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(6gH|)\f/H|5eH> = 1,44(s) - characteristic function of gH
thus 1g4 € B(G) - Fourier-Stieltjes algebra

C*(G) - universal group C* - algebra

U: G — M(C*(G)) - universal representation of G
B(G) = C*(G)* - Banach algebra (with convolution)
B(G) 3 w = A(w) € Cp(G) where X\ (w)(g) = w(Uy)
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Projections in B(G)

Theorem (Host, Cohen, lllie-Spronk)

e 1-1 correspondence between idempotents (idempotent functionals) in
B(G) and elements of the boolean ring generated by the cosets of
open subgroups of G (Host in general and Cohen for abelian groups).

@ 1-1 correspondence between contractive idempotent functionals in
B(G) and cosets of open subgroups of G (lllie-Spronk).

e I1-1 correspondence between contractive idempotent states in B(G)
and open subgroups of G (Illie-Spronk).

What are the quantum counterparts of these results?
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@ Locally compact quantum group is a quadruple G = (M, A, p, )
@ M is a von Neumann algebra, later denoted by L>°(G)
@ A:M— M®M - normal, injective, coassociative *-homomorphism

© o, - left resp. right invariant Haar weights, e.g.
(v ® id)(A(x)) = ¥(x)1 for all x € M+

@ The unitary antipode and the scaling group
R,7t: L=(G) — L™®(G),S=Rori
2
@ The dual locally compact quantum group

G = (L®(G), A, 3, 9)

o L>(G), L(G) c B(LXG)), ¥ - the GNS map assigned to ¥

Kasprzak Contractive idempotents June 11, 2018 4 /18



Locally compact quantum groups

Notation continued
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Notation continued

Bicharacter: W € M(Co(G) ® CO(G)) c L=(G) & L™(G)
L®(G) = {(1 ® id)(W) : p € L%(G).}"

A(x) = W(x ® 1)W* for x € L=(G)

Half universal bicharacter: W € M(C4(G) ® Co(G))

B(G) := CY(G)* - Fourier-Stieltjes (Banach) algebra (with
convolution)

wi * wp = (w1 ® wa) o A¥ where AY € Mor(C4(G), C4(G) ® C¥(G))

B(G) 3 w s \(w) € M(Co(G)) where \(w) = (w @ id)(W)

AY is injective
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Host-lllie-Spronk problem for quantum groups

What are the AY - images of

~

Q {weCJ(G)*:w*w=w and w — state}?
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Host-lllie-Spronk problem for quantum groups
What are the AY - images of

Q {we CS(@)* rw*w =w and w — state}?
Q@ {weC¥G) wrw=wand |w|| =1}?

Q {weCG) twrxw=w}?

@ We answer Question 1 and 2. Question 3 is open.
@ idempotent states for QGs: Franz, Salmi, Skalski, Tomatsu

@ idempotent contractive functionals for QG's: Neufang, Salmi, Skalski,
Spronk
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Idempotent states and group-like projections

Definition
Let P € L>°(G) be a selfadjoint projection.
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ldempotent states and group-like projections, cont.

Theorem (R. Faal, P.K.)

~

A C(G)* = L*(G) yields a 1-1 correspondence between idempotent
states in Cg(G)*and group-like projections in L°>°(G) which are preserved
by the scaling group T : R — Aut(L>(G)).

Notation

| A\

Given an idempotent state w € CS(@)* we write

P, = M(w) = (w®id)(W)
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Contractive idempotent functionals, NSSS

Polar decomposition of ClIFs

Let w € Cg(@)* be a contractive idempotent functional. There are

@ idempotent states, denoted |w|,,|w|; € CH(@)* - right and left
absolute values of w
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Contractive idempotent functionals, NSSS

Polar decomposition of ClIFs

Let w € Cg(@)* be a contractive idempotent functional. There are

@ idempotent states, denoted |w|,,|w|; € CH(@)* - right and left
absolute values of w

~

@ an element u € C{(G) such that

o w=|w - u=u-lw|
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Contractive idempotent functionals, NSSS

Polar decomposition of ClIFs

Let w € Cg(@)* be a contractive idempotent functional. There are

@ idempotent states, denoted |w|,,|w|; € CH(@)* - right and left
absolute values of w

~

@ an element u € C{(G) such that

o w=|w - u=u-lw|
0 e.g. w(x)=|wl/(ux) for all x € C(‘)’(@)
We shall write P, = \(w) = (w ® id)(W).
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From CIF to shifts of group-like projections

Definition

Let P, Q € L>®(G) be non-zero projections where P is a group-like
projection. We say that @ is a
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From CIF to shifts of group-like projections

Let P, Q € L>®(G) be non-zero projections where P is a group-like
projection. We say that @ is a

o left shift of Pif A(Q)(QR®1)=Q® P
o right shift of Pif A(Q)(1® Q) =P® Q

Example

Let H be open subgroup of G, g € G
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From CIF to shifts of group-like projections

Let P, Q € L>®(G) be non-zero projections where P is a group-like
projection. We say that @ is a

o left shift of Pif A(Q)(QR®1)=Q® P
o right shift of Pif A(Q)(1® Q) =P® Q

Example

Let H be open subgroup of G, g € G
o 1z € L™(G) is a left shift of group-like projection 14
@ all left shifts of 14 are of this form

o lllie-Spronk: 1-1 between contractive idempotent functionals in B(G)
and left shifts of group-like projections in L*°(G)
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From CIFs to shifts of group-like projections

Theorem (PK)

Letw e Cy (G)* be a contractive idempotent functional. Then
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From CIFs to shifts of group-like projections

Theorem (PK)

Letw e Cy (G)* be a contractive idempotent functional. Then
o P, is preserved by the scaling group T
e P, is a left shift of PM,
e P, is a right shift of P,

Since P, = (w ®id)(W) and (7 ® 7¢)(W) = W we get
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From CIFs to shifts of group-like projections

Theorem (PK)

Letw e Cy (G)* be a contractive idempotent functional. Then
o P, is preserved by the scaling group T
e P, is a left shift of PM,
e P, is a right shift of P,

Since P, = (w®1id)(W) and (7} @ 7¢)(W) = W we get

Contractive idempotent functionals are preserved by 7

w=woT/ forallt € R
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From shifts of group-like projections to ClFs

Theorem (PK)

Let G be a Icgq and Q a left shift a of group like projection P such that
7(Q) = Q for all t € R.
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From shifts of group-like projections to ClFs

Theorem (PK)

Let G be a Icgq and Q a left shift a of group like projection P such that
7¢(Q) = Q for all t € R.Then there exists a unique contractive idempotent
functional w € Cy(G)* such that Q = P,,.
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From shifts of group-like projections to ClFs

Theorem (PK)

Let G be a Icgq and Q a left shift a of group like projection P such that
7¢(Q) = Q for all t € R.Then there exists a unique contractive idempotent
functional w € Cy(G)* such that Q = P,,.

Proof.
e Show that A(P)(R(Q) ®1) = R(Q)® Q

| \
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From shifts of group-like projections to ClFs

Theorem (PK)

Let G be a Icgq and Q a left shift a of group like projection P such that
7¢(Q) = Q for all t € R.Then there exists a unique contractive idempotent
functional w € Cy(G)* such that Q = P,,.

e Show that A(P)(R(Q) ®1) = R(Q)® Q
o Conclude that there exists u, ||| <1 such that (p ®id)(A(P)) = Q
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From shifts of group-like projections to ClFs

Theorem (PK)

Let G be a Icgq and Q a left shift a of group like projection P such that
7¢(Q) = Q for all t € R.Then there exists a unique contractive idempotent
functional w € Cy(G)* such that Q = P,,.

@ Show that A(P)(R(Q)® 1) = R(Q) ® Q
e Conclude that there exists p, ||u|| < 1 such that (¢ ® id)(A(P)) = Q
o Note that P is preserved by 7, i.e. P = (& ®id)(W)
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From shifts of group-like projections to ClFs

Theorem (PK)

Let G be a Icgq and Q a left shift a of group like projection P such that
7¢(Q) = Q for all t € R.Then there exists a unique contractive idempotent
functional w € Cy(G)* such that Q = P,,.

@ Show that A(P)(R(Q)® 1) = R(Q) ® Q

e Conclude that there exists p, ||u|| < 1 such that (¢ ® id)(A(P)) = Q
o Note that P is preserved by 7, i.e. P = (& ®id)(W)

@ Note that Q = (& - a ® id)(W) where a = (id ® u)(W)
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From shifts of group-like projections to ClFs

Theorem (PK)

Let G be a Icgqg and Q a left shift a of group like projection P such that
7t(Q) = Q for all t € R.Then there exists a unique contractive idempotent
functional w € Cy(G)* such that Q = P,,.

@ Show that A(P)(R(Q)® 1) = R(Q) ® Q

e Conclude that there exists p, ||u|| < 1 such that (¢ ® id)(A(P)) = Q
o Note that P is preserved by 7, i.e. P = (& ®id)(W)

@ Note that Q = (& - a ® id)(W) where a = (id ® u)(W)

A\

Corollary
If Q € L>°(G) is as above, then Q = P, P = P,,.
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From shifts of group-like projections to ClFs

Theorem (PK)

Let G be a Icgqg and Q a left shift a of group like projection P such that
7t(Q) = Q for all t € R.Then there exists a unique contractive idempotent
functional w € Cy(G)* such that Q = P,,.
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e Conclude that there exists p, ||u|| < 1 such that (¢ ® id)(A(P)) = Q
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If Q € L*°(G) is as above, then @ = P,,, P = Py, In particular

AQI®Q) =P®QwhereP=P,,,.




From shifts of group-like projections to ClFs

Theorem (PK)

Let G be a Icgqg and Q a left shift a of group like projection P such that
7t(Q) = Q for all t € R.Then there exists a unique contractive idempotent
functional w € Cy(G)* such that Q = P,,.

@ Show that A(P)(R(Q)® 1) = R(Q) ® Q

e Conclude that there exists p, ||u|| < 1 such that (¢ ® id)(A(P)) = Q
o Note that P is preserved by 7, i.e. P = (& ®id)(W)

@ Note that Q = (& - a ® id)(W) where a = (id ® u)(W)

Ol

v
Corollary

If Q € L*°(G) is as above, then @ = P,,, P = Py, In particular

AQI®Q) =P®QwhereP=P,,,.




From CIFs to TROs and back

Let X C L>(G) and let X C L>(G) be a weakly closed linear subspace.
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From CIFs to TROs and back

Let X C L>(G) and let X C L>(G) be a weakly closed linear subspace.
We say that X is

@ a ternary ring of operators (TRO) if

ab*c € X whenever a, b,c € X
e G - invariant if A(X) C L*(G) & X

o integrable if the set {a € X : ¢)(a*a) < oo} is weakly dense in X;
L?(X) - Hilbert space completion.
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We say that X is

@ a ternary ring of operators (TRO) if

ab*c € X whenever a, b,c € X
e G - invariant if A(X) C L*(G) & X

o integrable if the set {a € X : ¢)(a*a) < oo} is weakly dense in X;
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e X - TRO, (X*X), (XX*) C L*°(G) - subalgebras of L>(G)
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From CIFs to TROs and back

Let X C L>(G) and let X C L>(G) be a weakly closed linear subspace.
We say that X is

@ a ternary ring of operators (TRO) if
ab*c € X whenever a, b,c € X

e G - invariant if A(X) C L*(G) & X

o integrable if the set {a € X : ¢)(a*a) < oo} is weakly dense in X;
L?(X) - Hilbert space completion.

e X - TRO, (X*X), (XX*) C L*°(G) - subalgebras of L>(G)
e X is non-degenerate if 1 € (X*X) N (XX*)
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From CIFs to TROs and back

In the formulation and the proof of the next results, the roles of G and @
are replaced.
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Theorem (NSSS)
Let w € C§(G)* be a contractive idempotent functional on G.
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From CIFs to TROs and back

In the formulation and the proof of the next results, the roles of G and @

are replaced.

Theorem (NSSS)
Let w € C§(G)* be a contractive idempotent functional on G. Consider

Xo :i={x € L(G) : w*x = x}.
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From CIFs to TROs and back

In the formulation and the proof of the next results, the roles of G and @
are replaced.

Theorem (NSSS)

Let w € C§(G)* be a contractive idempotent functional on G. Consider

Xo :i={x € L(G) : w*x = x}.

Then X,, is a non-degenerate, integrable, G-invariant TRO preserved by ;.
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From CIFs to TROs and back

In the formulation and the proof of the next results, the roles of G and @
are replaced.

Theorem (NSSS)
Let w € C§(G)* be a contractive idempotent functional on G. Consider

Xo :i={x € L(G) : w*x = x}.

Then X,, is a non-degenerate, integrable, G-invariant TRO preserved by ;.

Theorem (PK)

Let X C L*(G) be non-degenerate, integrable, G-invariant TRO preserved
by T¢.
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From CIFs to TROs and back

In the formulation and the proof of the next results, the roles of G and @
are replaced.

Theorem (NSSS)

Let w € C§(G)* be a contractive idempotent functional on G. Consider

Xo :i={x € L(G) : w*x = x}.

Then X,, is a non-degenerate, integrable, G-invariant TRO preserved by ;.

Theorem (PK)

Let X C L*(G) be non-degenerate, integrable, G-invariant TRO preserved
by 7¢. Then there exists a contractive idempotent functional w € C§(G)*
such that X = X,,.
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o Let P, @ be o.n. projection onto L2(X) and L2((X*X))
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o Let P, @ be o.n. projection onto L2(X) and L2((X*X))

~

o G - invariance of X implies that P, Q € L>°(G)
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o Let P, @ be o.n. projection onto L2(X) and L2((X*X))

o G - invariance of X implies that P, Q € L>°(G)

@ Almost direct consequence of definition: @x = xP for all x € X
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o Let P, @ be o.n. projection onto L2(X) and L2((X*X))

e G - invariance of X implies that P, Q € LOO(@)
@ Almost direct consequence of definition: @x = xP for all x € X

e We prove that A(Q)(]l ®Q)=P®Q.
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o Let P, @ be o.n. projection onto L2(X) and L2((X*X))

e G - invariance of X implies that P, Q € LOO(@)
@ Almost direct consequence of definition: @x = xP for all x € X

o We prove that A(Q)(]l ® Q) = P ® Q. The latter is equivalent with
(12 QW(Qe1)=W(Q®P).
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o Let P, @ be o.n. projection onto L2(X) and L2((X*X))

e G - invariance of X implies that P, Q € LOO(@)
@ Almost direct consequence of definition: @x = xP for all x € X

o We prove that A(Q)(]l ® Q) = P ® Q. The latter is equivalent with
(12 QW(Q®1)=W(Q®P). Let x € X,
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o Let P, @ be o.n. projection onto L2(X) and L2((X*X))

~

o G - invariance of X implies that P, Q € L>°(G)
@ Almost direct consequence of definition: @x = xP for all x € X

o We prove that A(Q)(]l ® Q) = P ® Q. The latter is equivalent with
(12 QW(QR®1)=W(Q® P). Let x € X, (x*x) < o0,
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o Let P, @ be o.n. projection onto L2(X) and L2((X*X))

o G - invariance of X implies that P, Q € L>=(G)

@ Almost direct consequence of definition: @x = xP for all x € X

e We prove that A(Q)(]l ® Q) = P® Q. The latter is equivalent with
(12 QW(QR®1)=W(Q® P). Let x € X, (x*x) < o0,
w € B(L3(G))s,
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o Let P, @ be o.n. projection onto L2(X) and L2((X*X))

o G - invariance of X implies that P, Q € L>=(G)

@ Almost direct consequence of definition: @x = xP for all x € X

e We prove that A(Q)(]l ® Q) = P® Q. The latter is equivalent with
(12 QW(QR®1)=W(Q® P). Let x € X, (x*x) < o0,
w € B(L*G))4, 7% - GNS map
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o Let P, @ be o.n. projection onto L2(X) and L2((X*X))
e G - invariance of X implies that P, Q € LOO(@)
@ Almost direct consequence of definition: @x = xP for all x € X

o We prove that A(Q)(]l ® Q) = P ® Q. The latter is equivalent with
(12 QW(QR®1)=W(Q® P). Let x € X, (x*x) < o0,
w € B(L*G))4, 7% - GNS map

Y(([d@w)((1® QA(x))

7 )
7 ((1d®w)( (x)(1® P)))
(id @ w)(W(L @ P))n¥(x).

(id®w)((1® QYW)n*(x)
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o Let P, @ be o.n. projection onto L2(X) and L2((X*X))
e G - invariance of X implies that P, Q € LOO(@)
@ Almost direct consequence of definition: @x = xP for all x € X

o We prove that A(Q)(]l ® Q) = P ® Q. The latter is equivalent with
(12 QW(QR®1)=W(Q® P). Let x € X, (x*x) < o0,
w € B(L*G))4, 7% - GNS map

(id®w)((1® QYW)n*(x)

' ((id @ w)((1 ® Q)A(X)))
7 ((id @ w)(A(x)(1 ® P)))
(id @ w)(W(L ® P))n”(x).

o If X is preserved by 7+ then Q is preserved by 7;
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o Let P, @ be o.n. projection onto L2(X) and L2((X*X))
e G - invariance of X implies that P, Q € LOO(@)
@ Almost direct consequence of definition: @x = xP for all x € X

o We prove that A(Q)(]l ® Q) = P ® Q. The latter is equivalent with
(12 QW(QR®1)=W(Q® P). Let x € X, (x*x) < o0,
w € B(L?(G))x, n¥ - GNS map

(id®w)((1® QYW)n*(x)

' ((id @ w)((1 ® Q)A(X)))
7 ((id @ w)(A(x)(1 ® P)))
(id @ w)(W(L ® P))n”(x).

o If X is preserved by 7+ then Q is preserved by 7;
@ There exists a CIF w € Cg(G)* such that Q = (id ® w)(W)
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o Let P, @ be o.n. projection onto L2(X) and L2((X*X))
e G - invariance of X implies that P, Q € LOO(@)
@ Almost direct consequence of definition: @x = xP for all x € X

o We prove that A(Q)(]l ® Q) = P ® Q. The latter is equivalent with
(12 QW(QR®1)=W(Q® P). Let x € X, (x*x) < o0,
w € B(L?(G))x, n¥ - GNS map

(id®w)((1® QYW)n*(x)

' ((id @ w)((1 ® Q)A(X)))
7 ((id @ w)(A(x)(1 ® P)))
(id @ w)(W(L ® P))n”(x).

o If X is preserved by 7+ then Q is preserved by 7;
@ There exists a CIF w € Cg(G)* such that Q = (id ® w)(W)
@ A bit of work shows that X = X,,.
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Dropping 7; - invariance.

Correspondences for ClFs

We have a 1 — 1 correspondence between
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Dropping 7; - invariance.

Correspondences for ClFs

We have a 1 — 1 correspondence between
@ CIFson G: w e CH(G)*, |w|| =1, wxw=w

o Right shift of group-like projections preserved by 7¢: Q € LOO(@) such
that A(Q)(1® Q) = P® Q and 7(Q) = Q
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We have a 1 — 1 correspondence between
@ CIFson G: w e CH(G)*, |w|| =1, wxw=w
o Right shift of group-like projections preserved by 7¢: Q € LOO(@) such
that A(Q)(1® Q) =P ® Q and 7+(Q) = Q
e G - invariant, T-invariant, integrable TROs X C L>(G).
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o Right shift of group-like projections preserved by 7¢: Q € LOO(@) such
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e G - invariant, T-invariant, integrable TROs X C L*°(G).

Correspondences for idempotent states

We have a 1 — 1 correspondence between

v

Kasprzak Contractive idempotents June 11, 2018 16 / 18
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We have a 1 — 1 correspondence between
@ CIFson G: w e CH(G)*, |w|| =1, wxw=w
o Right shift of group-like projections preserved by 7¢: Q € LOO(@) such
that A(Q)(1® Q) =P ® Q and T¢(Q) = Q
e G - invariant, T-invariant, integrable TROs X C L*°(G).

Correspondences for idempotent states
We have a 1 — 1 correspondence between

@ idempotent states on G
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Dropping 7; - invariance.

Correspondences for ClFs

We have a 1 — 1 correspondence between
@ CIFson G: w e CH(G)*, |w|| =1, wxw=w
o Right shift of group-like projections preserved by 7¢: Q € LOO(@) such
that A(Q)(1® Q) =P ® Q and T¢(Q) = Q
e G - invariant, T-invariant, integrable TROs X C L*°(G).

Correspondences for idempotent states
We have a 1 — 1 correspondence between
@ idempotent states on G

@ Group-like projections preserved by 7;: P € LOO((A}) such that
AP (1®P)=P® P and 7(P) =P

v
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Dropping 7; - invariance.

Correspondences for ClFs

We have a 1 — 1 correspondence between
@ CIFson G: w e CH(G)*, |w|| =1, wxw=w
o Right shift of group-like projections preserved by 7¢: Q € LOO(@) such
that A(Q)(1® Q) =P ® Q and T¢(Q) = Q
e G - invariant, T-invariant, integrable TROs X C L*°(G).

Correspondences for idempotent states
We have a 1 — 1 correspondence between
@ idempotent states on G
@ Group-like projections preserved by 7;: P € LOO((A}) such that
AP (1®P)=P®P and 7:(P) =P
@ 7-invariant, integrable coideals N C L*(G).
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Dropping 7; - invariance.

Correspondences for ClFs

We have a 1 — 1 correspondence between
@ CIFson G: w e CH(G)*, |w|| =1, wxw=w
o Right shift of group-like projections preserved by 7¢: Q € LOO(@) such
that A(Q)(1® Q) =P ® Q and T¢(Q) = Q
e G - invariant, T-invariant, integrable TROs X C L*°(G).

Correspondences for idempotent states
We have a 1 — 1 correspondence between
@ idempotent states on G
@ Group-like projections preserved by 7;: P € LOO((A}) such that
AP (1®P)=P®P and 7:(P) =P
@ 7-invariant, integrable coideals N C L*(G).

v
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Dropping 7; - invariance.

Theorem (PK)

There is a 1 — 1 correspondence between integrable coideals in
N C L>®(G)
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There is a1 — 1 correspondence between integrable coideals in
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Dropping 7; - invariance.

Theorem (PK)

There is a1 —1 correspondence between integrable coideals in
N C L>(G) and group like projections P € L>°(G) admitting a € D(n¥),
a # 0 such that Pn¥(a) = a.
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Dropping 7; - invariance.

Theorem (PK)

There is a1 —1 correspondence between integrable coideals in
N C L>(G) and group like projections P € L>°(G) admitting a € D(n¥),
a # 0 such that Pn¥(a) = a.

Q: how to prove a analogous result linking integrable TROs and shifts of
group-like projections?
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Dropping 7; - invariance.

Theorem (PK)

There is a1 —1 correspondence between integrable coideals in

N C L>(G) and group like projections P € L>°(G) admitting a € D(n¥),
a # 0 such that Pn¥(a) = a.

Q: how to prove a analogous result linking integrable TROs and shifts of
group-like projections?

Example
@ A non-standard embeddable Podle$ spheres of SUg4(2) is described by
a coideal N C L*>(S5Uq(2)).

v
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Dropping 7; - invariance.

Theorem (PK)

There is a1 —1 correspondence between integrable coideals in

N C L>(G) and group like projections P € L>°(G) admitting a € D(n¥),
a # 0 such that Pn¥(a) = a.

Q: how to prove a analogous result linking integrable TROs and shifts of
group-like projections?

Example
@ A non-standard embeddable Podle$ spheres of SUg4(2) is described by
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Theorem (PK)

There is a1 —1 correspondence between integrable coideals in

N C L>(G) and group like projections P € L>°(G) admitting a € D(n¥),
a # 0 such that Pn¥(a) = a.

Q: how to prove a analogous result linking integrable TROs and shifts of
group-like projections?

Example
@ A non-standard embeddable Podle$ spheres of SUg4(2) is described by
a coideal N C L>°(SUq(2)). The corresponding group-like projection
Py is not preserved by ;.
e G a non-Kac compact quantum group. A(L*(G)) € L>®(G x G°P)
is a coideal which is not preserved by 7:.The corresponding group-like
projection is not preserved by the scaling group.
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Open problem

Open problem

Let E : L*°(G) — L*°(G) be a completely bounded projection of cb-norm
1 such that Ao E = (id® E) o A.
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