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Research question

To what extent can students’ mathematical proofs be automatically
assessed?

Focus: the proof and reasoning which occurs in current mathematics
examinations.

Corpus: 2018 paper from the SQA Advanced Higher Mathematics
examinations.
(· · · ≡ Further Mathematics ≡ IB HL)
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Caveat....

This is a long way from the Kepler Conjecture....

... but a lot more people learn this mathematics ...

... and almost everyone starts this way.
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Automatic assessment with STACK

Notes:
Students’ answers have mathematical content
Current rudimentary interface for line by line working.
(Started with CAS, not ATP!)
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School exams

(Nadine Köcher & Chris Sangwin, 2014)

International Baccalaureate examinations in STACK?

# marks
(i) Awarded by STACK (2014) exactly 112 18%
(ii) Final answers and implied method marks 227 37%
(iii) Reasoning by equivalence 218 36%
Total of max of (ii) and (iii) per question 376 61%

Repeat analysis with SQA Higher 2015.

# marks
(i) Awarded by STACK (v4.2) exactly 47 36%
(ii) Of which reasoning by equivalence 35 27%
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Reasoning by equivalence

Work line by line: adjacent lines are “equivalent".

log3(x + 17)− 2 = log3(2x) (x > 0, x > −17)
⇔ log3(x + 17)− log3(2x) = 2

⇔ log3

(
x + 17

2x

)
= 2

⇔x + 17
2x

= 32 = 9

⇔x + 17 = 18x
⇔x = 1.

The above is a single mathematical entity: the argument.
The above is a single (long) English sentence.
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What mathematical moves are included?
For this study

1 Algebraic equivalence of expressions

p ≡ q ⇔ p(x) = q(x), ∀x ∈ X .

2 Equivalence of equations
Same solutions: V (p) = {x ∈ X |p(x) = 0}.

3 Equating coefficients.
4 Support for Boolean connectives

(x − 2)(x − 3) = 0

x = 2 or x = 3

5 Simple systems of inequalities, and simultaneous inequalities.
6 Automatic detection of calculus operations.
7 Evaluation of the previous line with “let x = ...”
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Equation to expression switch

Is this an equation “to solve”, or a chain of equivalent expressions?

1
x2 + 1

=
1

(x + i) (x − i)

=
1
2 i

(
1

x − i
− 1

x + i

)
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Q15a: Auto-detection of calculus
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Importance of RE in mathematics education

Reasoning by equivalence is important for the following reasons.

1 Natural progression from number and algebra.

2 Start of proof & rigour
(deductive geometry?)

3 Multi-step extended calculation.
4 Contains logical reasoning.
5 Included in many methods, e.g. solving ODEs.
6 Key part of many pure mathematics proofs

I Induction step
I ε-δ proofs.
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Importance of RE in school mathematics

The most important single form of reasoning in school
mathematics is reasoning by equivalence.

(1/3 of marks in the IB exams are awarded for RE.)
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STACK interface V0.1

Let students work line by line without explicit warrants.

.... because that is what they do on paper ....

.... and we let them.
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Research question

To what extent can we implement a typical school mathematics
examination paper using STACK?

2018 SQA Advanced Higher Mathematics examinations.

Taken annually by about 3500 students, or 6% of the cohort.
Single three hour paper, worth 100 marks.
Calculators are permitted.
Students are required to answer all questions.

Materials: https://www.sqa.org.uk.
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Research question

1 To what extent can the questions be implemented exactly using
the STACK?

2 To what extent is reasoning by equivalence included?
3 What other forms of reasoning/processes are used and can this

be automated?
4 What cannot be automated, now and possibly in any system in the

foreseeable future?
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Caveat

No attempt to design an alternative question which measures the
same competence.
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Results

# marks
(i) Awarded by STACK (v4.3) 61 61%
(ii) Of which reasoning by equivalence 31 31%
(iii) Calculus moves 6
Which contribute to (15) 15%
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Proof questions

9. Prove directly that:
(a) the sum of any three consecutive integers is divisible by 3;
(b) any odd integer can be expressed as the sum of two consecutive
integers.

11(d) Explain why matrix P is not associated with rotation about the
origin.

Q13a Show [reasoning from a diagram] that ...
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Other things we “could do”

Q9b Sketch the locus in the complex plane

Q5 Special interface: Euclidean algorithm
Q16a Special interface: Gaussian elimination
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Q14c: Simple let
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Q2: Refer to previous lines....
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Q2: Refer to previous lines....

Slight reformulation to separate partial fractions from integration
→ nested sub-arguments.
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Nature of the subject

Polya 1962: Mathematical Discovery: on understanding, learning and
teaching problem solving.

Patterns of thought for solving problems
the pattern of two loci
superposition
recursion
Cartesian pattern

Legitimate patterns of thought→ an acceptable proof.
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Cartesian pattern

Descartes’ Rules for the Direction of the mind.

1 Reduce any kind of problem to a mathematical problem.

2 Reduce any mathematical problem to algebra.
3 Reduce any algebra problem to a single equation & solve.

Polya: “The more you know, the more gaps you can see in this project”

Chris Sangwin (University of Edinburgh) Proof May 2019 23 / 43
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Recursion

Polya’s maxim:

if you cannot solve a problem, then solve a simpler one!

Find an explicit formula for Sn.
E.g. Sn = 1 + 3 + 9 + 27 + · · ·+ 3n−1.

Find an explicit formula for Sn − Sn−1.

Generalize from patterns→ formal proof by induction.
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De Morgan 1838

De Morgan (1836)
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Q12: Assessment of induction in STACK?

Chris Sangwin (University of Edinburgh) Proof May 2019 26 / 43



UoE.jpg

But what do students learn?

1 A love of intriguing patterns and tools for justifying them?

2 An incantation?
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Free-text to pallet based input

Separation of assessment of
1 Legitimate forms of argument
2 correctness of algebraic steps within the argument?
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Many other learning systems

Gradarius: http://www.gradarius.com/

Also replicates current practice.
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Structured derivations
Fourferries: https://fourferries.com/

Structured derivation borrows from CS: more formality needed.
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Reasoning→ calculation has a long history
A “universal scientific language" would enable us to

judge immediately whether propositions presented to us are
proved ... with the guidance of symbols alone, by a sure truly
analytical method.
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Boole Laws of thought 1854

“to go under, over, and beyond” Aristotle’s logic.
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Resistance to change

To most people mathematics = Stewart’s Calculus.

UK School textbooks....
The student is recommended to have as little as possible to
do with imaginary quantities, that is, with quantities which
have no meaning either as to number or magnitude. He need
not wonder that the difficulties are likely to be introduced by
the use of them, when he considers that

√
−1 signified an

operation to be performed which is absolutely impossible.
Any discussion upon the interpretation which may be give to
such symbols, and the uses to which they may be applied,
would be quite out of place in an Elementary Treatise like the
present.
Ed. Lund 1841 p. 75.
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Modified rules

(1) Multiplication does not retain equivalence.

CA = CB ⇔ A = B ∨ C = 0. (1)
CA = CB ∧ C 6= 0⇔ A = B ∧ C 6= 0. (2)

A = B ⇔ (CA = CB ∧ C 6= 0) ∨ A = B = 0. (3)

(2) Powers and roots are evil.

A2 = B2 ⇔ A2 − B2 = 0
⇔ (A− B)(A + B) = 0
⇔ A = B ∨ A = −B.

(Auditing)
Fallacies in Mathematics, E. A. Maxwell (1959).

Chris Sangwin (University of Edinburgh) Proof May 2019 34 / 43
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Student’s comment

Sometimes STACK seems to have issues with answers that
are essentially correct - (once I multiplied 2 square roots
together i.e.sqrt((x-3)*(x-5)) and it said my answer was
incorrect but then when I did sqrt(x-3)*sqrt(x-5) that
was correct. It wasted time because I thought my calculation
must have been wrong and was puzzled for a long time.
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Some people are very resistant to
1 Additional symbolism, e.g. “or“/∨.

x = 2 or x = 3

x = 2 ∨ x = 3

2 Change!
Why not have a more formal layout for proofs?

Chris Sangwin (University of Edinburgh) Proof May 2019 36 / 43



UoE.jpg

Resistance

Some people are very resistant to
1 Additional symbolism, e.g. “or“/∨.

x = 2 or x = 3

x = 2 ∨ x = 3

2 Change!

Why not have a more formal layout for proofs?

Chris Sangwin (University of Edinburgh) Proof May 2019 36 / 43



UoE.jpg

Resistance

Some people are very resistant to
1 Additional symbolism, e.g. “or“/∨.

x = 2 or x = 3

x = 2 ∨ x = 3

2 Change!
Why not have a more formal layout for proofs?

Chris Sangwin (University of Edinburgh) Proof May 2019 36 / 43



UoE.jpg

Babbage and the Analytical Engine

Chris Sangwin (University of Edinburgh) Proof May 2019 37 / 43



UoE.jpg

Technology which looks back

Babbage set out to print log tables!

Knuth set out to replicate movable type!
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Will require a sea-change in how we write mathematics.

“Those who cannot remember the past are condemned to repeat it.”
(George Santayana)
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Ording....

“... a deep and thoughtful examination of the nature of mathematical arguments, of mathematical

style, and of proof itself.”
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Conclusion

We can automate assessment of a significant portion of school
exams.

If we “write to the format” we can do a lot more.
To assess full proofs we need to re-engineer some aspects of
teaching.
Change is difficult: start early & be gentle.
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