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In this work, we consider a general filtering problem of the following form

Xt = X0 +

∫ t

0

f(s,Xs, Ys)ds+

∫ t

0

σ1(s,Xs, Ys)dVs +

∫ t

0

σ2(s,Xs, Ys)dWs,

Yt = Y0 +

∫ t

0

h(s,Xs, Ys)ds+

∫ t

0

k(s, Ys)dWs,

where only the process Y is observed, and one is interested in computing the evolution of the
conditional law of Xt given {Ys, 0 ≤ s ≤ t}. Here V and W are two mutually independent Brownian
motions, all processes being multidimensional. The novelty in our work is that the matrix k is not
assumed to be invertible, which forces us to assume that h is of the form

h(t, x, y) = h1(t, y) + k(t, y)h2(t, x, y) .

The same kind of filtering problem has been considered in [4], in the particular case where σ2 ≡ 0
(signal and observation noises are independent), and the observation process Y is one dimensional.

Our main result is a uniqueness result for the Zakai equation, in a class of measure valued
solutions. Note that we do not assume that either of the matrices σ1σ

∗
1 and σ2σ

∗
2 is non degenerate.

Our uniqueness argument is a duality argument. Generalizing the results of [2] and [3], we prove that
a certain system of BSPDEs, which is dual to a proper version of the Zakai equation, has a smooth
enough solution. This approach generalizes the arguments in sections 4.2 and 4.5 of [1], which are
based on duality with a system of backward deterministic PDEs, and treat respectively the classical
filtering problem with independent and correlated signal and observation noises.

This is joint work with Dan Crisan, Imperial College.
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