , R
†
Y , E

†
Hur ⊂ Fct[Y act,†

M ,M ∪ {∞}]

arise from RX , RY , EHur, and

E†,6=0
Hur = {ε ∈ E†Hur : ε 6= 0},

then

(i) E†,6=0
Hur is a set of orth. idem.

(ii) the action of Q on E†,6=0
Hur is transitive



Corollary 1. Assume Q ⊂ K0 ⊂ K ⊂ Q; K/K0 Galois (possibly infinite);

Y/K; X = X0 ×K0
K such that Y/X0 Galois;

1→ Q→ Gal(Y/X0)→ Gal(X/X0)→ 1.

Then, there exists a homomorphism

ρX,Q : NQ → Gal(X/X0)

 “New mysterious” action of NQ on Q via ρX,Q

Proof. Recall RY
def
=< O(Y )α >α∈QNQ . After restricting to (†) :

Spec(RY ) =
⊔
i

Yi → X → X0

Di = Decp. gp. of an idempotent εi ←→ a connected component Yi :

1→ Di ∩Q→ Di (⊂ QNQ) → NQ → 1

 
Di ∩Q −−−−→ Gal(Yi/X)y y
Di −−−−→ Gal(Yi/X0)

 

Di/(Di ∩Q) = NQ → Gal(Yi/X0)/Q

Proposition 1. After restriction to Y act,†
M and (Hurw)† :

R†Y,mod
def
= Im(RY,mod) ⊂

∏
([X],f,δf )∈(Hurw)†

Fct[Y act,†
M ,M ∪ {∞}];

the action of Q on E†mod (= non zero image of Emod) is transitive



1 −−−−→ Q −−−−→ (QNQ)alg −−−−→ (NQ)alg def
= Im(Π(Mg,r)Q) −−−−→ 1y y inj

y
1 −−−−→ Q −−−−→ QNQ −−−−→ NQ −−−−→ 1

Aim: Show that

(NQ)alg = NQ

Proposition 2. There exists a map

ρQ : NQ → (NQ)alg

 “New mysterious” action of NQ on Q via ρQ.

Proof. Similar to the proof of Corollary 1.

Proposition 3. The map ρQ : NQ → (NQ)alg satisfies the following

(i) The composite map

(NQ)alg ⊆ NQ
ρQ−−→ (NQ)alg

is identity

(ii) ρQ is injective

Proof: (i) ρQ restricted to decomposition groups (⊂ Nalg
Q ) is identity.

Use Hurwitz spaces of simple coverings, and the Hilbertian property.

(ii) Passage from (g, r) to (g, r + 1)

Use Hilbertian property:

• Need 2-types of Hilbertain points

• Make sure in the deletion process, keep both types of points


