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OUTLINE

A brief Introduction about Matrix Orthogonal Polynomials

A family of Jacobi type Polynomials associated to a differential opertor of
hypergeometric type

Structural formulas:

• Rodrigues formula
• Pearson equations

The sequence of derivatives of our family of MOP:
• Shift operators
• Rodrigues formula

Some comments about the algebra D(W) of matrix-valued differential operators 
associated to our matrix weight W



INTRODUCTION
Given a self-adjoint positive definite matrix valued weight function W (t) (of

dimension N ⇥N) consider the skew symmetric bilinear form defined for any
pair of matrix valued functions P (t) and Q(t) by the numerical matrix

hP,Qi = hP,QiW =

Z

R
P (t)W (t)Q⇤(t)dt,

where Q⇤(t) denotes the conjugate transpose of Q(t).

There exists a sequence (Pn)n of matrix polynomials, orthonormal with re-
spect to W and with Pn of degree n.

The sequence (Pn)n is unique up to a product with a unitary matrix.



INTRODUCTION
Any sequence of orthonormal matrix valued polynomials (Pn)n satisfies a

three term recurrence relation

A⇤
nPn�1(t) +BnPn(t) +An+1Pn+1(t) = tPn(t),

where P�1 is the zero matrix and P0 is non singular.

NonsingularHermitian

Considering possible applications of MOP it is natural to concentrate
on those cases where some extra property holds.



MATRIX ORTHOGONAL POLYNOMIALS AND DIFFERENTIAL EQUATIONS

In the nineties, A. Duran, Rocky Mountain J. Math (1997) raises the problem
of characterizing MOP which satisfy second order di↵erential equations.

Right hand side di↵erential operator

`2,R = D2F2(t) +D1F1(t) +D0F0(t).

Pn eigenfunctions, ⇤n eigenvalues:

Pn`2,R = ⇤nPn

Characterize all families of MOP satisfying

Pn`2,R = P
00

nF2(t) + P
0

nF1(t) + PnF0(t) = ⇤nPn(t), n � 0

The matrix Bochner Problem



MATRIX ORTHOGONAL POLYNOMIALS AND DIFFERENTIAL EQUATIONS

In the framework of the general theory of orthogonal polynomials appeared
first in

• Durán-Grünbaum , Orthogonal Matrix Polynomials satisfying di↵erential

equations Int. Math Res. Not. 2004.

What does this mean? 

The first examples of MOP non reducible to scalar satisfying 2nd order
di↵erential equations appeared using representations of matrix valued spherical
functions associated to symmetric spaces F.A. Grünbaum, I. Pacharoni, J. Tirao
(2003).



MATRIX ORTHOGONAL POLYNOMIALS AND DIFFERENTIAL EQUATIONS

Diff op. with diagonal 
coefficients

Diagonal Matrix Weight

Search for an orthogonality weight W and a di↵erential operator D such
that the pair (W,D) “does not reduce to scalar”.

The pair (W,D) “reduces to scalar” if there exists a nonsingular matrix S
(independent of t) for which:

W (t) = SfW (t)S⇤, (S⇤)�1 eDS⇤



MATRIX ORTHOGONAL POLYNOMIALS AND DIFFERENTIAL EQUATIONS

The collection of examples of MOP in connection with differential equations has been 
growing in the last 20 years  (see for instance a series of papers by several different 
authors: A. Durán, A. Grünbaum, A. Tirao, I. Pacharoni, M.C., M.D. de la Iglesia, P.Román, 
I. Zurrián, E. Koelink, M. van Pruijssen,  A.M. de los Ríos…)

The problem  of giving a general classification of these families of matrix-valued orthogonal 
plynomials as  solutions of the so called Matrix Bochner Problem has been also recently 
addressed in R. Casper and M. Yakimov, The matrix Bochner problem, Amer. J. Math.  (2021), 
to appear, arXiv:1803.04405.
  

A new family of matrix-valued orthogonal polynomials of size 2x2  was introduced in:

C. Calderón, Y. González, I. Pacharoni, S. Simondi, and I. Zurrián, 2x2 hypergeometric 
operators with diagonal eigenvalues, J. Approx. Theory, 248:105299, 17 pp (2019).

which are common eigenfunctions of a differential operator of hypergeometric type, in the 
sense defined by A. Tirao in The matrix-valued hypergeometric equation, Proc. Natl. Acad. 
Sci. U.S.A., 100(14), (2003).



 THE FAMILY OF MATRIX ORTHOGONAL POLYNOMIALS ASSOCIATED TO 2X2 
HYPERGEOMETRIC OPERATORS WIT DIAGONAL EIGENVALUES

A new family of matrix-valued orthogonal polynomials of size 2x2  introduced in:

C. Calderónn, Y. González, I. Pacharoni, S. Simondi, and I. Zurrián, 2x2 hypergeometric 
operators with diagonal eigenvalues, J. Approx. Theory, 248:105299, 17 pp (2019).

which are common eigenfunctions of a differential operator of hypergeometric type, in the 
sense defined by A. Tirao (2003):

<latexit sha1_base64="w36Se3BqxFw1rL9I4UWaiDfwtYQ="></latexit>

D =
d2

dt2
t(1� t) +

d

dt
(C � tU)� V, with U, V, C 2 C2⇥2.

<latexit sha1_base64="b/j+hKxpvo21ODrjRL0/k4tSOjc="></latexit>

In particular, the polynomials (P (↵,�,v)
n )n�0 introduced by C. Calderón et

al. are orthogonal with respect to a weight matrix W (↵,�,v) are common eigen-
functions of an hypergeometric operator with matrix eigenvalues ⇤n, which are
diagonal matrices with no repetition in their entries:

Jacobi parameters

<latexit sha1_base64="ATcXcAqT6V6Ruf3SUF1Zzd4aVgU="></latexit>

⇤n =

✓
�n 0
0 µn

◆
,

�n = �n(n� 1)� n (↵+ � + 4)� v,
µn = �n(n� 1)� n (↵+ � + 4) .

The commutativity of the matrix-valued eigenvalues could play an important role in
 the context of time-and-band limiting



The weight matrix
Consider:

<latexit sha1_base64="OIFNBonejppvyP4FH6tdqWm9yfE="></latexit>

W (↵,�,v)(t) = t↵ (1� t)� fW (↵,�,v) (t) , for t 2 (0, 1),

<latexit sha1_base64="HILFu2oaldlAaESE5zD4inbPHlQ=">AAADZ3ichVLbjtMwEHUTYJdw2S5IiMuLoeqqVTdVUiHYF6SVeOFxkeh2paZbOY7TWnUusieFysoTv8cP8AnwFbhttpRtJebF4zNnxsdHE+aCK/C8nzXLvnP33sHhfefBw0ePj+rHTy5VVkjK+jQTmbwKiWKCp6wPHAS7yiUjSSjYIJx9XNYHcyYVz9IvsMjZKCGTlMecEjDQ+Lj2PVAJEUIHX3nEgIuI6UF5rQPBYmjhgIh8Sv BpEDIwxzyQfDKFNi6rOlRAiT80HUOa8FTnCQHJv5VOEMWSUD1vBTOS52Ss5+s5ZafXLvVf0F2jJVzrXunevLzT49w8Dp1Wpavjt/EJ3tzWKs10cLcZQYCd/3FOsLsj192r190IxvsVb7XhvZKNUyyNNj6dNsf1htf1VoF3E79KGqiKi3H9RxBltEhYClQQpYa+l8NIEwmcCmacLxTLCZ2RCRuaNCUJUyO92pYSN+NMYpgyvLpvczVJlFokoeEYbVN1u7YE99WGBcRnI83TvACWUkMxtbgQGDK8XDoccckoiIVJCJXcqMR0SozbYFbTMd/3b392N7nsdf13Xe/z28b5WWXEIXqF3qAW8tF7dI4+oQvUR7T226pbL6yX1i/7yH5mP19TrVrV8xT9E/brP9FSDQQ=</latexit>

fW (↵,�,v) (t) =

0

B@

v(v,� + 2)
v,��

t2 � (v,� + 2) t+ (↵+ 1) (↵+ � + 2)t� (↵+ 1)

(↵+ � + 2)t� (↵+ 1) �v(�v,� + 2)
�v,��

t2 � (�v,� + 2) t+ (↵+ 1)

1

CA ,

where:

for the sake of clearness we will use the notation:
<latexit sha1_base64="VW5eOpaOGLVOpHUkFfY0XYtNB8Y=">AAACFnicbVDLSgMxFM34rPVVdekmWAQXUmZUtBuh4MZlBfuATil30ts2NDMTkkyhDP0P/RldiQou3Po3pmMX2noWl5NzzoWcG0jBtXHdL2dpeWV1bT23kd/c2t7ZLezt13WcKIY1FotYNQPQKHiENcONwKZUCGEgsBEMb6Z+Y4RK8zi6N2OJ7RD6Ee9xBsZKncK5PwQpoZP6MqSjUzv9AA1Mrn0QcgA0k7OZ6dSntNQpFN2Sm4EuEm9GimSGaqfw4XdjloQYGSZA65bnStNOQRnOBE7yfqJRAhtCH1uWRhCibqdZuQk97sWKmgHS7P07m0Ko9TgMbCYEM9Dz3lT8z2slpldupzySicGI2Yj1eomgJqbTG9EuV8iMGFsCTHH7S8oGoIAZe8m8re/Nl10k9bOSd1ly7y6KlfLsEDlySI7ICfHIFamQW1IlNcLII3kmb+TdeXCenBfn9Se65Mx2DsgfOJ/fWW6eDg==</latexit>

±v,±� = ↵± v ± � .

<latexit sha1_base64="6HJxywm569A6lSpc12qkPPJ9j5U="></latexit>

↵, �, v 2 R, ↵,� > �1 and |↵� �| < |v| < ↵+ � + 2.

<latexit sha1_base64="38yyrgW0bCLpV4ZiPJie7p0J+5U="></latexit>

W (↵,�,v) is an irreducible matrix-weight and the hypergeometric type di↵er-
ential operator given by

<latexit sha1_base64="w36Se3BqxFw1rL9I4UWaiDfwtYQ="></latexit>

D =
d2

dt2
t(1� t) +

d

dt
(C � tU)� V, with U, V, C 2 C2⇥2.

where:
<latexit sha1_base64="avuEw5zKG7WWt6NLAWSfWgeLKRg="></latexit>

C =

0

@
↵+ 1� �v,��

v

v,��

v
��v,��

v
↵+ 1 +

v,��

v

1

A , U = (↵+ � + 4) I and V =

✓
v 0
0 0

◆
,
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is symmetric with respect to the matrix-weight W (↵,�,v).



SYMMETRIC OPERATORS

Symmetry Equations
F2W = WF ⇤

2

2(F2W )0 = WF ⇤
1 + F1W

(F2W )00 � (F1W )0 + F0W = WF ⇤
0

with the boundary conditions

lim
t!±1

tnF2(t)W (t) = 0, lim
t!±1

tn ((F2(t)W (t))0 � F1(t)W (t)) = 0

<latexit sha1_base64="ehLGs5fRVj+QQSZ2kqPucO8sg9U="></latexit>

The di↵erential operator D is symmetric with respect to W if

hPD,QiW = hP,QDiW , for all P,Q 2 CN⇥N [t].

<latexit sha1_base64="pU7vi3aoN6G0qjd6EEqlnc5DsTw="></latexit>

D =
d2

dt2
F2(t) +

d

dt
F1(t) + F0

<latexit sha1_base64="os2cfVsnmboOqP1seE8Pt4x9NTM="></latexit>

The di↵erential operator D is symmetric with respect to W if and only if
(Durán-Grunbaum, 2004)



THE RODRIGUES FORMULA

Pn = R(n)
n W�1Useful tool  

Theorem, A. Durán, Int. Math. Research Notices (2009) Let F2, F1 and F0

be matrix polynomials of degrees not larger than 2, 1, and 0, respectively. Let
W , Rn be N⇥N matrix functions twice and n times di⇤erentiable, respectively,
in an open set ⇥ of the real line. Assume that W (t) is nonsingular for t 2 ⇥
and that satisfies the symmetry equations.

If for a matrix �n, the function Rn satisfies

(RnF
⇤
2 )

00 �
�
Rn

⇥
F ⇤
1 + n(F ⇤

2 )
0⇤�0 +Rn


F ⇤
0 + n(F ⇤

1 )
0 +

✓
n

2

◆
(F ⇤

2 )
00
�
= �nRn.

then Pn satisfies

P 00
n (t)F2(t) + P 0

n(t)F1(t) + Pn(t)F0 = �nPn(t).



THE RODRIGUES FORMULA
Theorem (C. Calderón, M.C)

<latexit sha1_base64="qzXWEQWWcKmHJ1jAG6dNOvpZLks="></latexit>

Consider the matrix-weight W (t) = W (↵,�,v)(t) given by the expression
above. Consider the matrix-valued functions (Pn)n�0 and (Rn)n�0 defined by

<latexit sha1_base64="Y1lvV3+y7RI8XHHnbo2hTSSwXe0=">AAADinicjVLdbtMwFHYTfkbYoINLbiwqpo51VVKkbQgqTYILLgui66S6rRzXba05TrBPJqoor8PT8AK8DW6SaqUbgnNzPp/vO3/JCRMpDPj+r5rj3rv/4OHOI+/x7t6Tp/X9ZxcmTjXjfRbLWF+G1HApFO+DAMkvE81pFEo+CK8+rPjBNddGxOorLBM+iuhciZlgFGxosl/7QUI+Fyrj3xTVmi5f515vkqmcSD6DJgaixXwBh/ ige4DLmPflLn7tx1mlUutIJR1sZVRunB0HOW4R4N8hwwTn2BohZZMmHNq+BVzXxYTKZEFtRsjBuuutNjcTdWGcqaNS7q3Z4BhuJrVsUWRNrhq1Ov9s5eW2cic/KuTBf0wGpdT/i9TbXKIELY9wNd34KZN6w2/7heHbIKhAA1XWm9R/kmnM0ogrYJIaMwz8BEYZ1SCY5LlHUsMTyq7onA8tVDTiZpQVB5XjV7NYY1hwXLw3tRmNjFlGodVEFBZmm1sF7+KGKczORplQSQpcMSux3CyVGGK8uks8FZozkEsLKNPCTonZgmrKwF6vZ9cPtpe9DS467eCk7X/uNM7Pqg+xg16gl6iJAnSKztEn1EN9xJw9543z3um6u27Hfeu+K6VOrcp5jv4w9+Nvz6IaYw==</latexit>

Pn (t) = (Rn (t))
(n) (W (t))�1 ,

Rn(t) = R(↵,�,v)
n (t) = tn+↵ (1� t)n+�

⇣
R(↵,�,v)

n,2 t2 +R(↵,�,v)
n,1 t+R(↵,�,v)

n,0

⌘
,

<latexit sha1_base64="5NiYud9m0AbQ0PSAIxstsy7IQ+Y=">AAAHcnicpVXJbtswEFXSxk7VLWlvzWXa2IZTL5BcoM3FQIBeekyLbEDkGJREWUQkSqEoJ4agX+iX9Qf6H+29I1m2Ey9IkPKiIWf45vHNkDJDj0VS036vrT95ulEqbz5Tn794+er11vabkyiIhUWPrcALxJlJIuoxTo8lkx49CwUlvunRU/Pya+Y/HVIRsYAfyVFIez4ZcOYwi0hc6m9v/DRMOmA8oVecCEFGH1P1Rz/hzU56kR </latexit>

R(↵,�,v)
n,2 = Rn,2 =

✓
cn 0
0 dn

◆
,

R(↵,�,v)
n,1 = Rn,1 =

1

v

0

BB@
�cnv,��

cn(↵+ 2n+ 2 + �)v,��

(v,� + 2n+ 2)

�dn(↵+ 2n+ 2 + �)�v,��

(�v,� + 2n+ 2)
dn�v,��

1

CCA ,

R(↵,�,v)
n,0 = Rn,0 =

1 + n+ ↵

v

0

B@
cn

v,��

(v,� + 2n+ 2)
�cn

v,��

(v,� + 2n+ 2)

dn
�v,��

(�v,� + 2n+ 2)
�dn

�v,��

(�v,� + 2n+ 2)

1

CA ,

where (cn)n and (dn)n are arbitrary sequences of complex numbers. Then
Pn(t) is a polynomial of degree n with nonsingular leading coe�cient equal to

0

BB@

v,�� (↵+ � + n+ 3)n
(�1)n v (v,� + 2)

cn 0

0
�v,�� (↵+ � + n+ 3)n
(�1)n+1 v (�v,� + 2)

dn

1

CCA ,
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±v,±� = ↵± v ± � .

<latexit sha1_base64="05Q7ZJjceRYiXFfifKZ+/a1k0Fo="></latexit>

(Pn(t))n is a sequence of MOP with respect to W

where
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|↵� �| < |v| < ↵+ � + 2.



THE RODRIGUES FORMULA
Theorem (C. Calderón, M.C)

<latexit sha1_base64="qzXWEQWWcKmHJ1jAG6dNOvpZLks="></latexit>

Consider the matrix-weight W (t) = W (↵,�,v)(t) given by the expression
above. Consider the matrix-valued functions (Pn)n�0 and (Rn)n�0 defined by
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Pn (t) = (Rn (t))
(n) (W (t))�1 ,

Rn(t) = R(↵,�,v)
n (t) = tn+↵ (1� t)n+�

⇣
R(↵,�,v)

n,2 t2 +R(↵,�,v)
n,1 t+R(↵,�,v)

n,0

⌘
,

Main Tools in the Proof:
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We use the following Rodrigues formula for the classical Jacobi polynomial

p(↵,�)n (t):
dn

dtn

h
tn+↵ (1� t)n+�

i
= n!t↵ (1� t)� p(↵,�)n (1� 2t),

where

p(↵,�)n (1� 2t) =
� (n+ ↵+ 1)

n!� (n+ ↵+ � + 1)

nX

j=0

✓
n
j

◆
� (n+ ↵+ � + 1 + j)

� (j + ↵+ 1)
(�1)j tj .
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Thus, we obtain

R(n)
n (t) = n!t↵ (1� t)�

⇣
p(↵+2,�)
n (1� 2t)Rn,2t

2 + p(↵+1,�)
n (1� 2t)Rn,1t+ p(↵,�)n (1� 2t)Rn,0

⌘
.
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We write (W (t))�1 = t�↵�2 (1� t)���2 �J2t2 + J1t+ J0
�
,
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one verifies that Pn (t) = (Rn (t))
(n) (W (t))�1 is a polynomial of degree n

The ortogonality of Pn follows
from this expression



THE RODRIGUES FORMULA
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±v,±� = ↵± v ± � .
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W (↵,�,v)(t) = t↵ (1� t)� fW (↵,�,v) (t) , for t 2 (0, 1),

We are considering the Jacobi type weight -matrix:
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fW (↵,�,v) (t) =

0

B@

v(v,� + 2)
v,��

t2 � (v,� + 2) t+ (↵+ 1) (↵+ � + 2)t� (↵+ 1)

(↵+ � + 2)t� (↵+ 1) �v(�v,� + 2)
�v,��

t2 � (�v,� + 2) t+ (↵+ 1)

1

CA ,

where:

Collorary:
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Pn (t) = n!
⇣
p(↵,�)n (1� 2t)C(↵,�,v)

n,2 + p(↵,�)n+1 (1� 2t)C(↵,�,v)
n,1 + p(↵,�)n+2 (1� 2t)C(↵,�,v)

n,0

⌘
(fW (↵,�,v) (t))�1
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for certain matrix valued entries C(↵,�,v)
n,i , i = 0, 1, 2.
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The sequence of monic polynomials, orthogonal w.r.t W (↵,�,v)(t) defined by

the Rodrigues formula: P (↵,�,v)
n (t) = (R(↵,�,v)

n (t))(n)
�
W (↵,�,v)(t)

��1
, can be

written as:



ORTHONORMAL POLYNOMIALS

Rodrigues formula allows us to compute the norm of the sequence of monic matrix- valued OP:
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���P (↵,�,v)
n

���
2
=

n!vB (↵+ n+ 2,� + n+ 2)

(↵+ n+ 3 + �)n

0

B@

(v,� + 2) (�v,� + 2n+ 4)
v,�� (v,� + 2n+ 2)

0

0 � (�v,� + 2) (v,� + 2n+ 4)
�v,�� (�v,� + 2n+ 2)

1

CA .
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±v,±� = ↵± v ± � .

Having the norm of monic OP one can write the recurrence relation for the sequence of 
orthonormal polynomials:
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t eP (↵,�,v)
n (t) = eA(↵,�,v)

n+1
eP (↵,�,v)
n+1 (t) + eB(↵,�,v)

n
eP (↵,�,v)
n (t) +

⇣
eA(↵,�,v)
n

⌘⇤ eP (↵,�,v)
n�1 (t),

with:
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eA(↵,�,v)
n+1 =

���P (↵,�,v)
n

���
�1 ���P (↵,�,v)

n+1

��� ,

eB(↵,�,v)
n =

���P (↵,�,v)
n

���
�1

B(↵,�,v)
n

���P (↵,�,v)
n

��� ,

Having the recurrence relation for the orthonormal OP one can write the C-D formula:
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(x� y)
nX

k=0

⇣
eP (↵,�,v)
k

⌘⇤
(y) eP (↵,�,v)

k (x) =
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eP (↵,�,v)
n

⌘⇤
(y)

⇣
eA(↵,�,v)
n+1

⌘⇤ eP (↵,�,v)
n+1 (x)�

⇣
eP (↵,�,v)
n+1

⌘⇤
(y) eA(↵,�,v)

n+1
eP (↵,�,v)
n (x)
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tP (↵,�,v)
n = P (↵,�,v)

n+1 +B(↵,�,v)
n P (↵,�,v)

n +A(↵,�,v)
n P (↵,�,v)

n�1
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B(↵,�,v)
n are the entries of the recurrence for the monic OP already given in

C. Calderón et al., JAT, (2019):



THE SEQUENCE OF DERIVATIVES OF THE MOP
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It is very well known that in the case of classical orthogonal polynomials
(Pn), can be characterized by the orthogonality of their derivatives (P 0

n+1):

T. S. Chihara, an introduction to Orthogonal Polynomials, Gordon and Breach, NY, 1978

S. Bonan, D. S. Lubinsky, P. Nevai, T. S. Chihara, orthogonal polynomials and their
 derivatives, SIAM J. Math. Anal. 18 (1987)
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Classical orthogonal polynomials (Pn), can be characterized equivalently by
a linear relation between Pn and P 0

n+1, P
0
n, P

0
n�1:

F. Marcellán, A. Branquinho, J. Petronilho, Classical orthogonal polynomials: a functional 
approach, Acta Appl. Math. 34 (3) (1994) 283-303. 

P. Maroni, Connected problems, Variations arround classical orthogonal polynomials, J. 
Comput. Appl. Math. 48 (1-2) (1993) 133-155.
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These properties are also equivalent to a Pearson type equation for the
orthogonality functional:

D(u�) = u , deg(�)  2, deg( ) = 1



THE SEQUENCE OF DERIVATIVES OF THE MOP

A. Durán, F.A. Grünbaum, Orthogonal Polynomials, scalar type Rodriges formulas and 
Pearson equations, J. Approx. Theory 134 (2005).

A first step to determine whether or not this characterizations hold in the matrix setting was 
given in: 

Here one may see an example of MOP satisfying a second order differential equation but not 
the required  Pearson-type equation in order for the sequence of derivatives to be orthogonal 
thus not all families of MOP have orthogonal derivatives.



THE SEQUENCE OF DERIVATIVES OF THE MOP
A nice characterization of these properties for the matrix setting was given in: 

In par&cular, the authors show that if a matrix-valued func&onal sa&sfies a Pearson type equa&on then 
the sequence of deriva&ves of the corresponding MOP is also orthogonal.
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“Matrix-valued weights belonging to P2,1 class can be considered as matrix
generalizations of the classical scalar orthogonal polynomials”
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u is a P2,1 functional if there exist matrix-valued poynomials �, deg(�)  2,
 , deg( )  1, with det(�) 6= 0 such that D(u�) = u 



THE SEQUENCE OF DERIVATIVES OF THE MOP
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We prove that polynomials in the sequence of derivatives of the orthogonal

matrix polynomials
⇣
P (↵,�,v)
n

⌘

n�0
are also orthogonal by obtaining a Pearson

equation for the weight matrix W (↵,�,v)(t).
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Consider the sequence of monic polynomials corresponding to the derivative

of order k of the monic polynomial P (↵,�,v)
n (t), for n � k:

P (↵,�,v,k)
n (t) =

(n� k)!

n!

dk

dtk
P (↵,�,v)
n (t)



THE PEARSON EQUATION
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±v,±� = ↵± v ± � .
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Let ↵,� > �(k + 1) and |↵� �| < |v| < ↵+ � + 2 (k + 1). We consider the
weight matrix

W (k)(t) = W (↵,�,v,k)(t) = t↵+k (1� t)�+k fW (↵,�,v,k) (t) ,where fW (↵,�,v,k) (t) = W (k)
2 t2 +W (k)

1 t+W (k)
0

with

W (k)
2 = v

0

BB@

v,� + 2 (k + 1)

v,��
0

0 ��v,� + 2(k + 1)

�v,��

1

CCA , W (k)
0 = (↵+ k + 1)

✓
1 �1
�1 1.

◆
,

W (k)
1 =

✓
�v,� ↵+ �
↵+ � ��v,�

◆
+ 2 (k + 1)

✓
1 1
1 1

◆
.
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Theorem (M.C, C. Calderón) The matrix-weight W (k) satisfies the follow-
ing Pearson equation,

⇣
W (k) (t)�(k) (t)

⌘0
= W (k) (t) (k) (t) , k � 0 with

�(k) (t) = Ak
2t

2 +Ak
1t+Ak

0 and  (k) (t) = Bk
1 t+ Bk

0 ,
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Taking into account that deg
�
�(k)(t)

�
= 2 and deg

�
 (k)(t)

�
= 1, we obtain

from [CMV, corollary 3.10] the following

Corollary The sequence of polynomials
⇣
P (↵,�,v,k)
n

⌘

n�k
is orthogonal with

respect to the matrix-valued weight W (k), k � 1.
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±v,±� = ↵± v ± � .
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W (k)(t) = W (↵,�,v,k)(t) = t↵+k (1� t)�+k fW (↵,�,v,k) (t)
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Theorem The matrix-weight W (k) satisfies the following Pearson equation,

⇣
W (k) (t)�(k) (t)

⌘0
= W (k) (t) (k) (t) , k � 0 with

�(k) (t) = Ak
2t

2 +Ak
1t+Ak

0 and  (k) (t) = Bk
1 t+ Bk

0 ,
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0
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�v,� + 2(k + 1)

1

CCA ,

Ak
1 =

2

(�v,� + 2(k + 1))(v,� + 2(k + 1))

✓
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◆
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Ak
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✓
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v

✓
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2

+
1

2v
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v
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1 + Bk
1
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◆
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Consider the sequence of monic polynomials corresponding to the derivative

of order k of the monic polynomial P (↵,�,v)
n (t), for n � k:

P (↵,�,v,k)
n (t) =

(n� k)!

n!

dk

dtk
P (↵,�,v)
n (t)
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One has that

P (↵,�,v,k)
n D(↵,�,v,k)

= ⇤nP
(↵,�,v,k)
n , n � k,

where

D(↵,�,v,k)
=

d2

dt2
t(1� t) +

d

dt
((C(k)

)
⇤ � tU (k)

)� V
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C(k) =

0

@
↵+ 1 + k � �v,��

v

v,��

v
��v,��

v
↵+ 1 + k +

v,��

v

1

A , U (k) = (↵+ � + 2(2 + k)) I, V =

✓
v 0
0 0

◆
.

with:

<latexit sha1_base64="ATcXcAqT6V6Ruf3SUF1Zzd4aVgU="></latexit>

⇤n =

✓
�n 0
0 µn

◆
,

�n = �n(n� 1)� n (↵+ � + 4)� v,
µn = �n(n� 1)� n (↵+ � + 4) .

<latexit sha1_base64="VW5eOpaOGLVOpHUkFfY0XYtNB8Y=">AAACFnicbVDLSgMxFM34rPVVdekmWAQXUmZUtBuh4MZlBfuATil30ts2NDMTkkyhDP0P/RldiQou3Po3pmMX2noWl5NzzoWcG0jBtXHdL2dpeWV1bT23kd/c2t7ZLezt13WcKIY1FotYNQPQKHiENcONwKZUCGEgsBEMb6Z+Y4RK8zi6N2OJ7RD6Ee9xBsZKncK5PwQpoZP6MqSjUzv9AA1Mrn0QcgA0k7OZ6dSntNQpFN2Sm4EuEm9GimSGaqfw4XdjloQYGSZA65bnStNOQRnOBE7yfqJRAhtCH1uWRhCibqdZuQk97sWKmgHS7P07m0Ko9TgMbCYEM9Dz3lT8z2slpldupzySicGI2Yj1eomgJqbTG9EuV8iMGFsCTHH7S8oGoIAZe8m8re/Nl10k9bOSd1ly7y6KlfLsEDlySI7ICfHIFamQW1IlNcLII3kmb+TdeXCenBfn9Se65Mx2DsgfOJ/fWW6eDg==</latexit>

±v,±� = ↵± v ± � .



THE SEQUENCE OF DERIVATIVES OF THE MOP

<latexit sha1_base64="cwEmSuKc/Ug7KrjNHNlRTAwztC4="></latexit>

PropositionW (k) is an irreducible matrix-weight and the di↵erential hypergeometric
operator D(↵,�,v,k) is symmetric with respect to the matrix-weight W (k).

<latexit sha1_base64="fShVHsqck37DLuAkxcU7TfS82fc="></latexit>

Let ↵,� > �(k + 1) and |↵� �| < |v| < ↵+ � + 2 (k + 1). We consider the
weight matrix

W (k)(t) = W (↵,�,v,k)(t) = t↵+k (1� t)�+k fW (↵,�,v,k) (t) ,where fW (↵,�,v,k) (t) = W (k)
2 t2 +W (k)

1 t+W (k)
0 ,

with

W (k)
2 = v

0

BB@

v,� + 2 (k + 1)

v,��
0

0 ��v,� + 2(k + 1)

�v,��

1

CCA , W (k)
0 = (↵+ k + 1)

✓
1 �1
�1 1.

◆
,

W (k)
1 =

✓
�v,� ↵+ �
↵+ � ��v,�

◆
+ 2 (k + 1)

✓
1 1
1 1

◆
.

<latexit sha1_base64="VW5eOpaOGLVOpHUkFfY0XYtNB8Y=">AAACFnicbVDLSgMxFM34rPVVdekmWAQXUmZUtBuh4MZlBfuATil30ts2NDMTkkyhDP0P/RldiQou3Po3pmMX2noWl5NzzoWcG0jBtXHdL2dpeWV1bT23kd/c2t7ZLezt13WcKIY1FotYNQPQKHiENcONwKZUCGEgsBEMb6Z+Y4RK8zi6N2OJ7RD6Ee9xBsZKncK5PwQpoZP6MqSjUzv9AA1Mrn0QcgA0k7OZ6dSntNQpFN2Sm4EuEm9GimSGaqfw4XdjloQYGSZA65bnStNOQRnOBE7yfqJRAhtCH1uWRhCibqdZuQk97sWKmgHS7P07m0Ko9TgMbCYEM9Dz3lT8z2slpldupzySicGI2Yj1eomgJqbTG9EuV8iMGFsCTHH7S8oGoIAZe8m8re/Nl10k9bOSd1ly7y6KlfLsEDlySI7ICfHIFamQW1IlNcLII3kmb+TdeXCenBfn9Se65Mx2DsgfOJ/fWW6eDg==</latexit>

±v,±� = ↵± v ± � .



THE SEQUENCE OF DERIVATIVES OF THE MOP
<latexit sha1_base64="9JIwrgc3DAtZ2TV3in7H9+J7Syw="></latexit>

We have the following explicit expression for the sequence of polynomials⇣
P

(↵,�,v,k)
n

⌘

n�k
in terms of hypergeometric function 2H1 (U, V, C; t) defined by

J. A. Tirao in The matrix-valued hypergeometric equation, Proc. Natl. Acad.
Sci. U.S.A., 100(14):8138–8141 (2003).

⇣
P

(↵,�,v,k)
n (t)

⌘⇤
= 2H1

⇣
U

(k)
, V + �n, C

(k); t
⌘
(n� k)!

h
C

(k)
, U

(k)
, V + �n

i�1

n�k

✓
1 0
0 0

◆
+

(1)

2H1

⇣
U

(k)
, V + µn, C

(k); t
⌘
(n� k)!

h
C

(k)
, U

(k)
, V + µn

i�1

n�k

✓
0 0
0 1

◆
.

<latexit sha1_base64="J4NVlSbnhkUtoCzBBBPTMngMneY="></latexit>

2H1 (U, V, C; t) =
X

j�0

[C,U, V ]j F0
t
j

j!
,F0 2 C2

,

and [C,U, V ]j is defined inductively as [C,U, V ]0 = I and

[C,U, V ]j+1 = (C + j)�1 (j (j � 1) I + jU + V ) [C,U, V ]j .

where:



THE SEQUENCE OF DERIVATIVES OF THE MOP

<latexit sha1_base64="tiLLbpQjuoFBuPUDckETEQAAdeo="></latexit>

Indeed, the polynomials
⇣
P (↵,�,v,k)
n

⌘

n�k
are common eigenfuncions of the

matrix hypergeometric type operator

D(↵,�,v,k) =
d2

dt2
t(1� t) +

d

dt
((C(k))⇤ � tU (k))� V,

with diagonal eigenvalue ⇤n

<latexit sha1_base64="Dg9eTUuYPwttV4BcHNRWhAxm1h0="></latexit>⇣
P

(↵,�,v,k)
n (t)

⌘⇤
= 2H1

⇣
U

(k)
, V + �n, C

(k); t
⌘
(n� k)!

h
C

(k)
, U

(k)
, V + �n

i�1

n�k

✓
1 0
0 0

◆
+

2H1

⇣
U

(k)
, V + µn, C

(k); t
⌘
(n� k)!

h
C

(k)
, U

(k)
, V + µn

i�1

n�k

✓
0 0
0 1

◆
.

<latexit sha1_base64="pWygHf0bznktq7GUOD6ggdx/sZo=">AAACm3icbVHbbtNAEF2bWxtuAR4RaESMVNQqsotU+lgpPCAEqAjSVkpCNNmM7ZXXu+7uOlJk5b/4CH6Av2FtIgEt87A6M3Nm98zZRSWFdXH8Mwhv3Lx1+87Obu/uvfsPHvYfPT6zujacxlxLbS4WaEkKRWMnnKSLyhCWC0nni2LU9s9XZKzQ6qtbVzQrMVMiFRydL83733e/CMUJXE5AIiO1QlmTBZ12pRKdEdzn0ehbs1e82k QHEL3en6KsctwvIkC1hCj5UzgANARKK1CU+TdWBEI5yrwESLUBlBKiYprRJSSe7N9Q7WEJrJZ1q8l2N+Req8lIl9QKgBVx56fTWvGOM4R5fxAP4y7gOki2YMC2cTrv/5guNa9LUo5LtHaSxJWbNWic4JI2vWltqUJeYEYTDxWWZGdN5/AGXrbaW0O6/G9ug6W163LhOd6s3F7ttcX/9Sa1S49njVBV7UhxT/G9tJbgNLQfBUth/NJy7QFyI7xK4Dka5M572fPrJ1eXvQ7ODofJ0TD+fDg4Od4ascOeshdsjyXsDTth79gpGzMePA/eBh+DT+GzcBS+Dz/8pobBduYJ+yfC8S9P0sgH</latexit>

Since the eigenvalues of the matrices C(k), 3 + ↵+ k and 1 + ↵+ k, are non
negative integers for all k � 1, then these solutions are hypergeometric vector
functions.

<latexit sha1_base64="eceveVR3T3nBRO7+sE40nMQg/+Q="></latexit>

The fact that the eigenvalue is diagonal implies that the matrix equation
can be written as two vectorial hypergeometric equations as in (Theorem 5, J.
Tirao, The matrix hypergeometric equation, 2003) and the solutions of these

equations are the columns of
⇣
P (↵,�,v,k)
n

⌘

n�k
.



SHIFT OPERATORS

E.Koelink, A. de los Ríos, and P.Román, Matrix-valued Gegenbauer-type polynomials, Constr. 
Approx., 46(3):459--487 (2017).

<latexit sha1_base64="tX7eBxbBMzC3Xyxw2MdT+vF8iyM=">AAADVXicfVJdb9MwFHXbsZXwsQ4eefFokDqpVG0fYEJCmrQXHotEt0lNVznOTWvFsVPbqVRF/oe8Az8GhJNlEu2A++Jjn3PPta9vmHGmzXD4o9FsHTw6PGo/9p48ffb8uHPy4krLXFGYUsmlugmJBs4ETA0zHG4yBSQNOVyHyWXJX29AaSbFF7PNYJ6SpWAxo8S4o8VJY30phWYRKGxWgDWscxAUsIxxEVT2RchzsDiVglGcSb 4VMmWEa4upVAp0JkXExBIbWTnsZjlftnGlNpWjVGWdxJa41O57Yn+yKIS9LQIOsenhgPBsRXA/CMG4ZRMotlyZM8/2zBn2+ziWCvsiWMIaJ/4Hz/e9/+f3E1xb2DuFZ+r9xyCKFaH3ieJtUhP41Bbi1AYVG90WibVFZKp1p5b3j7viuhK+r+T7i053OBhWgR+CUQ26qI7JovM1iCTNUxCGcqL1bDTMzLwgyjDKwXpBriEjNCFLmDkoSAp6XlTfYPGbsklls6v9n9qCpFpv09BpUmJWep8rD//GzXITn88LJrLcuFlxEsfFOa8mwI0YjpgCavjWAUIVc7fEdEVcA40bRM89f7T/2IfgajwYvRuMP4+7F+d1I9roFXqNemiE3qML9AlN0BTRxvfGr+ZRs9381vzZOmgd3kmbjTrnJdqJ1vFv6pIOxQ==</latexit>

Consider the sequence of monic polynomials corresponding to the derivative

of order k of the monic polynomial P (↵,�,v)
n (t), for n � k:

P (↵,�,v,k)
n (t) =

(n� k)!

n!

dk

dtk
P (↵,�,v)
n (t)

<latexit sha1_base64="kPMVqKYfVzBMmj9gKENwXAla7LI=">AAACgHicbVFNb9NAEF27fJTwlcKRy4oYKRHBtYNUKk6VeuEYJNJUitNovZnYK693ze64KLL8U/hH/AH+DZvEB2h5pzfz3o72zaSVFBaj6LfnHz14+Ojx8ZPe02fPX7zsn7y6sro2HGZcS22uU2ZBCgUzFCjhujLAylTCPC0ud/r8FowVWn3DbQXLkmVKbARn6Fqr/s9LraxYg6GYA22S/cQmlTW0tNRKcBqo4MMaMgNAaaXlVu lSMGlpMF016n3R3jSJhA0OacJklTM6TlJA1hvfjovEiCzHEW0PDuzqYOyGJhl8p5Gj2mCuM62YpD9CEyIN5jfNsBi1QUhX/UEURnvQ+yTuyIB0mK76v5K15nUJCrlk1i7iqMJlwwwKLqHtJbWFivGCZbBwVLES7LLZh27pu40+rGFf/+1tWGnttkydp2SY27varvk/bVHj5nzZCFXVCIo7i9M2taSo6e4adC0McJRbRxg3wv2S8pwZxtHdrOfix3fD3idXkzA+C6Ovk8HFebeIY/KGvCVDEpNP5IJ8IVMyI9w78kbexPvo+/7QP/Xjg9X3ujevyT/wP/8BBf+9ZA==</latexit>

Consider the monic n-degree polynomials P (↵,�,v,k)
n+k (t), n � 0, orthogonal

w.r.t W (k).

<latexit sha1_base64="QISBa9RxfFGm02AbeNcd01Spa9w="></latexit>

We use Pearson equation to give explicit lowering and rising operators for

the polynomials
⇣
P (↵,�,v,k)
n+k

⌘

n�0

<latexit sha1_base64="zkTZsnccCojOghAjsUKeeV1Q8Rs="></latexit>

Moreover, from the existence of the shift operators we deduce a Rodrigues

formula for the sequence of derivatives
⇣
P (↵,�,v,k)
n+k

⌘

n�0
, and we find a matrix-

valued di↵erential operator for which these matrix-valued polynomials are eigen-
functions in terms of the entries of Pearson equation.

Following the ideas in:



SHIFT OPERATORS
<latexit sha1_base64="ZLBpDk5QD72JvGzMXywKPyJHAXY="></latexit>

For any pair of matrix-valued functions P and Q, we denote

hP,Qik =

Z 1

0
P (t)W (k) (t)Q⇤ (t) dt.

<latexit sha1_base64="rKrUgXIGic9ydhhElr2jrp6Jp/0=">AAADi3ichVJdb9MwFHUTPkZgo4NHXiyqVp2yVUlXwYQomjQh8Tgkuk2qu8pxndaK4wTbmVZZ+T38Gf4A/wa3S/fRDuE85Pie43t9j2+Uc6Z0EPypOe6Tp8+eb73wXr7a3nld331zprJCEjogGc/kRYQV5UzQgWaa04tcUpxGnJ5HycmCP7+iUrFM/NDznI5SPBUsZgRrGxrv1n6hFOsZwdyclGMjykuTlLCPOI112zsIkWTTmd 6Dl5aC3k0YIszzGYY+iqi2v0O/m/hipVwkscSUCZPb1JJdlx6axBITszqe4DzHY3O1v0xQQr/bTvzQF3urHOV/pHdC2IIBRAh6gUWPlzn4Z52NMuvSuzpND1Exue2o6e0jTa+1gch+pUBT+hOGHXuPJhIFrNLeetLqt1Yhf828njXvnnV+WFbeNx+aP643gk6wXHAThBVogGqdjuu/0SQjRUqFJhwrNQyDXI8MlpoRTu2bFIrmmCR4SocWCpxSNTLLiSphM84k1DMKl/v7WoNTpeZpZDWLwVHr3CL4GDcsdHw0MkzkhaaCWInl4oJDncHFYMIJk5RoPrcAE8nsLSGZYfue2o6vZ9sP15vdBGfdTvihE3zvNY6PKiO2wDvwHrRBCD6CY/ANnIIBIM6O03P6zhd32z10P7mfb6ROrTrzFjxY7te/2N0VYQ==</latexit>

Ck
n = (�1)n (↵+ � + 3 + 2k + n)n

0

BB@

(v,� + 2(k + 1 + n))

(v,� + 2(k + 1))
0

0
(�v,� + 2(k + 1 + n))

(�v,� + 2(k + 1))

1

CCA , n � 1.

<latexit sha1_base64="O/849cf1aTdqTOaap3t2gTLmHHo=">AAAEHHichVNLb9NAEHYdHsW8WjhyGZFUSmkbJTlAhFSpEhcOPSRS01TKJtF6PU5WWT/YXRciy38F/gyceN2Q+DesnQBuUsFePJ7vm292Rt+6seBKN5s/t+zKjZu3bm/fce7eu//g4c7uo3MVJZJhn0UikhcuVSh4iH3NtcCLWCINXIEDd/4qxweXKBWPwjO9iHEU0GnIfc6oNqnJrt1JietDV0ZxpHiey+AUNdQIagrjtD7fz2 </latexit>

Proposition Let ⌘(k) be the first order matrix-valued right di↵erential
operator

⌘(k) =
d

dt
(�(k) (t))⇤ + ( (k) (t))⇤.

Then
d

dt
: L2

�
W (k)

�
! L2

�
W (k+1)

�
and ⌘k : L2

�
W (k+1)

�
! L2

�
W (k)

�
satisfy

⌧
dP

dt
,Q

�

k+1

= �
D
P,Q⌘(k)

E

k
.

<latexit sha1_base64="2oVWWnXEeoX50GRTZABCE0gKi2k="></latexit>

lemma The following identity holds true

I⌘(k+n�1) · · · ⌘(k+1)⌘(k) = Ck
nP

(↵,�,v,k)
n+k , n � 1, for a given k � 0

<latexit sha1_base64="VW5eOpaOGLVOpHUkFfY0XYtNB8Y=">AAACFnicbVDLSgMxFM34rPVVdekmWAQXUmZUtBuh4MZlBfuATil30ts2NDMTkkyhDP0P/RldiQou3Po3pmMX2noWl5NzzoWcG0jBtXHdL2dpeWV1bT23kd/c2t7ZLezt13WcKIY1FotYNQPQKHiENcONwKZUCGEgsBEMb6Z+Y4RK8zi6N2OJ7RD6Ee9xBsZKncK5PwQpoZP6MqSjUzv9AA1Mrn0QcgA0k7OZ6dSntNQpFN2Sm4EuEm9GimSGaqfw4XdjloQYGSZA65bnStNOQRnOBE7yfqJRAhtCH1uWRhCibqdZuQk97sWKmgHS7P07m0Ko9TgMbCYEM9Dz3lT8z2slpldupzySicGI2Yj1eomgJqbTG9EuV8iMGFsCTHH7S8oGoIAZe8m8re/Nl10k9bOSd1ly7y6KlfLsEDlySI7ICfHIFamQW1IlNcLII3kmb+TdeXCenBfn9Se65Mx2DsgfOJ/fWW6eDg==</latexit>

±v,±� = ↵± v ± � .

<latexit sha1_base64="DtVqCfDQZD5vAKPllS8Rf3M2QD0="></latexit>

P (↵,�,v,k+1)
n+k ⌘(k) is a multiple of P (↵,�,v,k)

n+k .

Some basic facts:
<latexit sha1_base64="Hj6rjIpHZASXG0wgu5iny/jF60o="></latexit>

d

dt
P (↵,�,v,k)
n+k (t) = nP (↵,�,v,k+1)

n+k (t) .



RODRIGUES FORMULA

<latexit sha1_base64="yGB7TKxBMTwAxnQuV0YFYZuXrd8="></latexit>

The polynomials
⇣
P (↵,�,v,k)
n+k

⌘

n�0
, n � 1, satisfy the following Rodrigues

formula

P (↵,�,v,k)
n+k (t) =

�
Ck
n

��1
✓

dn

dtn
W (k+n) (t)

◆⇣
W (k) (t)

⌘�1
,

Proof:
<latexit sha1_base64="QU8xO5ryk8EUCLMY+rjrw+V3z3o="></latexit>

For any matrix-valued function Q we write

Q⌘(k) =
dQ

dt
(�(k))⇤ +Q( (k))⇤.

<latexit sha1_base64="roUzo//mqRhEeLI3MGjTaQfjruY="></latexit>

On has the Pearson equation:

⇣
W (k)

(t)�(k)
(t)

⌘0
= W (k)

(t) (k)
(t) , k � 0

<latexit sha1_base64="ajxdSYiJLH7t/1aumqyehJI4uXk="></latexit>

and the identities:

W (↵,�,v,k+1) (t) = W (↵,�,v,k) (t)�(k) (t) ,

⇣
W (↵,�,v,k+1) (t)

⌘0
= W (↵,�,v,k) (t) (k) (t)

<latexit sha1_base64="W2JRjJB6NAqv7O2JDn97RX3p3XQ="></latexit>

we obtain

Q⌘k =
d

dt

⇣
QW (k+1)

⌘⇣
W (k)

⌘�1
.

<latexit sha1_base64="s8nwCsA+JRH/XZnVjvYoRxmoRoY="></latexit>

Iterating, it gives

Q⌘(k+n�1) · · · ⌘(k+1)⌘(k) =
dn

dtn

⇣
QW (k+n)

⌘⇣
W (k)

⌘�1
.

<latexit sha1_base64="NsrBlOYKgEJKSmjsZu7MKwR4neg=">AAACC3icbVDLSgNBEJz1GeMr6tHLYCJEkDAbSIwHIeBFbwomBrIhzE56kyGzD2Z6hRD8BP0ZPYl68+YP+DdOYg6+6lTdVQ1d5SdKGmTsw5mbX1hcWs6sZFfX1jc2c1vbTROnWkBDxCrWLZ8bUDKCBkpU0Eo08NBXcO0PTyf69Q1oI+PoCkcJdELej2QgBUe76uaKBa8neRhHvQJNUqSFS09BgEWKnpb9AR7Qk3PvsODRbi7PShXmHlddykrlCjuuMUvYFNSdkTyZ4aKbe/d6sUhDiFAobkzbZQl2xlyjFApus15qIOFiyPvQtjTiIZjOeJrolu4HsaY4ADqdv3vHPDRmFPrWE3IcmN/aZPmf1k4xqHXGMrIpIRLWYrUgVRRjOimG9qQGgWpkCRda2i+pGHDNBdr6sja++zvsX9Isl9xqiV2W8/XarIgM2SV7pEhcckTq5IxckAYR5J48khfy6tw5D86T8/xlnXNmNzvkB5y3T5cNmLk=</latexit>

⇧ put Q (t) = I
<latexit sha1_base64="HwaJDx4qTFuSrLkFdzF9pPVtt0s=">AAACAnicbVDLTgIxFO34RHyNunRhI5i4Ih0SEHYkblxiIo8ECOmUCzS000nbISGEnf6Mroy68xP8Af/GgiwUPatz7zk3ueeEseDGEvLpra1vbG5tp3bSu3v7B4f+0XHdqEQzqDEllG6G1IDgEdQstwKasQYqQwGNcHQ91xtj0Iar6M5OYuhIOoh4nzNq3arrn2XbPU6linpZTONYTLA7H3OVGCxAStr1MyRXIEG5GGCSyxdIuUQcIQvgYEkyaIlq1/9o9xRLJESWCWpMKyCx7UyptpwJmKXbiYGYshEdQMvRiEownekiyAxf9JXGdgh4Mf/0Tqk0ZiJD55HUDs2qNl/+p7US2y91pjyKEwsRcxan9ROBrcLzPnCPa2DW5XY1MM3dl5gNqabMutbSLn6wGvYvqedzQTFHbvOZSmlZRAqdonN0iQJ0hSroBlVRDTH0gJ7QK3rz7r1H79l7+bauecubE/QL3vsXHuCXLA==</latexit>

⇧ apply previous lemma

Theorem
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Corollary

<latexit sha1_base64="I4CHtFvsI4b2A+pE+1Wxa6seiT0="></latexit>

W (k)(t) = W (↵,�,v,k)(t) = t↵+k (1� t)�+k fW (↵,�,v,k) (t)
<latexit sha1_base64="zqif2cBT7bdKNKxHOh2OGbA6k4s="></latexit>

the di↵erential operator

E(k) = ⌘(k) � d

dt
=

d2

dt2
(�(k) (t))⇤ +

d

dt
( (k) (t))⇤

is symmetric with respect to W (k) (t) for all k 2 N0.
<latexit sha1_base64="otCQQaA9ylRdNzdWDe/BvUIp40M=">AAADwnicpVLLbtNAFHViHsW8UliyGZEUJTiNnCBBN0iVoBILkIJE2kpxGk0m1/Hg8YwzMw5Exn/ID7DhWxg7DoWUrrirc+e+zrlzZwmjSnvej1rdvnHz1u29O87de/cfPGzsPzpVIpUERkQwIc9nWAGjHEaaagbniQQczxiczaI3RfxsBVJRwT/pdQKTGC84DSjB2jxN92s/PwgJwqR0kQ4BJYKtuYgpZgq1fAaBbqPhNONulF 9kle9jloTY6foz0Bh1V93Il3QR6g7K0RaZEn8BS+TlLYQlIKAL4EHKSTFWof81ETgFW5GAxFpI1Dq5yNpRxwz7QnW4mbbCLIUDx7BcUJ7BMi0lP88d/73ZzxwXHPNKUlW+Zf+at7m7kemWKt0X7iDqVK2SGGtJv+bOoT8PJCaZH+EkwdNstVlJjtxBO3IHnfyaSL+To2fIQ76PHM+g3T6H1zf6Hdo2MgKBzy85ld6l2Gmj6fW80tBV0K9A06psOG189+eCpDFwTRhWatz3Ej3JsNSUMDD9UwUJJhFewNhAjmNQk6w8xBwdBOYvio8p/T9zMxwrtY5nJscwDdVurHj8V2yc6uBoklGepBo4MSkmFqQMaYGKe0ZzKoFotjYAE0kNS0RCbLapzdU7Rn5/V+xVcDro9V/2vI+D5vFRtYg964n11GpbfeuVdWy9s4bWyCL1k3pU1/XUfmt/tpe22qTWa1XNY+svs7/9AleDIb4=</latexit>

Moreover, the polynomials
⇣
P (↵,�,v,k)
n+k

⌘

n�0
are eigenfunctions of the operator

E(k) with eigenvalue

⇤n

⇣
E(k)

⌘
= n(n+ ↵+ � + 3 + 2k)

0

BB@
�v,� + 2(k + 2)

v,� + 2(k + 1)
0

0 ��v,� + 2(k + 2)

�v,� + 2(k + 1)

1

CCA

<latexit sha1_base64="laa5N0AuPzxtD3usBmSJKITDjmk="></latexit>

One also has the associated second order di↵erential operator of hypergeo-

metric type

D(↵,�,v,k)
=

d2

dt2
t(1� t) +

d

dt
((C(k)

)
⇤ � tU (k)

)� V

with diagonal eigenvalue ⇤n(D(k)
)

<latexit sha1_base64="bcPyzQR56msHMgtEi9gbuVlTyIk="></latexit>

⌃ The operators E(k) and D(k) commute.
<latexit sha1_base64="r9i2GxsdBC/Ena3I9qQtN+Dr84I="></latexit>

⌃ The Darboux transform eE(k) =
d

dt
� ⌘(k) of the

operator E(k) is not symmetric with respect to W (k).
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<latexit sha1_base64="9UgsFF9QHWfWvJitOVmqQRfXUnA="></latexit>

The definition of D(W ) does not depend on the particular sequence of
orthogonal polynomials (Grünbaum-Tirao, 2007).

<latexit sha1_base64="OIFNBonejppvyP4FH6tdqWm9yfE="></latexit>

W (↵,�,v)(t) = t↵ (1� t)� fW (↵,�,v) (t) , for t 2 (0, 1),

Coming back to the Jacobi type weight-matrix we are considering:

<latexit sha1_base64="HILFu2oaldlAaESE5zD4inbPHlQ=">AAADZ3ichVLbjtMwEHUTYJdw2S5IiMuLoeqqVTdVUiHYF6SVeOFxkeh2paZbOY7TWnUusieFysoTv8cP8AnwFbhttpRtJebF4zNnxsdHE+aCK/C8nzXLvnP33sHhfefBw0ePj+rHTy5VVkjK+jQTmbwKiWKCp6wPHAS7yiUjSSjYIJx9XNYHcyYVz9IvsMjZKCGTlMecEjDQ+Lj2PVAJEUIHX3nEgIuI6UF5rQPBYmjhgIh8Sv BpEDIwxzyQfDKFNi6rOlRAiT80HUOa8FTnCQHJv5VOEMWSUD1vBTOS52Ss5+s5ZafXLvVf0F2jJVzrXunevLzT49w8Dp1Wpavjt/EJ3tzWKs10cLcZQYCd/3FOsLsj192r190IxvsVb7XhvZKNUyyNNj6dNsf1htf1VoF3E79KGqiKi3H9RxBltEhYClQQpYa+l8NIEwmcCmacLxTLCZ2RCRuaNCUJUyO92pYSN+NMYpgyvLpvczVJlFokoeEYbVN1u7YE99WGBcRnI83TvACWUkMxtbgQGDK8XDoccckoiIVJCJXcqMR0SozbYFbTMd/3b392N7nsdf13Xe/z28b5WWXEIXqF3qAW8tF7dI4+oQvUR7T226pbL6yX1i/7yH5mP19TrVrV8xT9E/brP9FSDQQ=</latexit>

fW (↵,�,v) (t) =

0

B@

v(v,� + 2)
v,��

t2 � (v,� + 2) t+ (↵+ 1) (↵+ � + 2)t� (↵+ 1)

(↵+ � + 2)t� (↵+ 1) �v(�v,� + 2)
�v,��

t2 � (�v,� + 2) t+ (↵+ 1)

1

CA ,

where:

<latexit sha1_base64="VW5eOpaOGLVOpHUkFfY0XYtNB8Y=">AAACFnicbVDLSgMxFM34rPVVdekmWAQXUmZUtBuh4MZlBfuATil30ts2NDMTkkyhDP0P/RldiQou3Po3pmMX2noWl5NzzoWcG0jBtXHdL2dpeWV1bT23kd/c2t7ZLezt13WcKIY1FotYNQPQKHiENcONwKZUCGEgsBEMb6Z+Y4RK8zi6N2OJ7RD6Ee9xBsZKncK5PwQpoZP6MqSjUzv9AA1Mrn0QcgA0k7OZ6dSntNQpFN2Sm4EuEm9GimSGaqfw4XdjloQYGSZA65bnStNOQRnOBE7yfqJRAhtCH1uWRhCibqdZuQk97sWKmgHS7P07m0Ko9TgMbCYEM9Dz3lT8z2slpldupzySicGI2Yj1eomgJqbTG9EuV8iMGFsCTHH7S8oGoIAZe8m8re/Nl10k9bOSd1ly7y6KlfLsEDlySI7ICfHIFamQW1IlNcLII3kmb+TdeXCenBfn9Se65Mx2DsgfOJ/fWW6eDg==</latexit>

±v,±� = ↵± v ± � .

<latexit sha1_base64="PC6Wtn3VO4ZID3FyRxPbpwQb/CQ="></latexit>

We consider the algebra of matrix di↵erential operators having as eigenfunctions
a sequence of polynomials (Pn)n�0, orthogonal with respect to the weight matrix

W = W (↵,�,v). i.e.

D (W ) =
�
D : PnD = ⇤n (D)Pn, ⇤n (D) 2 CN⇥N for all n � 0

 
.

<latexit sha1_base64="mc7o1ci1nJU1eO2DAXwd5aNXNjc="></latexit>

We show that the dimension of the complex vector space D2 of di↵erential
operators in D(W ) of order at most two is dimD2 = 5.
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<latexit sha1_base64="VW5eOpaOGLVOpHUkFfY0XYtNB8Y=">AAACFnicbVDLSgMxFM34rPVVdekmWAQXUmZUtBuh4MZlBfuATil30ts2NDMTkkyhDP0P/RldiQou3Po3pmMX2noWl5NzzoWcG0jBtXHdL2dpeWV1bT23kd/c2t7ZLezt13WcKIY1FotYNQPQKHiENcONwKZUCGEgsBEMb6Z+Y4RK8zi6N2OJ7RD6Ee9xBsZKncK5PwQpoZP6MqSjUzv9AA1Mrn0QcgA0k7OZ6dSntNQpFN2Sm4EuEm9GimSGaqfw4XdjloQYGSZA65bnStNOQRnOBE7yfqJRAhtCH1uWRhCibqdZuQk97sWKmgHS7P07m0Ko9TgMbCYEM9Dz3lT8z2slpldupzySicGI2Yj1eomgJqbTG9EuV8iMGFsCTHH7S8oGoIAZe8m8re/Nl10k9bOSd1ly7y6KlfLsEDlySI7ICfHIFamQW1IlNcLII3kmb+TdeXCenBfn9Se65Mx2DsgfOJ/fWW6eDg==</latexit>

±v,±� = ↵± v ± � .

<latexit sha1_base64="y3s+EyMB27bz5CQUcsiN1eoBJno="></latexit>

⇧ The algebra D (W ) is not commutative.

The existence of operators of order one associated to a matrix valued weight W(x) was initially 
considered by M. C. - A. Grünbaum (J. Nonlinear Math. Phys., 2005) and A. Durán- M. D. de la Iglesia, (J. 
Approx Theory,  2008).

<latexit sha1_base64="hAp3rEZBGCaRA24FBvRzCmZKW9c="></latexit>

We exhibit a set of symmetric operators {D1, D2, D3, D4, I} which is a basis
for the di↵erential operators of order at most two in D(W ). The corresponding
eigenvalues for the di↵erential operators D1, D2, D3 and D4 are

⇤n (D1) =
1

4

✓
(v,� + 2(n+ 1)) (�v,� + 2(n+ 2)) 0

0 0

◆
,

⇤n (D2) =

 
�1

4
(�v,� + 2) (v,� + 4) 0

0 (n+ ↵+ � + 3)n

!
,

⇤n (D3) =
1

4
(�v,� + 2(1 + n)) (�v,� + 2(2 + n))

✓
0 1
0 0

◆

� (v,� + 2(1 + n)) (v,� + 2(2 + n)) (�v,� + 2)v,��

4�v,�� (v,� + 2)

✓
0 0
1 0

◆
,

⇤n (iD4) = �1

4
(�v,� + 2(1 + n)) (�v,� + 2(2 + n))

✓
0 1
0 0

◆

� (v,� + 2(1 + n)) (v,� + 2(2 + n)) (�v,� + 2)v,��

4�v,�� (v,� + 2)

✓
0 0
1 0

◆
.

<latexit sha1_base64="ysl6WHIAfjMTIOb12b94Adm+Vrk="></latexit>

⇧ There are no operators of order one in the algebra D(W ).
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<latexit sha1_base64="vNu88SHUF+gVi/5TvscDQMOoVlI="></latexit>

For a given matrix-valued weight W , the analysis of the algebra D(W )
of all di↵erential operators that have a sequence of matrix-valued orthogonal
polynomials with respect to W as eigenfunctions has received much attention
in the literature in the last fifteen years

<latexit sha1_base64="ujMGTEZQMN3NOhXKOywkgXqhyYU="></latexit>
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More recently:

<latexit sha1_base64="xqnA5oSs0uxNWJMkWnmFyNMqOmc=">AAADSHicdVLbbtQwEE1SLm24tfDIy4gK0Upby0l3212eWiokhFSpoN5Qd1U53knXWieObKd0ibYfCPwAfwFPCHjBKVtYUJmnsed45pzjSQopjKX0kx/MXLt+4+bsXHjr9p279+YX7u8bVWqOe1xJpQ8TZlCKHPessBIPC40sSyQeJMOtun5witoIle/aUYG9jJ3kIhWcWXd1vOD3uwmeiLwSFjPxDsdht87CA3L+msAWMwXqRt </latexit>

W. R. Casper, Elementary examples of solutions to Bochner’s problem
for matrix di↵erential operators. J. Approx. Theory, 229, 36–71 (2018).

W. R. Casper and M. Yakimov, The matrix Bochner problem, Amer. J.
Math. (2021), to appear, arXiv:1803.04405.

The author gives a classification of all 2x2 real 
hypergeometric  Bochner pairs (W(x),D), where 
D is symmetric with respect to the inner product 
defined by W(x).

<latexit sha1_base64="E9WJc8RT6Ep8NsDm1haVh2z+L/o=">AAACinicdVFdb9MwFHUyPkbYWIFHXq7okIZURU4q1pYPadJ44HGgda3UVJXj3rRWnTiynY0Slb/Dn+EP8G9wSkGA4L74+J5zfe+5TkspjKX0m+fv3bp95+7+veD+weGDo9bDR1dGVZrjkCup9DhlBqUocGiFlTguNbI8lThKV+cNP7pGbYQqLu26xGnOFoXIBGfWpWatL0mKC1HUwmIuPuEmSBoUjMLPH0I4Z6ZE3QmSAm9Sqf gKLpcIZp3naLXgAMcxJFbkaCA+Bli69/UC1Y7NmTs+wlxkGWosrGASlFMwq7TpwElMo8HzDtSuIzA9FtcvowHthVHco91NGAQJFvNfc81abRq+cBWnFGhIt7EF/agbQbTLtMkuLmatr8lc8Sp3jblkxkwiWtppzbQVXDY+K4Ml4yu2wImDBXMupvV2oRt4likN1nnd3n/X1iw3bgGp0zh/S/M31yT/xU0qm/WntSjKymLBncRxWSXBKmj+xa1JI7dy7QDjWrgpgS+ZZty63wuc/Z8e4f/gKg6j05C+j9tn/d0i9skT8pSckIj0yBl5Ry7IkHDv0Ot6r703/oEf+wP/1Q+p7+1qHpM/wn/7HVR3wRs=</latexit>

• W. R. Casper, The symmetric 2 ⇥ 2 hypergeometric matrix di↵erential
operators, (2019), arXiv:1907.12703.
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<latexit sha1_base64="qEH4y0n4ZbOyV39zJt0iaeUsJ4g="></latexit>

To use the family of OP studied here in the context of time-and-band lim-

iting, where the commutativity of the matrix valued eigenvalues ⇤n could play

an important role.

<latexit sha1_base64="l20GuTm9dbBlgejB7PPJe8MDCic="></latexit>

Consider the sequence of orthonormal polynomials Qn w.r.t. W (x).

<latexit sha1_base64="8iS4dj0K8Osub6kJb3Dpv9Dlp1k="></latexit>

One searchs for an operator

eD =
d2

dx2
E2(x) +

d

dx
E1(x) +

d0

dx
E0(x)

such that

IK eD = eDIK .

band-limiting 
parameter

time-limiting 
parameter

<latexit sha1_base64="kPOWBX2rOsezg5XKBtCtTZn+Xlg="></latexit>

One considers the Integral kernel

KN (x, y) =
NX

n=0

Q⇤
n(x)Qn(y).

It defines an integral operator IK acting on any function F 2 L2
(W (x)) as

IK(F ) =

Z ⌦

0
F (s)W (s)(KN (x, s))⇤ds, ⌦ 2 (0, 1]
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<latexit sha1_base64="4rIo2LKvUDlrHAHip1oQJEzKDfQ="></latexit>

The sequence of monic polynomials P (↵,�,v)
n (t), orthogonal w.r.t W (t) satis-

fies the di↵erential equation

P (↵,�,v)
n (t)D = ⇤nP

(↵,�,v)
n

<latexit sha1_base64="giQSn2SEN8u+Qb3y8PGp8/dhvB8="></latexit>

According to a result of A, Grünbaum, I. Pacharoni and I. Zurrián, IMRN
(2018)

Assuming the following hypothesis on the weight W and the di↵erential
operator D:

There exists a matrix fM , independent of the variables x,n and the band
parameter ⌦, but possibly depending on the time parameter N such that:

(fM � x(^N+1 + ^N )W (x)�W (x)(fM � x(^N+1 + ^N ))⇤ = 0,

then for the time-band-limiting integral operator given by

IK(F ) =

Z ⌦

a
F (s)W (s)(KN (x, s))⇤ds, ⌦ 2 (a, b]

the commuting di↵erential operator can be written as

T = xD +Dx� 2⌦D � (^N+1 + ^N )x+ fM.

<latexit sha1_base64="XcNP2sAdS61ETkargz8h5+SSvTY=">AAACI3icbVDLbhpBEJwlTkzIiyRHX1qGSDmhWSQTfAqSc8jFEpbMQwKEZoeGHTH70EwvNlrxOc7PhFOUWPIh/+IBc7BJ6lTTVaPuqiDVyhLnd17h2cHzF4fFl6VXr9+8fVd+/6Frk8xI7MhEJ6YfCItaxdghRRr7qUERBRp7wfxso/cWaKxK4ktapjiKxCxWUyUFudG43KoOg0xrpCp8S+AKIRQLBJvJEAREgoy6hurwSk2QlJ 5gfr6qgoqBQmVBur1fx+UKr51w/7ThA6/VT/hpkzvCtwB/Rypsh/a4vB5OEplFGJPUwtqBz1Ma5cKQkhpXpWFmMRVyLmY4cDQWEdpRvk26gk/TxLjlCNv3Y28uImuXUeA87uzQ7mub4f+0QUbT5ihXcZoRxtJZnDbNNFACm8JgogxK0ktHhDTKXQkyFEZIcrWWXHx/P+y/pFuv+Y0av6hXWs1dEUV2xI7ZZ+azL6zFvrM26zDJfrA1+8NuvRvvp/fL+/1gLXi7Px/ZE3h/7wETSaM9</latexit>

• Do we have such a matrix fM in this case?


