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Goal of the talk

Construction of

@ cigenstates for quantum trigonometric spin Calogero-Moser systems,

@ eigenfunctions for boundary Knizhnik-Zamolodchikov-Bernard (KZB)
operators,

in terms of vector-valued Harish-Chandra series.

Joint work with Kolya Reshetikhin.
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Split symmetric pair (g, g°)

@ Complex simple Lie algebra g = b @ P, c¢ 9o, Killing form
(a)gxg_)(c
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Split symmetric pair (g, g’)

@ Complex simple Lie algebra g = h @ @4 ga. Killing form
('7'):gxg_>(c-
@ Chevalley involution 6 € Aut(g),

0|h = —Idf], H(ea) = —€_q

with e, € g such that (e,, e_g) = dq s
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Split symmetric pair (g, g’)

@ Complex simple Lie algebra g = h @ @4 ga. Killing form
('7'):gxg_>(c-
@ Chevalley involution 6 € Aut(g),

0|h = —|d(—,, H(ea) = —€_q

with e, € g such that (e,, e_g) = dq s

Q¢ = @Docor Cya with y, := e, — e_ and ®T a choice of positive
roots.
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Split symmetric pair (g, g’)

@ Complex simple Lie algebra g = h @ @4 ga. Killing form
(n):gxg—C
@ Chevalley involution 6 € Aut(g),

0|h = —|d(—,, G(ea) = —€_q

with e, € g such that (e,, e_g) = dq s
Q¢ = @Docor Cya with y, := e, — e_ and ®T a choice of positive

roots.
Examples
(9.8%) = (sle1(C), 50,11(C)) and (g, 9) = (sp4(C), gle(C))-
In both cases Chevalley involution 8(X) := —XT.
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Vector-valued Harish-Chandra series

Notations {a1,...,a;} the base for T,
@ R the ring of rational trigonometric functions on h generated by
Cle™™,...,e ] and (1 — e 2¥)7! for a € ®7.
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Vector-valued Harish-Chandra series

Notations {a1,...,a;} the base for T,
@ R the ring of rational trigonometric functions on h generated by
Cle™,...,e %] and (1 — e2¥)~1 for a € O+,
Q@ R — Clle™,...,e"]] (power series expansion in the sector

by = {heb|Ra(h) >0 Vacd+}).
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Vector-valued Harish-Chandra series

Notations {a1,...,a;} the base for T,
@ R the ring of rational trigonometric functions on h generated by
Cle™,...,e %] and (1 — e2¥)~1 for a € O+,
Q@ R — Clle™,...,e"]] (power series expansion in the sector

hye:={hebh|R(a(h)>0 Vaecdt}).
© Dgx: algebra of linear differential operators on h with coefficients in R.
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Vector-valued Harish-Chandra series

Notations {a1,...,a;} the base for T,
@ R the ring of rational trigonometric functions on h generated by
Cle™,...,e %] and (1 — e2*)7! for a € ®F.
Q@ R — C[le™,...,e" ]| (power series expansion in the sector

hye:={hebh|R(a(h)>0 Vaecdt}).
© Dgx: algebra of linear differential operators on h with coefficients in R.

Definition

£ o2 1+e 0
L:Za_xfrz (1_ _2a> — 42 Z = _a)z € U(g")@Dr

a6¢+

with
Q@ {x1,...,x¢} a linear basis of iy such that (x;, x;) = d; ,
@ h, € b such that (h, ho) = a(h) for all h € .

v
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Vector-valued Harish-Chandra series
Generic conditions on the spectral parameters:
Dic = {Aeb™ | QA +2p+7,7) #0 VO # v € ZeodT}

with p:= 33" o+ aand (-,-) : h* x h* — C the dual of the
non-degenerate bilinear form (~, ')|hXh on b.
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Vector-valued Harish-Chandra series

Generic conditions on the spectral parameters:
biic ={Aeb* [ (QA+204+7,7) #0 VO # 7y € Zodt}

with p := %Za€¢+ « and (-, ) 1 h* x h* — C the dual of the
non-degenerate bilinear form (~, ’)|hXh on b.

Theorem

Let N be a finite dimensional g°-module and give it the norm topology.

Let n € N and \ € b},-. There exists a unique N-valued holomorphic
function F{ on b of the form

FR(h) = > To(x)el ), (A enN
’YGZSO¢+

satisfying L(F)) = (XA + 2p, \)F and the initial condition T{(\) = n.
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Vector-valued Harish-Chandra series

Terminology: F! is the N-valued Harish-Chandra series for (g, g?) with
leading term n € N (for N the trivial g?-representation, it is the usual
Harish-Chandra series).
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Vector-valued Harish-Chandra series

Terminology: F! is the N-valued Harish-Chandra series for (g, g?) with
leading term n € N (for N the trivial g?-representation, it is the usual
Harish-Chandra series).

Remarks

@ L = Lg is the (g, g?)-radial component of the action of the Casimir
element

14
Q:=) X+ Y enea < Z(U(g))
k=1

acd

acting by right-invariant differential operators on vector-valued
spherical functions.
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Vector-valued Harish-Chandra series

Terminology: F! is the N-valued Harish-Chandra series for (g, g?) with

leading term n € N (for N the trivial g?-representation, it is the usual
Harish-Chandra series).

Remarks

@ L = Lg is the (g, g?)-radial component of the action of the Casimir
element

‘
Q= fo + Z ene_a € Z(U(g))
k=1 acd

acting by right-invariant differential operators on vector-valued
spherical functions.

@ Radial component map gives an algebra embedding
Z(U(g)) = U(g”) © Dr, C — L¢ and

Le(FR) =& (OFY,  Ce z(U(g))
with &) : Z(U(g)) — C the central character at A.
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Quantum trigonometric spin Calogero-Moser systems
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Turn

into a Hamiltonian by gauging with

6—epH(1 _20‘%

acedt
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Quantum trigonometric spin Calogero-Moser systems
Turn

o 0
— efa)Z S U(g )®DR

into a Hamiltonian by gauging with

0 :=¢e’ H (1- e 2 %
acdt
Quantum trigonometric spin Calogero-Moser Hamiltonian
¢
0? 1 (o, @)
H:=6L5"1=) — + — ( ’ +y2>—(p,p)
kzzzl Ox? = (e —e— )2\ 2 @

with eigenfunction the gauged N-valued Harish-Chandra series

FY :=0Fy.
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Representation theoretic interpretation of FY
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Representation theoretic interpretation of FY

@ Verma module M) := U(g) ®@y(s) Cx with respect to Borel subalgebra
b:=b®P,co+ 9o (note: M, is irreducible for A € hj,-).
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Representation theoretic interpretation of FY

@ Verma module M) := U(g) ®@y(s) Cx with respect to Borel subalgebra
b:=b®P,co+ 9o (note: M, is irreducible for A € hj,-).

@ Weight decomposition My = €D, Ma[u], highest weight vector
my € M)\[)\].
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Representation theoretic interpretation of FY

@ Verma module M) := U(g) ®@y(s) Cx with respect to Borel subalgebra
b:=b®P,co+ 9o (note: M, is irreducible for A € hj,-).

@ Weight decomposition My = €D, Ma[u], highest weight vector
my € M)\[)\].
© Weight completion M) := [1.<x Malu].
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Representation theoretic interpretation of FY

@ Verma module M, := U(g) ®y(p) C with respect to Borel subalgebra
b:=bD P, co+ 9o (note: M, is irreducible for A € bj;-).

@ Weight decomposition My = €D, Ma[u], highest weight vector
my € M)\[A].
© Weight completion My, := [1.<x Malu].

Lemma (Gelfand pair property)
Let X\ € bc.

@ Dim(M{) = 1.

— 49
@ There exists a unique vy = (vx[u])<x € My with vy[A] = my.
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Representation theoretic interpretation of FY

Theorem

Let N be a f.d. g?-module, \ € bic and ¢y € Homge(M,\, N).

Then
F™(h) =3 ga(wlud)e®,  heb,.

(59
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Representation theoretic interpretation of FY

Theorem

Let N be a f.d. g?-module, \ € bic and ¢y € Homge(M,\, N).

Then
F™(h) =3 ga(wlud)e®,  heb,.

(59

Remarks

© Formally the right hand side is ¢y (e/vy).
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Representation theoretic interpretation of FY

Theorem

Let N be a f.d. g?-module, \ € bic and ¢y € Homge(M,\, N).

Then
F™(h) =3 ga(wlud)e®,  heb,.

(59

Remarks
© Formally the right hand side is ¢y (e/vy).

@ The evaluation map Homgo(My, N) — N, ¢ = ¢x(my) is injective.
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Representation theoretic interpretation of FY

Theorem

Let N be a f.d. g?-module, \ € bic and ¢y € Homge(M,\, N).
Then

F™(h) =3 ga(wlud)e®,  heb,.

(59

Remarks
@ Formally the right hand side is ¢ (evy).
@ The evaluation map Homgo(My, N) — N, ¢ = ¢x(my) is injective.
Next step: the evaluation map is an isomorphism if N is a finite
dimensional g-module and X is sufficiently generic. In this case the

vector-valued Harish-Chandra series are also eigenfunctions of
boundary KZB operators.
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KZB operators
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KZB operators
Setup
@ b-invariant element r € R ® g©2.
@ U(g)®s-valued differential operators on b:

14

i—1 s

0

D) = > (g =D rit+ > rj€ U@ @Dr
k=1 k j=1 j=i+1

fori=1,...,s.
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KZB operators
Setup
@ bh-invariant element r € R ® g®2.
@ U(g)®*-valued differential operators on b:

¢ i—1 S
0
D=3 ()ig— =D it Y rj € U(@)* @ Dr
k=1 ko= J=itl
fori=1,...,s

Proposition
The following two statements are equivalent:

@ Foralls>2and1<i+#j<s,
() o) Orj -1
[0, D7) = Z &

with AS™1 : U(g) — U(g)®* the (s — 1)™ iterated comultiplication.

@ r is a solution of the classical dynamical Yang-Baxter equation (cdYBE).

Jasper Stokman (University of Amsterdam) Integrable structures June 11, 2018

4
10 /21



KZB operators

Classical dynamical Yang-Baxter equation (Gervais, Neveu, Felder):

¢
Oro on 0rx3

D (w3 = Gt + ()

+ [n2, n3] + [r2, r3] + [ri3, 23] = 0

as identity in R @ g®3.
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KZB operators

Classical dynamical Yang-Baxter equation (Gervais, Neveu, Felder):

(9/’12 8r13 6r23
Z((Xk)307k - (Xk)287xk + (Xk)laixk)
+ [n2, n3] + [r2, r3] + [ri3, 23] = 0

as identity in R @ g®3.

Corollary

Write
V=V® -V

for finite dimensional g-modules Vi, ..., V5. Let r be an h-invariant

solution of the cdYBE. The associated differential operators D&s), ey Dgs)
pairwise commute when acting on V[0]-valued functions on .
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KZB operators

Definition

The KZB operators are the differential operators D:ES)

..., DY associated
to Felder’s trigonometric solution

1—e 2
acd

‘ ®
r::—Z:x;(@)xk—Qz:M
k=1

of the cdYBE.
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KZB operators

Definition

The KZB operators are the differential operators D:ES)

..., DY associated
to Felder’s trigonometric solution

1—e 2
acd

‘ ®
r::—Z:x;(@)xk—Qz:M
k=1

of the cdYBE.
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KZB operators

Definition

The KZB operators are the differential operators D:ES)

..., DY associated
to Felder’s trigonometric solution

1—e 2
acd

‘ ®
r::—Zxk®xk—2ZM
k=1

of the cdYBE.

Etingof, Schiffmann, Varchenko: common eigenfunctions of the KZB
operators in terms of weight traces of products of vertex operators.
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Vertex operators

Additional regularity assumptions:

bieg = A € B | (Ma¥) €2 Vae o).

Proposition (Etingof, Varchenko)

Let V be a finite-dimensional g-module, 1 a weight of V, and A € b
We have a linear isomorphism

*
reg-

Homg (Mx, My_,, ® V') = V[u]

mapping V to (m}_, @ Idy)(Vm,).
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Vertex operators

Additional regularity assumptions:

bieg = A € biic | (Ma¥) €2 Va e o).

Proposition (Etingof, Varchenko)

Let V be a finite-dimensional g-module, 1 a weight of V, and A € b
We have a linear isomorphism

*
reg-

Homg (M, My_, @ V) — V[pu]

mapping V to (m}_, @ Idy)(Vm,).

For v € V[u] we write
WY € Homg(My, My_, ® V)

for its preimage, called the vertex operator with leading term v.

Jasper Stokman (University of Amsterdam) Integrable structures June 11, 2018 13 /21



Fusion

QO V=V,®- - -® Vs with V, finite dimensional g-modules.
Q@ vie Viui]fori=1,...;s,andv:i=vi @ - ® vs.
Q \i=XA—ps--—pjp1 fori=0,...,5 with As ;==X € f]*;eg.
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Fusion

QO V=V,®- - -® Vs with V, finite dimensional g-modules.

Q@ vie Viui]fori=1,...;s,andv:i=vi @ - ® vs.

Q@ \i=A—ps--—pjpr fori=0,...,5, with As ;:= A€
Note: WY € Homy(My,, My,_, ® V}).

*
reg-
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Fusion

QO V=V,®- - -® Vs with V, finite dimensional g-modules.
Q@ vie Viui]fori=1,...;s,andv:i=vi @ - ® vs.

Q@ \i=X—ps--—pjpp fori=0,...,5, with \g ;==X €
Note: WY € Homy(My,, My,_, ® V}).

*
reg-

Definition (Etingof, Varchenko)
The fusion operator Jy(\) : V. — V is defined by

NV = (m}, @ ldv) (W @ ldv,e.gv,) - (WX} @ Idy, )WY (m),).

As identity in Homg(l\/l,\s, My, ® V),

U = (W @ ldve-ev,) - (VN7 @ 1dy,) WS
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Fusion

QO V=V,®- - -® Vs with V, finite dimensional g-modules.
Q@ vie Viui]fori=1,...;s,andv:i=vi @ - ® vs.

Q N =A—ps---—pjprfori=0,...,s, with As ;=X e€h
Note: \IJX’, € Homg(My,, My, , ® V;).

*
reg-

Definition (Etingof, Varchenko)
The fusion operator Jy(\) : V. — V is defined by

J\/()\)V = (m}‘\o & |dv) (\lel (%9 |dv2®.,.®\/s) SO (\U‘:\Ss__ll & |dvs)‘U‘>/\ss(m)\s).

As identity in Homg(l\/l,\s7 My, ® V),

WV = (W @ dveen) - (W @ 1dy) WY
Remark (Etingof, Schiffmann). Common eigenfunctions of the KZB
operators given by gauged versions of the trace functions
h s Tru, (Illi"(A)veh) for v € V[0].
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Boundary vertex operators

Lemma
A € b*, then

@ Dim(M;%) =1.

@ There exists a unique f,, € M;’ge satisfying fy(my) = 1.
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Boundary vertex operators

Lemma
A € b*, then

@ Dim(M;%) =1.

@ There exists a unique fy, € M;’ge satisfying f(my) = 1.

Consequence: If A € by, and V is a finite dimensional g-module then

V 5 Homgs (M, V), v WYY

with for v € V[y],
WY = (A, © Idy) WY,

called the boundary vertex operator associated to v.
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Boundary fusion operator
We have in Hom s (M, , V):

WAV (Vi @ ldv,e-av,) (VR @ ldyg.av) - VS
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Boundary fusion operator
We have in Hom o (M, V):

b,y (A s
\U/\ v(Mv — (\Ub Vi1 ® |d\/2® ®\/5) (\U‘fz X IdV3®"'®V5) . \UKS
Definition
For \ € by, the boundary fusion operator ,(X) : V.— V is defined by

RO = WO,

Upshot: Fusion operator is the highest to highest weight component of
products of vertex operators, while boundary fusion operator is the
highest weight to spherical component of products of vertex operators:

Jv()\)v = (mio ® |dv) (\UV & |dv2® ®Vs) (st ! ® |dvs)w (m>\)
KW= (F, @ ldy) (V5 ® ldyys.ev,) - (V3L @ Idy, ) W5 (my).
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Boundary KZB operators
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Boundary KZB operators

Integrable data
@ Folded r-matrices r* € R ® g®2:

r¥i=4r+ (0 @1d)(r)

with r Felder's trigonometric classical dynamical r-matrix.
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Boundary KZB operators
Integrable data
@ Folded r-matrices r* € R ® g®2:

L i=4r 4+ (0x1d)(r)

with r Felder's trigonometric classical dynamical r-matrix.
@ Folded k-matrix k € R ® U(g) (With m multiplication map):

k=m0 @ Id)(r Zxk+2zl_e
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Boundary KZB operators
Integrable data
@ Folded r-matrices r* € R ® g®?:

L i=4r 4+ (0x1d)(r)

with r Felder's trigonometric classical dynamical r-matrix.
@ Folded k-matrix k € R ® U(g) (with m multiplication map):

k=m0 @ Id)(r Zxk+2zl_e

Definition

The boundary KZB operators D?’(s) € U(9)®° @ Dr are

¢ i-1
D . 2;:1xk g 2 21 — K
= J= J=i+

fori=1,...,s

Jasper Stokman (University of Amsterdam) Integrable structures June 11, 2018

4
17 / 21



Boundary KZB operators

Notations

QO V=V® - -® Vs with V; finite dimensional g-modules.
Q@ vie Viuifori=1,...;s,andv:i=v; @ - ® vs.

O N =A—pus - —piyrfori=0,...,s with \s := X € bhp,.
Theorem
. . &MV VAN .
The gauged Harish-Chandra series F =0F, : b4 — V satisfies

b (\)v V(A
DV (FVYY = (i, A 4+ 20) = (N1, At +20)) Fv™

fori=1,...,s.
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Boundary KZB operators

Notations
QO V=V,R®- - -® Vs with V; finite dimensional g-modules.
Q@ vie Viuifori=1,...;s,andv:i=v; @ - ® vs.

QO Nii=A—ps-—piprfori=0,....s with As ;= X € b7,
Theorem
. . &MV VAN .
The gauged Harish-Chandra series F =0F, : b4 — V satisfies

> (A V(v
D?’(s)(FiV(A) ) = ((Ai, Ai +2p) — (Nimz, A1 + 20))':1\’(/\)

fori=1,...,s.

Key tool: representation theoretic form of the particular vector-valued
Harish-Chandra series as weighted spherical to spherical component of
products of intertwiners:

J{*/()\)v Vi Vs—1 Ve 1

Fy = Z (Fo®ldv) (W @ldv,e.wv,) - (Vi @ldv,) W3 (va[u]) ) et
P
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Integrability

Recall the quantum Hamiltonian H € U(g%) ® Dy given by

Hi= Z > (5 2) - o)

and the boundary KZB operators D?’(s) € U(9)®° @ Dr given by

l s
Dy =23 ()i Z 7

k=1 j=i+1
for i =1,...,s with folded r-matrices r* and a folded k-matrix .
Theorem
The differential operators AS~1(H), Dgs), e Ds(s) pairwise commute in
U(g)®* ® Dx.
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Integrability
Corollary
Folded r-matrices r* := +r + (0 ® Id)(r) satisfy mixed cdYBE

Y4 — —
Ory orz\ _— + - _
2;((&)1 i (Xk)2 8xk> = [z 5] + [rizs 23l + [ri3s 23,
¢
31’;5, ory,
2 e~ ((Xk)la_xk - (Xk)3a_xk> [ri2, ri5] + [ria, ra3] + [z, 7251,
¢
orys or B
2 <(Xk)2(9—):: - (Xk) 12) [I’12, r]tg] + [r127 r23] + [I’23, I’]TS]
k=1

and k1= m(f ® 1d)(0) the mixed classical dynamical reflection equation

QZ(Xk Kl_'_r )—(Xk)l(%{g—)_;”ﬂ>:[&1+r_,liz+r+].

v
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Outlook

O Affine split symmetric pairs related to
@ quantum elliptic spin Calogero-Moser systems, including quantum
Inozemtsev system (affine sly case: Stefan Kolb).
@ Boundary KZB equations involving Felder's elliptic solution of the
classical dynamical Yang-Baxter equation with spectral parameter and

an associated (folded) classical dynamical elliptic k-matrix with spectral
parameter.

@ Quantum group versions involving quantum symmetric spaces: in
progress!
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