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The filtering problem

@ Assume that {(X¢, Y¢), t > 0} is given as
t y t
Xe = Xo —I—/ f(s, Xs)ds +/ g(s, Xs)dVs —I—/ g(s, Xs)dWs,
0 0 0

t
Y, = / h(s, Xs)ds + W,
0

where X; takes its values in RY, Y; in R™, V; and W, are mutually
independent Brownian motions, resp. k and m dimensional. This is
defined on a probability space (2, F,P), equipped with a filtration F.
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@ Assume that {(Xt, Y;), t > 0} is given as
Xy = Xo + /Ot (s, Xs)ds + /Oy g(s, Xs)dVs + /Otg(s,Xs)dWs7
Y, = /Ot h(s, Xs)ds + W,

where X; takes its values in RY, Y; in R™, V; and W, are mutually
independent Brownian motions, resp. k and m dimensional. This is
defined on a probability space (2, F,P), equipped with a filtration F.

o Let Vi :=0{Ys, 0<s <t} We wish to “compute” the conditional
law of X;, given ), for all t > 0.
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The filtering problem

@ Assume that {(X¢, Y¢), t > 0} is given as
t y t
Xe = Xo —I—/ f(s, Xs)ds +/ g(s, Xs)dVs —I—/ g(s, Xs)dWs,
0 0 0
t
Y, = / h(s, Xs)ds + W,
0

where X; takes its values in RY, Y; in R™, V; and W, are mutually
independent Brownian motions, resp. k and m dimensional. This is
defined on a probability space (2, F,P), equipped with a filtration F.
o Let Vi :=0{Ys, 0<s <t} We wish to “compute” the conditional
law of X;, given ), for all t > 0.
o Let

2= oo ([ (b5 w0~ 1 [ s,

dP

. dP .
PP defined by ﬁyﬂ =2, 2t =27 = ﬁyﬂ.
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The Zakai equation 1

@ The so-called Kallianpur—Striebel formula is easy to verify :
B [ Zip(X0)10%]

E[o(Xe)|Ve] = = [2 ’y]
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The Zakai equation 1

@ The so-called Kallianpur—Striebel formula is easy to verify :

B [ Zip(X0)10%]
Bz

o Under P, {Y;, t >0} is a Brownian motion independent of V; and
the measure—valued process 7; defined by m(¢p) := & [ng(Xt)]yt}

E [p(Xe)|Ve] =

solves

771‘(80) = 770(90) +/ 7TS(ASSD dS + § 7Ts dYJ
0
j=1
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The Zakai equation 1

@ The so-called Kallianpur—Striebel formula is easy to verify :
B [ Zip(X0)10%]
Bz
o Under P, {Y;, t >0} is a Brownian motion independent of V; and

the measure—valued process 7; defined by m(¢p) := & [ng(Xt)]yt}

solves

E [p(Xe)|Ve] =

771‘(80) = 770(90) +/ 7TS(ASSD dS + § 7Ts dYJ
0
j=1

@ where with a = ggT +887,

Zausx o ( +ZfSX i P
(Blp)(x) = Zgu(sx Oy p(x) + hi(s, x)p(x) .
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The Zakai equation 2

The Zakai equation is easily obtained as follows (with ¢ smooth enough) :

o First develop ng(Xt) using Itd's formula.
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The Zakai equation 2

The Zakai equation is easily obtained as follows (with ¢ smooth enough) :

o First develop Zy(X;) using 1t&'s formula.
o Note that
Q For & F, measurable, B[¢|Vyys] = E[&|Ve], since Y, is the filtration
of a Brownian motion under P.
@ E[fy Zow(X:)ds| Ve = [y ms(v)ds.
© E[fy Zw(X)dY]|Ve] = [y me(w)dYi.
Qo IE[fot st}(Xs)stD}t] =0.
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The Zakai equation 3

o 7 is called the “unnormalized conditional law of X;, given );". Indeed

t(@)

(see the K-S formula)
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The Zakai equation 3

o 7 is called the “unnormalized conditional law of X;, given );". Indeed

E[p(X:)|Vt] = jrf((f)) (see the K-S formula)

e With a smooth enough test function u(t, x), the Zakai equation
becomes

t m t
me(ur) = mo(up) +/ ms(Osus + Asus)ds + E / ms(Blus)dY!,
0 . 0
j=1
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The Zakai equation 3

o 7 is called the “unnormalized conditional law of X;, given );". Indeed

Ele(Xe)|Ve] = me(¢) (see the K-S formula)
me(1)
e With a smooth enough test function u(t, x), the Zakai equation

becomes
t m t
me(ue) = mo(uo) +/ Ts(Dsus + Asus)ds + Z/ ms(Blus)dY?,
0 . 0
j=1

@ Of course, in order to “compute” the conditional law, we would have
to solve an SPDE. There are by now well established “particle filtering
algorithms” which give reasonably good approximations of the
conditional law.
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The Zakai equation 3

o 7 is called the “unnormalized conditional law of X;, given );". Indeed

Ele(Xe)|Ve] = me(¢) (see the K-S formula)
me(1)
e With a smooth enough test function u(t, x), the Zakai equation

becomes
t m t
me(ue) = mo(uo) +/ Ts(Dsus + Asus)ds + Z/ s(Blus)dY,
0 . 0
j=1

@ Of course, in order to “compute” the conditional law, we would have
to solve an SPDE. There are by now well established “particle filtering
algorithms” which give reasonably good approximations of the
conditional law.

@ In the case where Xj is Gaussian, f and h are linear in x, a does not
depend upon x, then (X;, Y;) is a Gaussian process and the
conditional law 7; is Gaussian, see the well-known Kalman—Bucy
filter.
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Uniqueness of the Zakai equation 0

e Given r € L*(0, T;R™), we consider the complex valued process

t 1 t
0; = exp i/ (rs,dYS)+/ |f5‘2dS )
0 2 Jo

so that 0, = 1+ [y Os(rs, dY5).
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Uniqueness of the Zakai equation 0

e Given r € L*(0, T;R™), we consider the complex valued process

0; = exp <// rs, dYs) / |r5\2ds>
0

so that Ht—l—i—lfo (rs,dY5s).

o Consider the set of r.v.'s St = {0, r € L>(0, T;R™)}. I
X € LY, Y1,P) is such that E[f7X] = 0 for all f € ST, then
X =0 as.
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Uniqueness of the Zakai equation 1

@ From Itd’s formula,

t
Oee(ue) = mo(uo) +/ Osms(Osus + Asus + i E r!Blus)ds
0 -
J

t . . .
+) / Os[ms(Blus) + rimg(us)]dY!
— Jo
J
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Uniqueness of the Zakai equation 1

@ From Itd’s formula,

t
Oee(ue) = mo(uo) +/ Osms(Osus + Asus + i E r!Blus)ds
0 -
J

t . . .
+) / Os[ms(Blus) + rimg(us)]dY!
— Jo
J

o If

8tut+AtUt+in{B{Ut:07 OStS T,
J
ur = ¢ and

T . .
& \// 0?[r(Biuz) + r{ﬂ't(ut)]2dt) < oo, 1 <j<m, (%)
0
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Uniqueness of the Zakai equation 1

@ From Itd’s formula,

t
Oee(ue) = mo(uo) +/ Osms(Osus + Asus + i E r!Blus)ds
0 -
J

t . . .
+) / Os[ms(Blus) + rimg(us)]dY!
— Jo
J

o If

8tut+AtUt+in{B{Ut:07 OStS T,
J
ur = ¢ and

T . .
& \// 0?[r(Biuz) + r{ﬂ't(ut)]2dt) < oo, 1 <j<m, (%)
0

o then 0;7:(u;)) is a P martingale, and E[f 777 ()] = mo(uo).
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Uniqueness of the Zakai equation 2

@ Suppose that for any T >0, r € L*°(0, T; R™) and ¢ in a dense
subset of Cp(RY), the above backward parabolic PDE has a smooth
enough solution which satisfies (x). Then we have uniqueness of the
solution of the Zakai equation in the space of measure valued
processes satisfying some condition to insure ().
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Uniqueness of the Zakai equation 2

@ Suppose that for any T >0, r € L*°(0, T; R™) and ¢ in a dense
subset of Cp(RY), the above backward parabolic PDE has a smooth
enough solution which satisfies (x). Then we have uniqueness of the
solution of the Zakai equation in the space of measure valued
processes satisfying some condition to insure ().

o If all coefficients are bounded, as well as the solution of the backward
PDE and its first order derivatives, then we have uniqueness in the set
of measure valued processes satisfying E[supy<,<1 m:(1)] < oo.
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Uniqueness of the Zakai equation 2

@ Suppose that for any T >0, r € L*°(0, T; R™) and ¢ in a dense
subset of Cp(RY), the above backward parabolic PDE has a smooth
enough solution which satisfies (x). Then we have uniqueness of the
solution of the Zakai equation in the space of measure valued
processes satisfying some condition to insure ().

o If all coefficients are bounded, as well as the solution of the backward
PDE and its first order derivatives, then we have uniqueness in the set
of measure valued processes satisfying E[supy<,<1 m:(1)] < oo.

@ Such a result has been obtained by A. Bensoussan in his book
Stochastic Control of Partially Observable Systems with no ellipticity
assumption, allowing the coefficients f and h to have linear growth,
provided a, f and h have bounded derivatives of order 1 and 2 w.r.t.
the spatial variables.
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Uniqueness of the Zakai equation 2

@ Suppose that for any T >0, r € L*°(0, T; R™) and ¢ in a dense
subset of Cp(RY), the above backward parabolic PDE has a smooth
enough solution which satisfies (x). Then we have uniqueness of the
solution of the Zakai equation in the space of measure valued
processes satisfying some condition to insure ().

o If all coefficients are bounded, as well as the solution of the backward
PDE and its first order derivatives, then we have uniqueness in the set
of measure valued processes satisfying E[supy<,<1 m:(1)] < oo.

@ Such a result has been obtained by A. Bensoussan in his book
Stochastic Control of Partially Observable Systems with no ellipticity
assumption, allowing the coefficients f and h to have linear growth,
provided a, f and h have bounded derivatives of order 1 and 2 w.r.t.
the spatial variables.

@ This uniqueness result is obtained via a duality argument (well-known
in Probability and in PDE).
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A more general filtering problem

@ It is quite natural to generalize the above filtering problem as follows :
t

t t
X; = Xo + / F(5. X5, Ys)ds + / g(s, Xs, Yo)dV + / B(5, Xs, Ya)dW,
0 0 0

t t
Y = / hi(s, Ys)ds +/ k(s, Ys)[ha(s, Xs, Ys)ds + dWs],
0 0

where the matrix k need not be invertible for all (s, y).
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A more general filtering problem

@ It is quite natural to generalize the above filtering problem as follows :

t t
Xy = Xo + / f(s,Xs, Ys)ds + /
0 0

t t
Y = / hi(s, Ys)ds +/ k(s, Ys)[ha(s, Xs, Ys)ds + dWs],
0 0

where the matrix k need not be invertible for all (s, y).
@ In this case, the Zakai equation takes the form

~mo(o [mlAce ds{/ re(BLo)k (s, Ya)(dYi—h(s, Ye)ds

where here B. is as above, but with h replaced by hs.
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A more general filtering problem

@ It is quite natural to generalize the above filtering problem as follows :

t
Xt:Xo—i-/ (s, Xs, Ys)ds—i-/
0 0

t

t
g(s, Xs, Yo)dV + / B(5, Xs, Ya)dW,
0

t t
Y = / hi(s, Ys)ds +/ k(s, Ys)[ha(s, Xs, Ys)ds + dWs],
0 0

where the matrix k need not be invertible for all (s, y).
@ In this case, the Zakai equation takes the form

- @H/ 7s(Ase ds+2/ (Bl (s, Yo )(dYi—h(s, Ys)ds

where here B. is as above, but with h replaced by hs.

@ For this Zakai equation, the above uniqueness argument will not
work ! Indeed, the solution of the backward PDE would be at each
time 0 < t < T a function of all the future of the process Y for
t <s < T.So we cannot write an Itd formula for such 0;7¢(uz).
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What is a Backward SDE ?

@ For a minute, replace our backward parabolic PDE by an ODE (and
assume all processes are one-dimensional). Given the process Y;
(assumed to be a BM), consider the backward ODE

Z'(t) = —f(Yy,2(t)),z(T) = z.

Of course, at each time 0 < t < T, z(t) will be a function of
{Ys, t<s< T}
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What is a Backward SDE ?

e For a minute, replace our backward parabolic PDE by an ODE (and
assume all processes are one-dimensional). Given the process Y;
(assumed to be a BM), consider the backward ODE

Z(t) = —f(Y:,2(t),2(T) = z.

Of course, at each time 0 < t < T, z(t) will be a function of
{Ys, t<s< T}

@ Can we transform that backward ODE into a backward SDE whose
solution would be at each time t adapted to the past of Y7
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What is a Backward SDE ?

e For a minute, replace our backward parabolic PDE by an ODE (and
assume all processes are one-dimensional). Given the process Y;
(assumed to be a BM), consider the backward ODE

Z'(t) = —f(Yy,2(t)),z(T) = z.
Of course, at each time 0 < t < T, z(t) will be a function of
{Ys, t<s< T}
@ Can we transform that backward ODE into a backward SDE whose
solution would be at each time t adapted to the past of Y7

@ The answer is yes. This is the content of the theory of BSDE. Find a
pair of adapted processes (z(t), v(t)) such that

T T
z(t):z—i—/t f(Ys,z(s))ds—i—/t v(s)dYs.

The idea is that adding the stochastic integral term ftT v(s)dYs and
allowing to choose freely the process v permits to force the solution
to be adapted to the past of Y.
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Another example of a BSDE

@ Again, all processes are 1-dimensional, and Y; is a Brownian motion.
Let & .= CD(Y[O,T]) be square integrable. f being Lipschitz, we are

looking for a pair of progressively measurable processes (x;, v¢) such
that

T T
thf-i-/ f(XS)ds_/ vsdYs, 0t < T
t t
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Another example of a BSDE

@ Again, all processes are 1-dimensional, and Y; is a Brownian motion.
Let & .= CD(Y[O,T]) be square integrable. f being Lipschitz, we are
looking for a pair of progressively measurable processes (x;, v¢) such
that

T T
thf-i-/ f(XS)ds_/ vsdYs, 0t < T
t t

@ There exists a unique such solution (x¢, v¢) which satisfies

E
0<t<T

-
sup |Xt|2+/ \vt|2dt] < 00.
0
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Another example of a BSDE

@ Again, all processes are 1-dimensional, and Y; is a Brownian motion.
Let & .= CD(Y[O,T]) be square integrable. f being Lipschitz, we are
looking for a pair of progressively measurable processes (x;, v¢) such
that

T T
thf-i-/ f(XS)ds_/ vsdYs, 0t < T
t t

@ There exists a unique such solution (x¢, v¢) which satisfies

E

< 0.

]
sup_[x+ [ |ufat
0<t<T 0

o Note that x7 is a function of {Y;, 0<t< T}. For0<t< T, x; is
a function of {Ys, 0 < s < t}, and xp is deterministic. In the case
f =0, we have that x; = E[£|)y].
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Backward SPDE

@ Assume that k =/ hy =0, ho = h. We go back to the original Zakai
equation, but with coefficients depending upon Y;.
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Backward SPDE

@ Assume that k =/ hy =0, ho = h. We go back to the original Zakai
equation, but with coefficients depending upon Y;.
@ We consider the BSPDE

du + ( Atut+Z[BJvJ+/rJBJut+HJVJ] )dt = ZVJdth ur =@.
J J
which is equivalent to the system of real-valued BSPDEs

duf + (Aeut + Y [Blve? — AdBluf — dvi))dt = vildY], v = ¢

du? + (Aeuf + Y [BIVY + rlBlut + rivi))dt = vZYdY{, uF =0.
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Backward SPDE

@ Assume that k =/ hy =0, ho = h. We go back to the original Zakai
equation, but with coefficients depending upon Y;.
@ We consider the BSPDE

du + ( Atut+Z[BJvJ+/rJBJut+HJVJ] )dt = ZVJdth ur =@.
J J
which is equivalent to the system of real-valued BSPDEs

duf + (At + > [BIv — HBlu — rvid))dt = viIdY], uf = o;
du? + (Aeuf + Y [BIVY + rlBlut + rivi))dt = vZYdY{, uF =0.

o Adapting to this system known results for BSPDEs, we can show that
if all our coefficients are bounded, together with their derivatives up
to order n in x, and ¢ is smooth, the above system of BSPDEs has a
solution such that for i = 1,2, wih || - ||, denoting the norm in the

Sobolev space H", E[supg< ;<7 [|uil|2 + fOT vi[|2dt] < oo.
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An ad hoc Ito formula

@ From the Zakai equation written in weak form, which gives the
semimartingale decomposition of (), we have deduced the
semimartingale decomposition of 7;(u;) in case u € C12.
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An ad hoc Ito formula

@ From the Zakai equation written in weak form, which gives the
semimartingale decomposition of (), we have deduced the
semimartingale decomposition of 7;(u;) in case u € C12.

@ Now we need to develop 7(u;) in case

u(t,x):u(O,x)+/ sxds+2/ N(s,x)dY!, 0<t<T

such that the processes Acur + Xt + 3 BIN. and Blu, + N, are
Cp(R?) valued.
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An ad hoc Ito formula

@ From the Zakai equation written in weak form, which gives the
semimartingale decomposition of (), we have deduced the
semimartingale decomposition of 7;(u;) in case u € C12.

@ Now we need to develop 7(u;) in case

u(t,x):u(O,x)+/ sxds+2/ N(s,x)dY!, 0<t<T

such that the processes Acur + Xt + 3 BIN. and Blu, + N, are
Cp(R?) valued.
@ We have the formula

t . .
me(ur) = mo(up) + / 7s(Asus + Ls + Z BIN,)ds
0

J

t
+Z/ Ts(Blus +N)dYS, 0<t<T.
— Jo
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Uniqueness of the Zakai equation using a duality argument

with BSPDEs

@ We assume that the above assumptions hold for some n > 2 + d/2.
Then we can show that if u is a solution of the above BSPDE, then
d@tﬂ't(ut) = 9t Zﬂ-t(B{Ut + Vé + /rt].Ut)dY#
J
and provided that E [supg<;< 7 7m¢(1)?] < 00, {fme(ue), 0 <t < T}
is a martingale
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Uniqueness of the Zakai equation using a duality argument

with BSPDEs

@ We assume that the above assumptions hold for some n > 2 + d/2.
Then we can show that if u is a solution of the above BSPDE, then
detﬂ't(ut) = Qt ZW{—(B{U{' + V{ + /rt].Ut)dY#
J
and provided that E [supg<;< 7 7m¢(1)?] < 00, {fme(ue), 0 <t < T}
is a martingale
@ Then we have

Theorem

If the coefficients a, f and h are of class C] as functions of x for some
n > 2+ d/2, then the Zakai equation has a unique solution in the class of
V:—adapted measure valued processes satisfying for any T > 0

E[ sup 7Tt(1)2] < 00.

0<t<T
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