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Introduction

Expansions of special functions

Power
Series

Given in terms of elementary functions:
powers or inverse powers, etc.
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Introduction

Expansions of special functions

o Derive convergent expansions in terms of elementary functions that
hold uniformly in z in a large region that includes small and large
values of |z|.

o Provide error bounds for these expansions.
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A first example: Bessel functions

Content

® A first example: Bessel functions
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A first example: Bessel functions
Bessel functions

Definition

d? d
z2d—:; + zd—f + (2 —1Hw =0

Jy(z) and Y, (z) Bessel functions of the first and second kind

-1

https://dlmf.nist.gov/10.3.F1.mag
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A first example: Bessel functions

el functions

Chapter 10
Bessel Functions
F. W. J. Olver! and L. C. Maximon?
Notation 217 10.40 Asymptotic Expansions for Large Argument 255
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103 Graphics « o o oo e 218 44 Sums ... R s
104 Connection Formulas . . . . . . . .. .. 999 10.45 Functions of Imaginary Order . . . . . .. 261
10.5 Wronskians and Cross-Products . . . . . 299 10.46 Generalized and Incomplete Bessel Func-
10.6  Recurrence Relations and Derivatives . . 222 tions; Mittag-Leffler Function . . .. .. . 261
}g; II;:\:\/‘;ngefioersms """"""" ggg Spherical Bessel Functions 262
10'9 Integral Representations 293 10.47 Definitions and Basic Properties . . . . . 262
10.10 Continued Fractions . . . . . ... . ... 226 10.48 Graphs. ... ... 262
1011 Analytic Continuation . . . . . . . . . .. 226 10.49 Explicit Formulas . 261
10.12 Generating Function and Associated Series 226 10.50 Wronskians and Cross-Products . . . . . 265
10.13 Other Differential Equations . . . . . . . 296 10.51 Recurrence Relations and Derivatives . . 265
10.14 Inequalities; Monotonicity . . . . . . . .. 227 10.52 Limiting Forms . .. ........... 265
10.15 Derivatives with Respect to Order . . . . 227 10.53 Power Series . . . . 265
10.16 Relations to Other Functions . . . . . . . 228 10.54 Integral Representations . . . ...... 266
10.17 Asymptotic Expansions for Large Argument 228 10.55 Continued Fractions . . . . ... .. .. 266
10.18 Modulus and Phase Functions . . . . . . 230 10.56 Generating Functions . . . .. ... ... 266
10.19 Asymptotic Expansions for Large Order . 231 10.57 Uniform Asymptotic Expansions for Large
10.20 Uniform Asymptotic Expansions for Large Order . . ... ... 266
Order ..o 232 1058 Zeros .. ..., 266
1021 Zeros 235 1059 Integrals . . . ... ... ... ... ... 267
10.22 Integrals . . 240 10.60 Sums 267

0 )
ter Pérez Sinusia form convergent expansio




A first example: Bessel functions

Bessel function

Known Expansions: Power Series

1 - k (32°)" J,0
Ju(2) =(32)" p_(=1) AT+ hTD) + Ry (v, 2)
k=0
\
-10l \

@ NIST Digital Library of Mathematical Functions http://dlmf .nist.gov/10.8
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A first example: Bessel functions
Bessel function

Known Expansions: Asymptotic expansions for large argument

Tz

%
J(2) = <3) (coswz a2k smwz 1)251?1 )> + R

an(y) = 2= 1) —3k3é;.(4y — k=1 o

aw)=1 w=z—tvr—1in

-osb

@ NIST Digital Library of Mathematical Functions http://dlmf.nist.gov/10.17
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A first example: Bessel functions
Integral representation

Integral representation

Ju(2) =

2 1_\v 1
1(2—2)/ (1—t2)”_%cos(zt)dt
w2l (v+3) Jo

e Valid for Rv > —1/2.

@ Analytic continuation formula:
J (€™ 2) = ™, (2), m=0,%1,42,...

Just the approximaton for &z > 0.
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A first example: Bessel functions
Integral representation

Integral representation and expansions of the Bessel function

2(L2)w 1
Tz = 2 / (1= 1273 cos (o¢) dt
w2l (v + §) Jo
Method Properties
PS | Expand cos(zt) at the origin Convergent
AE | Cauchy's theorem + Watson's lemma | Asymptotic

Not uniform
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A first example: Bessel functions
Integral representation

Integral representation and expansions of the Bessel function

2(L2)w 1
Tz = 2 / (1= 123 cos (=t) dt
w2l (v + %) Jo
Method Properties
PS | Expand cos(zt) at the origin Convergent
AE | Cauchy's theorem + Watson's lemma | Asymptotic

Not uniform
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A first example: Bessel functions
Uniform convergent expansions

Uniform convergent expansions

2(32)" 5

Ju = 1, . Yv
Ty

(2),

1 1
7, (z)=/0 (1= 123 cos (ot) dt

O Taylor expansion at the origin of (1 — ¢2)""2.

@ Interchange series and integral.

© Bound remainder term independently of Rz.
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A first example: Bessel functions
Uniform convergent expansions

1
v—3

1 Taylor expansion at the origin of (1 — t?)

1 1
I, () = /0 (1 — 123 cos (=£) dt

n—1

1/2 —
(-epme = Q2o ) te ),
k=0 ’
where /
_ on n+1/2—-v, 1
Tn(t, I/) = MQF:[ t2
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A first example: Bessel functions
Uniform convergent expansions

2 Replace Taylor expansion and interchange series and integral

n—1
(=Y WA}C(Z) + Ru(2,v)
k=0

Explicit formula for the coefficients Ag(2)

B (2k)! £ (=22 = (22
_(_1)k22k+1 smzjz:% @) _ZCOSZJX%(Qj-l-l)'
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A first example: Bessel functions
Uniform convergent expansions

2 Replace Taylor expansion and interchange series and integral

[ary

L) =Y WA,C(ZHR,L(Z,V)
k

=0

Recurrence relation for the coefficients A(2)

1 2 1)(2 1
An+1(z):;[sinz—i—?(n—i—l)cojz G )g nt )An(z),
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A first example: Bessel functions
Uniform convergent expansions

the Bessel function J,(2). ..

Rearranging terms, forn =1,2,3,.. .,

a2 = Puca (5) 22 = Qua(auv) cos + Ry (so0)

n n,m(y) n (1/2 — 1/) (2](7)'
MWF:ZZ%WGW@:;?@K%T

m=0
. bam(v) " (1/2 = v)(2k)!
@nl2,v) = Zl(—zQ)m’ Zk' 2(k—m) + 1)!
Elementary functions

June 28th, 2021
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A first example: Bessel functions
Uniform convergent expansions

8 Bounding the remainder term

R, (z,v) := /01 rn(t,v) cos(zt)dt

n+1/2—v, 1
a3 t2
n-+1

(1/2 — v)pt??

ro(t,v) = o

1
B(2,0)| Se'gz|/ (2, )| dt
0
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A first example: Bessel functions

Bounds for the remainder term

Bounds and properties

For n > Rv —1/2

2[(1/2 = v)a| e
|Rn(z,v)] < (n—1)!(2n — 1)(2Rv + 1)e| |

O It behaves as nfv—1/2

as n — +o0o — convergent.
@ Uniform in z in any fixed horizontal strip.

For real v >1/2and n>v —1/2

AA/2 =)l oz
S =Dl =]
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A first example: Bessel functions
Numerical experiments

0.010 -

0.005 - 0.005

/\f\/}) PR ‘ /\‘/\/\ e,

10 \2/# A0 50 10 \zj 30 30 50
~0.005 | ~0.005 |-

0.005 - 0.005

10 \27 30 0 50 10 \27’ 30 0 50
~0.005 | ~0.005

Plot of the function J2(z) and the approximation for n = 10, n = 15 (top) and n = 20,
n = 25 (bottom) in the real interval [0, 50].
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A first example: Bessel functions

Numerical experiments

(a) Power series (b) Asymptotic expansion (c) Uniform convergent expansion

Comparison between the three approximations of (2/2)"J,(z) for v =1, z € [0,10] and
n=1,2,...,5.
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A first example: Bessel functions

Numerical experiments

00005
00004

00003

Absolute error in the approximation of (2/z)"J,(z) in the interval z € [0, 10] given by
the three expansions for n = v =1 (left), n =1 and v =2 (middle) and n =v =3
(right).
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A first example: Bessel functions

Remarks

emarks

@ The formulas derived may be extended to v < —1/2 using

Tye1(2) + Jyan(2) = %”Jy(z)
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A first example: Bessel functions
Remarks

@ Forz > 0:

1 4 _ 14022
—2‘:; 3(z) = {3:6 8227 + 360 + 91(30)] rsinz
5(z? — 18
4 [% + 92(:1:)] cos x,

with |63 (2)| < 0.0062 and |6(z)| < 0.051.
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General theory of uniform approximations of integral transforms

Content

© General theory of uniform approximations of integral transforms
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General theory of uniform approximations of integral transforms

General theory of uniform approximations

Is it possible to design a general theory of uniform approximations of
special functions based on integral transforms?

b
Fz) = / h(t, 2)g(t)dt

@ (a,b) is a bounded or unbounded interval
@ h(-,2)g() is integrable on (a,b)
o g(t) analytic in 2 C C and includes (a,b) C €2

o Often, F'(2) is a special function

Ester Pérez Sinusfa (UZ) Uniform convergent expansions June 28th, 2021



General theory of uniform approximations of integral transforms

General theory of uniform approximations

b
Fz) = / h(t,z)g(t)dtJ
a2

Bounded interval Unbounded interval

[a, b] bounded — [0, 1] (a,b) unbounded — [0, c0)

F(z) = /0 1 h(t, 2)g(t)dt F(z) = /0 N h(u, 2)§(u)du
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General theory of uniform approximations of integral transforms

General theory of uniform approximations

b
Fz) = / h(t,z)g(t)dtJ
a2

Unbounded interval

(a,b) unbounded — [0, c0)

Bounded interval

[a, b] bounded — [0, 1]

1 o .
/ h(t, z)g(t)dt F(z) = / h(u, z)g(u)du
0 0
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General theory of uniform approximations of integral transforms

General theory of uniform approximations

Ester Pérez Sinusfa (UZ)

Convergent
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the expansions

Elementary
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Uniform convergent expansions
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General theory of uniform approximations of integral transforms

General theory of uniform approximations

Cases

We consider four different cases concerning the position of the end points
t = 0,1 of the integration interval with respect to €2

e Case (i) [0,1] C Q. - o
e Case (ii) (0,1] € 9, [0,1] Z Q. o———o
o Case (iii) [0,1) C ©,[0,1] Z Q. oe— o

e Case (iv) (0,1) C ©,[0,1] ¢ Q. o—o

Ester Pérez Sinusfa (UZ)
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General theory of uniform approximations of integral transforms

General theory of uniform approximations

Hypotheses

1
F(z) = /0 h(t,z)g(t)dt, z € D

@ g¢(t) analytic in an open region §2 that contains (0,1) and
f(t) =791 —t)177g(t), with 0 < 0,7 < 1 bounded in

oc=v7=1 ——————o
oc<l,y=1 G—o
c=1v<1 L —)
o,v<1 ——o
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General theory of uniform approximations of integral transforms

General theory of uniform approximations

Hypotheses

1
F(z) = /0 h(t,z)g(t)dt, z € D

@ g¢(t) analytic in an open region §2 that contains (0,1) and
f(t) =791 —t)177g(t), with 0 < 0,7 < 1 bounded in

oc=v7=1 ——————o
oc<l,y=1 G—o
c=1v<1 L —)
o,v<1 ——o

To include the possibility of an integrable singularity at ¢ = 0 and/or at
= 1.
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General theory of uniform approximations of integral transforms

General theory of uniform approximations

Hypotheses

1
F(2) :/0 h(t,z)g(t)dt, z € D

@ We can choose a point ¢y such that the disk D, (ty) for g(t) satisfies
(0,1) C D,(to) C Q.

Ester Pérez Sinusfa (UZ) Uniform convergent expansions June 28th, 2021



General theory of uniform approximations of integral transforms

General theory of uniform approximations

Hypotheses

1
F(2) :/0 h(t,z)g(t)dt, z € D

@ We can choose a point ¢y such that the disk D, (ty) for g(t) satisfies
(0,1) C D,(to) C Q.

To impose that (0,1) C D, (ty) C © (not always possible!).
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General theory of uniform approximations of integral transforms

General theory of uniform approximations

Hypotheses

1
F(2) :/0 h(t,z)g(t)dt, z € D

© We assume that |h(t, z)| < Ht*(1 —t)? for (t,2) € [0,1] x D, with
H > 0 independent of z and t and o+ >0, 8+ > 0.
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General theory of uniform approximations of integral transforms

General theory of uniform approximations

Hypotheses

1
F(2) :/0 h(t,z)g(t)dt, z € D

© We assume that |h(t, z)| < Ht*(1 —t)? for (t,2) € [0,1] x D, with
H > 0 independent of z and t and o+ >0, 8+ > 0.

It is natural to assume this form for the bound of the function A(t, 2), as
the function A(-, z)g(-) must be integrable in [0, 1].
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General theory of uniform approximations of integral transforms

General theory of uniform approximations

1
F(2) :/ h(t,z)g(t)dt, z € D
0

@ The moments of h, M|h( fo (t, 2)(t — to)*dt are
elementary functions of z.

Ester Pérez Sinusfa (UZ) Uniform convergent expansions June 28th, 2021



General theory of uniform approximations of integral transforms

General theory of uniform approximations

1
F(2) :/ h(t,z)g(t)dt, z € D
0

@ The moments of h, M|h( fo (t, 2)(t — to)*dt are
elementary functions of z.

'Elementary’ means that the moments M[h(-, z); k| are functions of fewer
variables than F'(z) (this means that at least one of the 'extra’ variables of

F(z) isin g(t)).
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General theory of uniform approximations of integral transforms
How to obtain the expansion?

STEP 1—— STEP 2—— STEP 3 [ h(z,t)g(t)dt

Consider the Taylor expansion of g(t) at tg, such that (0,1) C D,(ty) C Q

Im(w):

n—1
9 = 3" At — 10)* + gul) /\
k=0 e(w)

where

gn(t) = (t_tf))nf ( glw)dw te(0,1)

270 w—t)(w—to)"’
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General theory of uniform approximations of integral transforms
How to obtain the expansion?

STEP 1 ——{STEP 2——/STEP 3 [ h(z,t)g(t)dt

Introduce the expansion into the integral
n—1
F(z) =Y AgM[h(-2),k] + Rn(2)
k=0

where the moments of h are

MIh(- 2), k] = /O Bt 2) (¢ — to)¥dt,

and the remainder term
1
R, (z) = / h(t, z)gn(t)dt.
0
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General theory of uniform approximations of integral transforms
How to obtain the expansion?

STEP 1 ——{STEP 2——/STEP 3 [ h(z,t)g(t)dt

Introduce the expansion into the integral
n—1
F(z) = ) ARMIA(-,2), K] + Rn(2)
k=0
where the moments of h are

MIh( 2), k] = /01 h(t, 2)(¢ — to)Fdt,

and the remainder term
1
R, (z) = / h(t, z)gn(t)dt.
0
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General theory of uniform approximations of integral transforms
How to obtain the expansion?

STEP 1 ——{STEP 2——/STEP 3 [ h(z,t)g(t)dt

Introduce the expansion into the integral
n—1
F(2) = AMIh(,2), k] + Ra(2)
k=0

where the moments of h are

1
MIh( 2), k] = /O h(t, 2)(t — to)dt,

and the remainder term
1
Ro(2) = [t Aga(t)dr
0
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General theory of uniform approximations of integral transforms

How to obtain the expansion? Coefficients

STEP 1 —— STEP 2—— STEP 3 Sy AMIh(-, 2), K]

In the case that the initial interval of integration is unbounded

Norlund
polynomials

/

Coefficients Ay,
given in terms of

N\

Partial ordinary
Bell numbers
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General theory of uniform approximations of integral transforms
How to obtain the expansion? Bounds

STEP 1 —— STEP 2 —— STEP 3 fo (t,z)gn(t)dt

Case (i) [0, 1] C Q. -

lgn(t)] < ! f'g(w)dM:% tel0,1, a>1

= 2man |w — ¢ an’

|A(t, 2)| < HE™H
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General theory of uniform approximations of integral transforms
How to obtain the expansion? Bounds

STEP 1 —— STEP 2 —— STEP 3 fo (t,z)gn(t)dt

Case (ii) (0,1] C Q. o—o t1=7g(t) bounded in Q

to 1
Rn(z):/O h(t,z)gn(t)dt—i—/ h(t, 2)gn(t)dt, |h(t,z)| < Ht*!,

to

M _\nyo—1 .
o< {, © - feeb
T A if t € [to, 1]

am

MHt{™T'(a + o)n!
'n+a+o+1)

|Rn(2)] < =0n77%, n— o0

Ester Pérez Sinusfa (UZ) Uniform convergent expansions June 28th, 2021



General theory of uniform approximations of integral transforms
How to obtain the expansion? Bounds

STEP 1 —— STEP 2 —— STEP 3 fo (t,z)gn(t)dt

Ri(2)=0@ ™™ +An"“+Bn P, n-oo

in case (i),

in case (ii

= o= o
SRR

o~ o~ o~~~
~_ — — —

in case (iii),
)

in case (iv),

o Expansion uniformly convergent for z € D in the four cases.

o Convergence exponential in (i) and of power type in (ii)-(iv).
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General theory of uniform approximations of integral transforms

Some remarks

Function g(t) may posses singularities located near the integration interval
(0,1) such that D,(tg) Z € for any to € Q.

Solution: Multipoint Taylor expansions

Im(w)
Re(w)
0
Re(w)
W

Re(w)

0 12 1

Q

Ester Pérez Sinusfa (UZ) Uniform convergent expansions June 28th, 2021



General theory of uniform approximations of integral transforms
Example: Multipoint Taylor expansion

Consider the hypergeometric function

['(z1)I(22) /1 -1 -1 —d
————"2oF1(d, 21,21 + z9;u) = 11— )2 (1 — 2t) % dt
(o1 & 22) 1(d; 21, 21 + 225 1) ; (=8> )

We can apply the method with

o gt) = (1 - 2t)~

o h(t,z1,22) = t*171(1 — t)*2~!, considering z; and z as uniform
variables

ea=0=§—1,0=v=1 (case (i)

Ester Pérez Sinusfa (UZ) Uniform convergent expansions June 28th, 2021



General theory of uniform approximations of integral transforms

Example: Multipoint Taylor expansion

We take the points ¢; = 0 and t3 = 1 as base points (m = 2) in order to
better avoid the singularity at t = 1/z

St

Ester Pérez Sinusfa (UZ) Uniform convergent expansions June 28th, 2021



Application to other special functions

Content

® Application to other special functions
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Application to other special functions

Uniform convergent expansions of special functions

Incomplete
Gamma
Incomplete
Beta
Bessel J,
and Y,
Confluent
Special hyperge-
functions ometric
M and U
Symmetricai
Elliptic Ry
Struve H,
and K,

Ester Pérez Sinusfa (UZ) Uniform convergent expansions
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Application to other special functions

Uniform convergent expansions of special functions

Special function

Integral

Incomplete Gamma

1
~v(a,z) = za/ to e dt
0

Incomplete Beta

1
B.(a,b) = z“/ t“_l(l - zt)b_ldt
0

() g boamt st

fl M M . e S a 1— a z
Confluent (a,b; z) Tt (b =) /0 71 —¢) e“tdt

. T(c Lb=1(1 _ 4)e—b-1
Hypergeometric o F1(a,b;c;2) = F(b)F((c) ) / ((1 Zz)a gt

_ 0 _
1 o0
Confluent U Ule,b,2) = _/ e~y (1 + u)P = duy
\ I'(c) Jo (
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Application to other special functions

Uniform convergent expansions of special functions

Special function

Integral

Incomplete Gamma

1
~v(a,z) = za/ t* et
0

Incomplete Beta

1
B.(a,b) = z“/ t“fl(l - zt)b_ldt
0

I'(b) ' -1 b—a—1_zt

ﬂ M M . e S a 1— a z
Confluent (a,b; z) Tt (b =) /0 71 —¢) e“tdt

. T(c Lyb=1(1 _ 4)e—b-1
Hypergeometric o F1(a,b;c;2) = F(b)F((c) ) / ((1 ZZ)a gt

_ 0 _
1 o0
Confluent U Ule,b,2) = _/ e~y (1 + u)P = duy
\ I'(c) Jo (
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Application to other special functions
The incomplete Gamma function

The incomplete Gamma function

For Ra >0, ze Candn=1,2,3,...,

n—1

(0,2 =2 Y T ) 4 Rofa,2)
k=0

1) = 2R () e (3] ) =32

14+ (=1)"e*? n+1 1—e*

. —2—m(2), () =—

'7n+1(z) =

R, (a,z) ~n~% as n — oo uniformly in z with Rz > A, for any fixed A € R.
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Application to other special functions

The incomplete Gamma function

Graphics of 73 /5 (2) (red) and the approximations for n = 1 (orange), n = 2 (green), n = 3 (blue) in several intervals:
[0, 10] (top left), [—10, 0] (top right), [0, 1057;"/4] (bottom left) and [0, 10%] (bottom right)

Ester Pérez Sinusfa (UZ) Uniform convergent expansions



Application to other special functions

incomplete Gamma function

0020 0010

0.00020

0008

0018 000015

0.006
0010 0.00010

0.004

0005 0.00005

0.002

Relative errors in the approximation of 75/2(2) by using the uniform expansion (red and dashed), the power series expansion

(green) and the asymptotic expansion (blue) in the intervals z € [0, 10] (left), z € [0, IOei"/4] (middle) and
z € [0,10e"™] (right) with n = 10.
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Application to other special functions
The incomplete Beta function

The incomplete Beta function

For Ra >0, Rb <1, z€ C\[l,00) and n =1,2,3,...,

n—1
B ) =20 3 L)+ Rate,a.0)

k=0

= J! %
Ba(z,b) = zib [ - (~1)*1 =2 - 2 1z + 1),

Elementary functions
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Application to other special functions
The incomplete Beta function

Sp:={0 <|arg(z)| <7} U{z€C;|z—1/2] <1/2 and |z —1| >sinf}

1M1 = )

. Rb—
IRn(Za a, b)' < [Sln(a)] n! 2§Ra71 Ra

max{2%¢~"~1 1} Green and Blue

e™SM(1 — a)n|
n! 2Ra—1 Rq

|Ry(2,a,b)| < max {27771 1} Green
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Application to other special functions

The incomplete Beta function

0.200 )
0.150 |
0.100

0.070)
0.050) i

0.030) I
0.020 /
0015 /\

0.010| BN

0.200

0.100]

0.020]

0.010
0.005]

Relative errors on a logarithmic scale for n = 1 (red), n = 2 (green), n = 3 (blue), n = 4 (black) and n = 5 (orange) for
z=pe® witho =0,a=1.5b=3 (top left), 6 = w/4, a = 1.3 4+ 0.75¢, b = 2 (top right), 0 = w/2, a = 1.1,
b = 2.25 + 0.25¢ (bottom left), 8 = —7 /3, a = 1.5 — 0.2%, b = 3.0 — % (bottom right) and p € [—100, 1) or
p € [—100, 100].
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Application to other special functions
The confluent hypergeometric function

The confluent hypergeometric function

For Rb > Ra >0 and n=1,2,3,...,

M(a,bi2) = Fomi—ay 3 A BF(E) + Ra(e.b.2)

n

e
n! z ; 2 - n Lk
Fn(z) = W |:en (5) — €7 €p (—5)} , en(z) = kZ:OF,
Frii(z) = < :—2,(;11)71 - n::an(Z)7 Fo(z) = ezz_ 1,

Elementary functions
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Application to other special functions
The confluent hypergeometric function

The confluent hypergeometric function

For1—Rb+n >0,

2|T(b)| T(1 — Rb + n)
[Bn(a,b,2)| < H() =D (

| sin[(b — a)]| o | sin(am)|
I'(l — Ra + n) T'(1+4 Ra — RNb+n)

e if Rz >0,
H(z) :=
1 if Rz <0.

The remainder behaves as R, (a,b, z) ~ n~ ™in{Ra.R0=Ra} 55 9 5 o6 uniformly

in z with Rz > Rz, for any fixed zg € C.
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Application to other special functions

The confluent hypergeometric function

Graphics of M (2.1 + 4, 4.2 4 1.2i; z) (red dashed) and the approximations for n = 3 (blue), n = 5 (green) in several
intervals: [—20, 0] (left), [—20%, 0] (middle) and [—206”"/4, 0] (right). Top graphics — real part; bottom graphics —
imaginary part.
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Application to other special functions

The confluent hypergeometric function

Relative errors in the third order approximation (n = 3) of M (2.1 + ¢, 4.2 + 1.21, z) by using the power series expansion
(blue), the asymptotic expansion (green) and the uniform convergent expansion (red dashed) in the intervals z € [—10, 0]

(left), z € [—106_“"/3,0] (middle) and z € [—106_';"/4,0] (right).

Ester Pérez Sinusfa (UZ) Uniform convergent expansio



Application to other special functions
The Gauss hypergeometric function

The Gauss hypergeometric function

For ®a >0, Re > Rb >0, z € Sy, with0< 0 <7/2, and n=1,2,3,...,

=1
oFi(a,b;c; 2) = %%Ak (b,¢)Hy(z,a) + Rp(a, b, ¢; 2)

k
.= ght2-c L —=0);(1+b—c)p—j
Aty =2 Zﬁ(_l) k=

(CDF & (kY oy -
Hy(z,a) =5 )27 (z — 2)
o) =gt 3 ()

" 1_(1_z)j+1—a
j+1l—a

(1 — (Sj,a,1) — 5j,a71 log(l — Z)

Elementary functions
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Application to other special functions
The Gauss hypergeometric function

Sp:={0 <|arg(z)| <7} U{z€C;|z—1/2| <1/2 and |z —1| >sinb},

|Rn(a,b,c; )| <

2e™159 |0 (¢)| T(1 — Re +n) ( | sin[(c — b)r]| | sin(br)] )
m|T(B)]|T(c — b)|[sin(d)|®e \I'(1—Rb+n) T(1+Rb—Rc+n)

— min{Rb,Rc—

The remainder term behaves as R, (z,a,b,¢) ~n R} as n — oo uniformly

in |z| in the extended sector Sy.
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Application to other special functions

The Gauss hypergeometric function

Plots of the absolute value of 2 F (0.5, 1.3, 2.5, z) (dashed) and the approximations for n = 2 (red), n = 4 (green) and
n = 6 (blue) in several intervals: [—10, 1] (top left), [—10e?™/4, 10€i7r/4] (top right), [—10e?™/2, 106”’/2] (bottom
left) and [—10e~#7/3 10e~%"/3] (bottom right).
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Application to other special functions

The confluent hypergeometric function U

Define D ={z € C; Rz > > 0} and b,c € C with Re >0

1 oo
Ule,b,2) = m/o e P 1 u) du
b /1 t*~H(—1logt)c 11 — logt)>—*Lat.
L'(c) Jo

o g(t) = (—logt)* (1 — logt)b—c~1
° h(t, Z) = ¢zl

oa=0—-1,p=0,any0<o<landy=1ifRe>1orvy="Rcif
0<Re<1

o We consider t; = 1/2 as the base point.
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Application to other special functions

The confluent hypergeometric function U

U(c,b,2) = % :;_:Ak(c, B)Ga(2) + Ru(2)
o Moments:
o= [ () 50 @)

o Coefficients:

Ag(c,b) = (log2)°~1(1 +log 2)b—¢71,
Ap(e,b) = (—=1)kb(n, k)

!
nl = (1+ log2)k

Ap(c,b) = (b —c—k)

1
xoFy(1—¢c,—k;j—c+b—k1+——|,n>1
log 2
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Application to other special functions

confluent hypergeometric function U

Approximations of U (2, %, x) (thicker graphics) given by the Taylor expansion (left), the asymptotic expansion (middle) and
the uniform expansion (right) for z € [0, 10] and n = 1, 2, 3, 4, 5. The approximations are similar for complex x and other
values of ¢, b.
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A last example: Error Function

Content

@ A last example: Error Function
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A last example: Error Function

The error function

Hindawi

ional Journal of Mathematics and ical Sciences
Volume 2018, Article ID 5146794, 12 pages
https://doi.org/10.1155/2018/5146794

Hindawi

Research Airticle
A New Special Function and Its Application in Probability

Zeraoulia Rafik ,' Alvaro H. Salas,” and David L. Ocampo®*

Ester Pérez Sinusfa (UZ) Uniform convergent expansions June 28th, 2021



A last example: Error Function
The error function

The error function 0

2 /Z 42
erf z = — e dt
VT Jo

Applications

@ Statistics and probability theory.
@ Uniform asymptotic expansions of integrals.

o Stokes phenomenon.
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A last example: Error Function

Uniform convergent expansions for the error function?

Integral representations

1 —z2t
erf z = — €
\/_ \/_
2 0o —22t2
erfcz = e~ / eQ—dt
™ 0 t —+ 1

[ iz e

No good results
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A last example: Error Function

The error function

0.8¢

0.6

0.4

0.2
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A last example: Error Function
The error function

Expansion

For a € C with ®a >0, n=1,2,3,...,

n—1

F(a) =) (-1)*(a) + Ru(a),

k=0

where the functions ~y(a) are the elementary functions

1 _q k-1 .
N R T Z(k_j+1/2)j VT
’)/k(al) —/O et dt = —E L p aF 2ak+1/2(1/2)kerf\/a,
]:

that satisfy the recurrence relation

e 2k-—1
2a 2a

Y (a) =

Yk-1(a), Y0(z) = %\/gerf Va.
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A last example: Error Function

The error function

Ester Pérez Sinusfa (UZ) Uniform convergent expansions June 28th, 2021



A last example: Error Function

The error function

Second order equation in z = erf \/a

where .
= 1
Ap(a) = Z(—l)k(l/z)kzakﬂ/z’
k=0
n—1 k—1 .
_ V2 (k= 1/2);
Bn(a> i (_1) 2qi+1 :
k=0 7=0

Uniform convergent expansions
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A last example: Error Function

The error function

Expansion for erf \/a

7% + By(a)

erf va ~ ie_"‘
VT An(a) + /An(a)? + T + By (a)

and
4e—Re 4

<
~7(2n+1)’

[rn(@)] < m(2n + 1)

4e—Ra %(%a)—n—lﬂn!(l _ e—éRa)n—i—%

T 1 _ '|a|1/2—ne—§Ra
1+ 2(n—1)! ntlal+1/2

rn(a)] <

and when a — 01

4 (n+|a| + 1/2)|a|"_1/2
< — .
Irn(@)] < w2 (n—1)!
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A last example: Error Function
The error function

_ m/aet
erfVa) ~ e

4y/ae=* (we**a® + 3)
VT (4a% 4 V16me2ad + 16a* + 3243 + 28a% — 12a + 9 — 2a + 3)

erf(y/a) ~

0.8

06

041

0.2
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A last example: Error Function
The error function: Other expansions

o Power series

n 2n+1
fz= eC
= \/_ Z n!( 2n+ 1)’ N
o Other power series
2 oo o, 2n+1
erf z = zeC
\/_ nz:O -(2n+1)’
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A last example: Error Function

The error function: Other expansions

@ Asymptotic expansion

& (3)
m m
erfz ~1— ﬁmzzo( ) Somt 1’ |th|<z
S VIR C)
erf(—z) ~ 7 > (-1 Sty — 1
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A last example: Error Function

The error function

Graphics of erf a (dashed) and the power series (red), the other power series
(blue), the asymptotic expansion (green) and our new expansion (black), for
n=13,5and 7.
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A last example: Error Function

The error function

Graphics of erf a (dashed) and the power series (red), the other power series
(blue), the asymptotic expansion (green) and our new expansion (black), for
n=1andn=3.
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Final remarks

Content

@ Final remarks
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Final remarks
Final remarks and future work

@ We have designed a general theory of uniformly convergent
approximations of special functions based on their integral
representations.

@ Apply the method to other special functions.

© Investigate the stability of the recurrence relations for the coefficients
if they are applied forward or look for other recurrence relations.

@ Investigate if the new expansions can be interested from a numerical
point of view depending on the range of the variable: for moderate
values. The empirical results point in that direction.

@ For intermediate values, compare the results with Chebyshev
expansions or quadrature formulas.
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Final remarks

Thank you for your attention!
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