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What is the Wolfram Language?

It is:

◼ a symbolic, general-purpose computational language

It is not:

◼  merely a computer algebra system
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Where do you use the Wolfram Language?

Mathematica

◼ desktop front-end using computational notebooks

◼ https://wolfram.com/engine

◼ This presentation was written in Mathematica!
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Where do you use the Wolfram Language?

Wolfram Programming Lab

◼ web front-end also using computational notebooks

◼ https://www.wolframcloud.com

4 Math-Knowledge-in-WL2.nb

https://www.wolframcloud.com


Where do you use the Wolfram Language?

Wolfram|Alpha

◼ web front-end for Wolfram Knowledgebase using the Wolfram Language and natural language 

processing (NLP)

◼ https://www.wolframalpha.com
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Wolfram Language Syntax

Atomic data “types”

◼ Integer, Rational, Real, Complex

42, -
1

12
, 6.62607 × 10-34, 1 + ⅈ

◼ String

"Hello, world!"

◼ Image, Image3D, Audio

◼ Symbol

{Plot, Integrate, foo}

6 Math-Knowledge-in-WL2.nb



Wolfram Language Syntax

Everything is an expression

f[a, b, …]

◼ f is the head of the expression

◼ a, b, … are the arguments / parts of the expression

◼ The head and parts of an expression can be atomic or compound expressions

In[ ]:= TreeFormx2 + 2 x + 1
Out[ ]//TreeForm=

Plus

1 Times

2 x

Power

x 2
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Wolfram Language Syntax

Everything is an expression

◼ Graphics are just expressions that format as graphical images

In[ ]:= FullForm 

Out[ ]//FullForm=

Graphics[List[RGBColor[0, 1, 0], Thickness[Large], Rectangle[List[0, -1], List[2, 1]],

List[RGBColor[1, 0, 0], Disk[List[0, 0]]], List[RGBColor[0, 0, 1], Circle[List[2, 0]]],

List[RGBColor[1, 1, 0], Polygon[List[List[2, 0], List[4, 1], List[4, -1]]]],

List[RGBColor[0.5`, 0, 0.5`], Arrowheads[Large],

Arrow[List[List[4, Rational[3, 2]], List[0, Rational[3, 2]], List[0, 0]]],

List[GrayLevel[0], Dashing[List[Small, Small]], Line[List[List[-1, 0], List[4, 0]]]]]]]

◼ Even this notebook is an expression

In[ ]:= NotebookGet[EvaluationNotebook[]] // Short[#, 20] &

Out[ ]//Short= NotebookCellCellGroupDataCell
Mathematical Knowledge Representation and Reasoning in the Wolfram Language,

Title, CellChangeTimes → 3.76944 × 109, 3.76944 × 109,
TextAlignment → Center, 9, Open,

WindowSize → {629, 686}, WindowMargins → {{7, Automatic}, {7, Automatic}},

FrontEndVersion →
12.0 for Linux x86 (64-bit) (April 8, 2019),

StyleDefinitions → Default.nb
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Programming in the Wolfram Language

Functions are defined using pattern matching and replacement rules:

In[ ]:= f[{x_, y_}] := x + y

f[_Plus] := Block[{},

Echo["Addition detected"];

42

]

In[ ]:= f[{1, 2}]

Out[ ]= 3

In[ ]:= f[1 + x]

» Addition detected

Out[ ]= 42
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Wolfram Knowledgebase

https://www.wolfram.com/knowledgebase

Computable knowledge across thousands of domains:
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Wolfram Knowledgebase

Entities

Entities represent real-world objects, people, etc. as well as abstract concepts:

Edinburgh Castle CASTLE

Entities have a type and are identified by their standard name:

In[ ]:= Edinburgh Castle CASTLE // FullForm

Out[ ]//FullForm=

Entity["Castle", "EdinburghCastle"]

Entity Properties

Each entity type has a list of supported properties, and entities of that type have values for those 

properties:

In[ ]:= EntityProperties["Castle"]

Out[ ]=  coordinates , country , elevation ,

image , latitude , longitude , name , position 

In[ ]:= EntityValue Edinburgh Castle CASTLE , image 

Out[ ]=

Math-Knowledge-in-WL2.nb 11



Mathematical Knowledge

Famous Math Problems

In[ ]:= RandomEntity["FamousMathProblem", 10]

Out[ ]=  Hilbert's eighth problem , strong Goldbach conjecture ,

two envelopes paradox , composite number problem ,

196-algorithm termination problem , Bayes' theorem , prime number theorem ,

Legendre's conjecture , Hilbert's fourteenth problem , Hilbert's sixth problem 

Out[20]=

Entity abc conjecture

associated

people

 David Masser , Joseph Oesterlé 

associated

equations

{max[Abs[a], Abs[b], Abs[c]] ≤
Subscript [C, ϵ ] Product [p^(1 + ϵ ), p | a b c]}

formal statement ForAll[ϵ , ϵ > 0, Exists[Subscript [C, ϵ], ForAll[{a, b, c}, (a | b | c)∈
Integers && GCD[a, b, c] == 1 && a + b == c, Max[Abs[a], Abs[b], 

Abs[c]] <= Subscript [C, ϵ] Exp[DivisorSum[a b c, (1+ϵ) Log[#] &, # ∈ 

Primes &]]]]]

classes  mathematical conjectures ,

unsolved mathematics problems 

implied theorems  Fermat's last theorem , Mordell conjecture 

formulation date Year: 1985

statement For any ϵ > 0, there exists a constant Subscript [C, ϵ ]
such that for any three relatively prime integers

a, b, c satisfying a + b == c, the inequality

max[Abs[a], Abs[b], Abs[c]] ≤ Subscript [C,

ϵ ] Product [p^(1+ϵ ), p | a b c] holds.

unsolved True
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Mathematical Knowledge

Function Spaces

In[ ]:= RandomEntity["FunctionSpace", 5]

Out[ ]=  vanishing mean oscillation space VMO(ℝn. , ⅆ x
n. ) , continuous space C

∞([a
.
, b
.
]) ,

Bochner space L
∞(T;X) , Lebesgue space L

p
.(, ⅆλ2) , harmonic Hardy space h

2() 

Out[37]=

Entity Lebesgue space L
2
(ℝ n

. , ⅆ x
n
. )

alternate names 2-Lebesgue space on ℝ n
. , space of square-integrable complex-valued functions on ℝ n

. 

associated

people

 David Hilbert , Erhard Schmidt , Frigyes Riesz , Henri-Léon Lebesgue 

Bessel inequality Function{f., ϕ }, ∑ϕ∈ PureMath`OrthonormalSubset   LebesgueL , Reals,n.  ,LebesgueMeasure ,n.    ,2   Abs[

PureMath`InnerProduct [{f., ϕ }, {{LebesgueL, {{Reals, n. }, {LebesgueMeasure, n. }}}, 2}]] ≤
Norm[f., {{LebesgueL, {{Reals, n. }, {LebesgueMeasure, n. }}}, 2}]

Cauchy-Schwarz

inequality

Function[{f1, f2},

Abs[PureMath`InnerProduct [{f1, f2}, {{LebesgueL, {{Reals, n. }, {LebesgueMeasure, n. }}}, 2}]] ≤
Norm[f1, {{LebesgueL, {{Reals, n. }, {LebesgueMeasure, n. }}}, 2}]

Norm[f2, {{LebesgueL, {{Reals, n. }, {LebesgueMeasure, n. }}}, 2}]]

classes  generalized Lebesgue space , homogeneous space ,

space of measurable functions , real domain space 

dual space Lebesgue space L
2
(ℝ n

. , ⅆ x
n
. )

inner product Function{f1, f2},

Integratef1[x. ] Conjugate[f2][x. ], x. , PureMath`MeasureSpaceℝn. , PureMath`LebesgueMeasure[n. ]

isomorphic

spaces

 Bergman space A
2
(, ⅆ λ2

) ,

harmonic Bergman space a
2
(, ⅆ λ2

) , sequence space ℓ2 (ℤ+
) 

measure space PureMath`MeasureSpaceℝn. , PureMath`LebesgueMeasure[n. ]

norm Function f.,

IntegrateAbs[f.[x. ]]
2
, x. , PureMath`MeasureSpaceℝn. , PureMath`LebesgueMeasure[n. ]

related results  Banach-Saks theorem , Lax-Milgram theorem , Littlewood-Paley decomposition ,

Minkowski’s inequalities , Plancherel’s theorem , Poincaré-Friedrichs inequalities ,

Poincaré inequality , Riesz-Fischer theorem , Stampacchia theorem 
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Mathematical Knowledge

Function Spaces
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Mathematical Knowledge

Function Spaces

Find function spaces associated with David Hilbert:

In[ ]:= EntityList

Entity"FunctionSpace", "AssociatedPeople" → ContainsAny David Hilbert PERSON 

Out[ ]=  Lebesgue space L
0(, ⅆλ2) , Lebesgue space L

2(, ⅆλ2) , Lebesgue space L
∞(, ⅆλ2) ,

Lebesgue space L
2(ℝn. , ⅆ x

n. ) , sequence space c0(ℤ+) , sequence space ℓ0(ℤ+) ,

sequence space ℓ2(ℤ+) , sequence space ℓ∞(ℤ+) , sequence space ℓp.(ℤ+) 

Show the L p(ℝn) is reflexive:

In[ ]:= lp = Lebesgue space L
p
. (ℝn

. , ⅆx
n
. ) FUNCTION SPACE ;

In[ ]:= lq = EntityValue[lp, "DualSpace"]

Out[ ]= Lebesgue space L
p
.
/(-1+p

.
)
(ℝn. , ⅆ x

n. )

In[ ]:= EntityValue[lq, "DualSpace"]

Out[ ]= Lebesgue space L
p
.
/(-1+p

.
) (-1+

p
.

-1+p
.

)

(ℝn. , ⅆ x
n. )

In[ ]:= % // Simplify

Out[ ]= Lebesgue space L
p
.(ℝn. , ⅆ x

n. )
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Mathematical Knowledge

https://www.wolfram.com/language/12/math-entities/
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Equational Logic

One of the most powerful tools for mathematical computation in the Wolfram Language is 

FullSimplify, which can be used to simplify

◼ polynomials

In[ ]:= FullSimplify[x^3 - 6 x^2 + 11 x - 6]

Out[ ]= (-3 + x) (-2 + x) (-1 + x)

◼ hyperbolic expressions

In[ ]:= FullSimplify[Cosh[x] - Sinh[x]]

Out[ ]= ⅇ-x

◼ special functions

In[ ]:= FullSimplify[Csc[Pi v] (BesselI[-v, z] - BesselI[v, z]) / 2]

Out[ ]=
BesselK[v, z]

π
◼ and equations subject to some axioms

In[ ]:= FullSimplify[

ForAll[x, Exists[y, g[x, y] ⩵ e]],

ForAll[{x, y, z}, g[x, g[y, z]] ⩵ g[g[x, y], z] && g[e, x] ⩵ x && g[inv[x], x] ⩵ e]

]

Out[ ]= True
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Equational Logic

As of version 12 of the Wolfram Language, we can now generate proofs of such equations using 

FindEquationalProof:

In[ ]:= proof = FindEquationalProof[

ForAll[x, Exists[y, g[x, y] ⩵ e]],

ForAll[{x, y, z}, g[x, g[y, z]] ⩵ g[g[x, y], z] && g[e, x] ⩵ x && g[inv[x], x] ⩵ e]

]

Out[ ]= ProofObject Logic: EquationalLogic Steps: 17

Theorem: ∀x ∃y g[x, y]⩵ e


We can visualize the proof:

In[ ]:= proof["ProofGraph"]

Out[ ]=
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Equational Logic

Axiomatic Theories

Rather than specify the axioms for FindEquationalProof manually, you can use one of our 

curated axiomatic theories:

In[ ]:= AxiomaticTheory[]

Out[ ]= {AbelianGroupAxioms, AbelianHigmanNeumannAxioms, AbelianMcCuneAxioms, BooleanAxioms,

GroupAxioms, HigmanNeumannAxioms, HillmanAxioms, HuntingtonAxioms, McCuneAxioms,

MeredithAxioms, MonoidAxioms, RingAxioms, RobbinsAxioms, SemigroupAxioms,

ShefferAxioms, WolframAlternateAxioms, WolframAxioms, WolframCommutativeAxioms}

In[ ]:= axioms = AxiomaticTheory[

{"GroupAxioms", <|"Multiplication" → g, "Inverse" → inv, "Identity" → e|>}]

Out[ ]= ∀a
.
,b
.
,c
.
 ga., gb

.
, c
.
 ⩵ gga

.
, b
.
, c

.
, ∀a

.
ga
.
, e ⩵ a

.
, ∀a

.
ga
.
, inva

.
 ⩵ e

In[ ]:= FindEquationalProof[

ForAll[x, Exists[y, g[x, y] ⩵ e]],

axioms

]

Out[ ]= ProofObject Logic: EquationalLogic Steps: 11

Theorem: ∀x ∃y g[x, y]⩵ e

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Integration with the Lean Theorem Prover

There is an experimental link between Lean and the Wolfram Language developed by Robert Lewis 

and Minchao Wu.

Using Wolfram Language from Lean
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Integration with the Lean Theorem Prover

Example application: prove x2 - 2 x + 1 ≥ 0 for x ∈ℝ
◼ Transform the Lean representation of x2 - 2 x + 1 into WL syntax

◼ Interpret this as a WL polynomial

◼ Use Factor to factor the polynomial

◼ Transform this back into Lean syntax

◼ Verify that the new expression is equal to the old and use this equality in the proof
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Integration with the Lean Theorem Prover

Using Lean from Wolfram Language

In[ ]:= SetDirectory["/home/ianf/Workspace/Lean/mm-lean/src"];

LeanExecutable = "!/usr/bin/lean";

<< "main.m"

In[ ]:= LeanProof["iff.symm", LeanExecutable]

Out[ ]=

Goal ∀ {a b : Prop}, (a ↔ b) → (b ↔ a)

ID 8

Rule ∀I
Proofs Arguments

Goal a : Prop

ID 0

Rule Assumption

Goal ∀ {b : Prop}, (a ↔ b) → (b ↔ a)

ID 7

Rule ∀I
Proofs Arguments

Goal b : Prop

ID 1

Rule Assumption

Goal (a ↔ b) → (b ↔ a)

ID 6

Rule ∀I
Proofs Arguments
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Semantic Web

RDF

The Resource Description Framework (RDF) is the standardized, graph-based data model of the seman-

tic web. RDF data can be represented symbolically, imported, and exported using the WL.

In[1]:= ClearAll["Global`*"];

Needs["GraphStore`"];

rdf[s_] := IRI["http: //www.w3.org/1999/02/22-rdf-syntax-ns#" <> s];

schema[s_] := IRI["http: //schema.org/" <> s];

ex[s_] := IRI["http: //example.org/" <> s];

In[6]:= store = RDFStore[{RDFTriple[ex["anover"], rdf["type"], schema["Book"]],

RDFTriple[ex["anover"], schema["name"], RDFString["A nővér", "hu"]],

RDFTriple[ex["anover"], schema["author"], "Sándor Márai"],

RDFTriple[ex["anover"], schema["dateCreated"], "1946"],

RDFTriple[ex["anover"], schema["isbn"], "978-84-9838-089-7"]}]

Out[6]= RDFStore Triples: 5

Entities: 1

Classes: 1

Properties: 5



In[7]:= ExportString[store, "Turtle", "Prefixes" → <|"schema" → "http: //schema.org/"|>]

Out[7]= PREFIX schema: <http://schema.org/>

<http://example.org/anover>

a schema:Book ;

schema:author "SÃ ¡ndor MÃ ¡rai" ;

schema:dateCreated "1946" ;

schema:isbn "978-84-9838-089-7" ;

schema:name "A nÅ�vÃ©r"@hu .
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Semantic Web

SPARQL

 The SPARQL Protocol and RDF Query Language (SPAQRL) is the query and update language for the 

semantic web. We can query a SPARQL endpoint:

In[8]:= endpoint = "https: //query.wikidata.org/sparql";

query = "

select distinct ?name ?elevation where {

?mountain wdt:P31 wd:Q8502 .

?mountain p:P2044 / psn:P2044 / wikibase:quantityAmount ?elevation .

?mountain rdfs:label ?name . filter(lang(?name) = \"en\")

}

order by desc(?elevation)

limit 1

";

Symbolic SPARQL queries are also supported:

In[10]:= fruitData =

GraphStore`RDFStore[{GraphStore`RDFTriple[GraphStore`IRI["http: //example.org/banana"],

GraphStore`IRI["http: //example.org/color"], "yellow"],

GraphStore`RDFTriple[GraphStore`IRI["http: //example.org/strawberry"],

GraphStore`IRI["http: //example.org/color"], "red"],

GraphStore`RDFTriple[GraphStore`IRI["http: //example.org/strawberry"],

GraphStore`IRI["http: //example.org/shape"],

GraphStore`IRI["http: //example.org/round"]]}, Association[]];

In[11]:= query = SPARQLSelect[{

RDFTriple[SPARQLVariable["fruit"], ex["color"], SPARQLVariable["color"]],

SPARQLOptional[

RDFTriple[SPARQLVariable["fruit"], ex["shape"], SPARQLVariable["shape"]]]

}];

In[12]:= query[fruitData]

Out[12]= fruit → IRI http://example.org/strawberry ,
color → red, shape → IRI http://example.org/round ,

fruit → IRI http://example.org/banana , color → yellow
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Semantic Web

OWL

The Web Ontology Language (OWL) is a Semantic Web language used to describe relations between 

entities, entity classes, and their properties. Future versions of the WL language will include functional-

ity to do automated reasoning on OWL ontologies.

Ontology of topological spaces that are both T1 and T3:

In[ ]:= store = RDFStore Triples: 1071

Entities: 154

Classes: 5

Properties: 8

;

In[ ]:= store // SPARQLQuery[

SPARQLSelect[RDFTriple[ex["space"], rdf["type"], SPARQLVariable["a"]]],

SPARQLEntailmentRegime → "OWLDirect"

]

Out[ ]= a → IRI http://www.w3.org/2002/07/owl#Thing ,

a → IRI http://example.org/IsCompletelyHausdorff ,

a → IRI http://example.org/IsSemiregular , a → IRI http://example.org/IsLocallyHausdorff ,

a → IRI http://example.org/IsT3 , a → IRI http://example.org/IsRegular ,

a → IRI http://example.org/IsHausdorff , a → IRI http://example.org/IsT0 ,

a → IRI http://example.org/TopologicalSpace , a → IRI http://example.org/IsT1 
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Semantic Web

https://www.wolfram.com/language/12/rdf-and-sparql/
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Plane Geometry

Analytic Geometry

The  Wolfram Language has long had powerful functionality for analytic geometry. For example, find 

the intersection of a line and a circle:

In[15]:= pts = RegionIntersection[Line[{{-2, -1}, {5, 6}}], Circle[{1, 2}, 3]]

Out[15]= Point1
2

2 - 3 2 ,
1

2
4 - 3 2 , 1

2
2 + 3 2 ,

1

2
4 + 3 2 

In[16]:= Graphics[{Line[{{-2, -1}, {5, 6}}], Circle[{1, 2}, 3], {Red, PointSize[Medium], pts}}]

Out[16]=
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Plane Geometry

Synthetic Geometry

Now you can write synthetic descriptions of geometric scenes in the plane using GeometricScene:

In[17]:= scene = RandomInstance[GeometricScene[{"C", "B", "A", "C'", "B'", "A'", "Oc", "Ob", "Oa"},

{Triangle[{"C", "B", "A"}], TC ⩵ Triangle[{"A", "B", "C'"}],

TB ⩵ Triangle[{"C", "A", "B'"}], TA ⩵ Triangle[{"B", "C", "A'"}],

GeometricAssertion[{TC, TB, TA}, "Regular"], "Oc" ⩵ TriangleCenter[TC, "Centroid"],

"Ob" ⩵ TriangleCenter[TB, "Centroid"], "Oa" ⩵ TriangleCenter[TA, "Centroid"],

Triangle[{"Oc", "Ob", "Oa"}]}], RandomSeeding → 1234]

Out[17]=

A

A'

B

B'

C

C'

Oa

Ob

Oc
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Plane Geometry

Find Conjectures

Find conjectures for the scene:

In[18]:= FindGeometricConjectures[scene]

Out[18]=

GeometricAssertion[{Line[{C', A }], Line[{Oc, B}]}, Perpendicular ]

A

A'

B

B'

C

C'

Oa

Ob

Oc

Find Napoleon’s Theorem:

In[19]:= FindGeometricConjectures[scene, GeometricAssertion[_, "Regular"]]

Out[19]=

GeometricAssertion[Polygon[{Ob, Oa, Oc}], Regular ]

A

A'

B

B'

C

C'

Oa

Ob

Oc
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Plane Geometry

https://www.wolfram.com/language/12/plane-geometry/
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