Edinburgh Slow-Fast-Ival
July 4 – 5, 2019
https://www.icms.org.uk/slowfastival.php
Organiser: Dr. Nikola Popović (University of Edinburgh)
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1

Location

The workshop will be held at the International Centre for Mathematical Sciences (ICMS; https://
www.icms.org.uk), on the fifth floor of the Bayes Centre at the University of Edinburgh (47
Potterrow, Edinburgh EH8 9BT; https://www.ed.ac.uk/bayes). All presentations will take place
in the ICMS Lecture Theatre (Meeting Room 5.10).

The workshop dinner will take place at Blonde Restaurant (75 St. Leonard’s Street, Edinburgh
EH8 9QR; https://blonderestaurant.co.uk), which is 10 minutes’ walking distance from the
Bayes Centre.
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2
2.1

Programme
Thursday, July 4

9:30 – 10:00
10:00 – 10:15
10:15 – 11:00
11:00 – 11:30
11:30 – 12:15
12:15 – 13:00
13:00 – 14:15
14:15 – 15:00
15:00 – 15:45
15:45 – 16:15
16:15 – 17:00
19:00 – ?

2.2

Registration
Welcome and Opening
Martin Wechselberger, Regularisation of shock waves in reaction-nonlinear
diffusion models: a geometric singular perturbation theory approach
Coffee Break
Robert Marangell, Traveling wave solutions in a model for tumor invasion
with the acid-mediation hypothesis
Martin Krupa, Heteroclinic and excitable chains in a model of associative
memory
Lunch
Annalisa Iuorio, Singular Perturbation Analysis of a Regularized MEMS
Model
Mattia Sensi, A GSPT approach to perturbed SIR and SIRWS models
Coffee Break
Panagiotis Kaklamanos, Geometry of an extended prototypical three-timescale system: bifurcations of mixed-mode oscillations
Workshop Dinner (Blonde Restaurant)

Friday, July 5

9:30 – 10:15
10:15 – 11:00
11:00 – 11:30
11:30 – 12:15
12:15 – 13:00
13:00 – 14:15
14:15 – 15:00
15:00 – 15:45
15:45 – 16:15
16:15 – 17:00
17:00 – 17:15

Daniele Avitabile, Canards and Slow Passage Through Bifurcations in Infinite-Dimensional Dynamical Systems
Kristian Uldall Kristiansen, Canards on an edge
Coffee Break
Ian Lizarraga, Computational singular perturbation theory for non-standard slow-fast systems
Kostas Zygalakis, Hybrid modelling for the stochastic simulation of multiscale chemical kinetics
Lunch
Jasmina Djordjevic, Reflected Backward Stochastic Differential Equations
with Perturbations
Rahmi Rusin, Existence and stability of ground states in the NLS with
asymmetric delta potential
Coffee Break
Mariya Ptashnyk, Multiscale analysis of signalling processes in biological
tissues
Closing
4
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Titles and Abstracts

Dr. Daniele Avitabile (University of Nottingham)
Canards and Slow Passage Through Bifurcations in Infinite-Dimensional Dynamical
Systems
I will present a rigorous framework for the local analysis of canards and slow passages through
bifurcations in a large class of infinite-dimensional dynamical systems with time-scale separation.
The framework is applicable to models where an infinite-dimensional dynamical system for fast variables is coupled to a finite-dimensional dynamical system for slow variables. I will discuss examples
where the fast variables evolve according to systems of local and nonlocal reaction-diffusion PDEs,
integro-differential equations, or delay-differential equations. This approach opens up the possibility
of studying spatio-temporal canards and slow passages through bifurcations in spatially-extended
systems, and it provides an analytical foundation for several numerical observations recently reported in literature.

Dr. Jasmina Djordjevic (University of Niš)
Reflected Backward Stochastic Differential Equations with Perturbations
Perturbed stochastic differential equations, in general, are the topic of permanent interest of many
authors, both theoretically and in applications. Stochastic models of complex phenomena under
perturbations in analytical mechanics, control theory and population dynamics, for example, can be
sometimes compared and approximated by appropriate unperturbed models of a simpler structure.
In this way, the problems can be translated on more simple and familiar cases which are easier to
solve and investigate.
Problems of perturbed backward stochastic differential equations (BSDEs) are very interesting
because of their applications in economy and finance. Even in simpler cases, problems of additive
and linear perturbation of BSDEs and BSDEs of Volterra type, estimates are completely different
than the ones for the forward type of stochastic equations.
The most interesting problem in this field deals with a large class of reflected backward stochastic
differential equations whose generators arbitrarily depend on a small parameter. The solutions
of these equations, named the perturbed equations, are compared in the Lp -sense, p ∈]1; 2[, with
the solutions of the appropriate equations of the equal type, independent of a small parameter
and named the unperturbed equations. Conditions under which the solution of the unperturbed
equation is Lp -stable are given. It is shown that for an arbitrary l > 0 there exists an interval [t(l); T ] ⊂ [0; T ] on which the Lp -difference between the solutions of both the perturbed and
unperturbed equations is less than l.
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Dr. Annalisa Iuorio (Technische Universität Wien)
Singular Perturbation Analysis of a Regularized MEMS Model
Micro-Electro Mechanical Systems (MEMS) are defined as very small structures that combine
electrical and mechanical components on a common substrate. Here, the electrostatic-elastic case is
considered, where an elastic membrane is allowed to deflect above a ground plate under the action of
an electric potential, whose strength is proportional to a parameter λ. Such devices are commonly
described by a parabolic partial differential equation that contains a singular nonlinear source
term. The singularity in that term corresponds tot he so-called “touchdown” phenomenon, where
the membrane establishes con-tact with the ground plate. Touchdown is known to imply the nonexistence of steady state solutions and blow-up of solutions in finite time. In this talk we analyze a
recently proposed extension of that canonical model, where such singularities are avoided due to the
introduction of a regularizing term involving a small “regularization” parameter ε. Methods from
dynamical systems and geometric singular perturbation theory, in particular the desingularization
technique known as “blow-up”, allow for a precise description of steady-state solutions of the
regularized model, as well as for a detailed resolution of the resulting bifurcation diagram. The
interplay between the two main model parameters ε and λ is emphasized; in particular, the focus
is on the singular limit as both parameters tend to zero.

Mr. Panagiotis Kaklamanos (University of Edinburgh)
Geometry of an extended prototypical three-timescale system: bifurcations of mixedmode oscillations
In this talk we will discuss the geometry of a multi-parameter three-dimensional system of ordinary differential equations that exhibits dynamics on three distinct timescales. This system is a
generalization of the prototypical system introduced in [1] and has a one-dimensional S-shaped
supercritical manifold that is embedded into a two-dimensional S-shaped critical manifold in a
symmetric fashion. We will explore the effects of varying the different parameters on the geometry
of the system and on its local and global dynamics, with a particular focus on mixed-mode oscillations and their bifurcations. We will demonstrate our results for the Koper model from chemical
kinetics [2], which represents one particular realization of our prototypical system. Finally, we
will extend some of our results to more general systems with similar geometric properties, such
as a three-dimensional reduction of the Hodgkin-Huxley equations derived by Rubin and Wechselberger [3].
[1] M. Krupa, N. Popović, and N. Kopell, Mixed-mode oscillations in three time-scale systems: a
prototypical example, SIAM Journal on Applied Dynamical Systems, 7 (2008), pp. 361-420.
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[2] M. T. Koper, Bifurcations of mixed-mode oscillations in a three-variable autonomous Van der
Pol - Duffing model with a cross-shaped phase diagram, Physica D: Nonlinear Phenomena, 80
(1995), pp. 72-94.
[3] J. Rubin and M. Wechselberger, Giant squid-hidden canard: the 3D geometry of the Hodgkin–
Huxley model, Biological Cybernetics, 97 (2007), pp. 5-32.

Dr. Kristian Uldall Kristiansen (Technical University of Denmark)
Canards on an edge
In this talk, I will present a new canard explosion phenomenon appearing in a model for substratedepletion oscillators. These canards appear on a discontinuity in the singular limit and do not
involve an attracting slow manifold. This is joint work with Peter Szmolyan.
If time permits, I will also present some new results for systems on the general form z 0 = Z(z, f (y, ))
where z = (x, y) and f (y, 0) is only piecewise smooth.

Prof. Martin Krupa (Université Côte d’Azur)
Heteroclinic and excitable chains in a model of associative memory
We consider a Hopfield network designed to model sequential activation of memory items. In
this model stable equilibrium states correspond to learned patterns, representing concepts stored
in the memory. Passage through a sequence of concepts from one to the next has been called
latching dynamics [3]. It has been conjectured that synaptic depression, that is weakening of
synaptic connections due to the depletion of neuro-transmitter, is the biological mechanism of
the transitions between the concepts. In our recent work we show that in the Hopfield network,
extended to include a model of synaptic depression, latching dynamics can be approximated by
heteroclinic chains [1]. In this talk we discuss the conditions for the existence of heteroclinic chains
using singular perturbation theory (dynamic bifurcation): we define a singular limit and determine
necessary and sufficient conditions for the existence of heteroclinic chains.
Sequences given by heteroclinic chains are unidirectional and require an increase in the synaptic
weights consistent with the order of the items in the chain. We also discuss a generalization to
excitable chains, characterized by a transition involving a saddle-sink pair of equilibria, with the
noise enabling the trajectories to exit the basin of attraction of the sink and follow an unstable
separatrix of the saddle. Such chains are the subject of our recent work [2]. Interestingly, excitable
chains can be bidirectional and do not require an increase in the synaptic weights.
[1] Aguilar C., Chossat P., Krupa M., and Lavigne F. (2017). Latching dynamics in neural networks with synaptic depression. PLoS ONE 12 (8): e0183710.
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[2] Aguilar C., Chossat P., Köksal Ersöz E., Krupa M., and Lavigne F. (2019). Neuronal mechanisms for sequential activation of memory items: dynamics and reliability. Preprint.
[3] Lerner I. and Shriki O. (2014). Internally and externally driven network transitions as a basis
for automatic and strategic processes in semantic priming: theory and experimental validation.
Front. Psychol. 5:314. doi:10.3389/fpsyg.2014. 00314.

Dr. Ian Lizarraga (University of Sydney)
Computational singular perturbation theory for nonstandard slow-fast systems
This talk concerns the computational singular perturbation (CSP) method, which has been used
in chemical kinetics to categorize reactions by their characteristic timescales. We discuss how to
adapt the CSP method to iteratively approximate the slow manifold and fast fibers of dynamical
systems with nonstandard timescale splitting. In such systems, there need not be an explicit global
separation of slow and fast components throughout the phase space, reflecting the observation
that physical systems often distinguish fast versus slow mechanisms rather than fast versus slow
variables.
In this talk we derive formulas for a nonstandard version of the CSP method, by taking advantage
of a natural factorization that can be constructed for a large class of slow-fast vector fields. We use
these formulas to write down some of the first examples of CSP applied to genuinely nonstandard
systems. Finally, we discuss how the CSP iteration step can be viewed as a refinement of a natural
factorization that can be constructed for a class of nonstandard slow-fast vector fields.

Dr. Robert Marangell (University of Sydney)
Traveling wave solutions in a model for tumor invasion with the acid-mediation hypothesis
I will discuss how Geometric Singular Perturbation Theory (GSPT) can be used to show the
existence of travelling wave solutions in a Gatenby-Gawlinski model. In particular, I will show how
GSPT can be used to show the existence of a slow travelling wave with an interstitial gap. Such a
gap has been observed experimentally, and we provide a mathematical framework for its existence
in terms of a dynamic transcritical bifurcation.

Dr. Mariya Ptashnyk (Heriot-Watt University)
Multiscale analysis of signalling processes in biological tissues
Essential parts of communications between cells, as well as cell responses to external and internal
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stimuli, are governed by intercellular signalling processes. In this talk I would like to present some
ideas on bifurcation analysis for a simple model of a gene regulatory network and on multiscale analysis of a receptor-based model for transport of signalling molecules in a biological tissue. Possible
slow-fast time dynamics in signalling pathways for plant hormones will also be discussed.

Mrs. Rahmi Rusin (University of Essex)
Existence and stability of ground states in the NLS with asymmetric delta potential
We consider the one dimensional nonlinear Schrödinger (NLS) equation with external potential
iut (x, t) = −uxx (x, t) + ωu(x, t) − |u(x, t)|2 u(x, t) + V (x)u(x, t),

(1)

where ψ ∈ C is a complex-valued function of the real variables t and x. The asymmetric double
Dirac delta potential V (x) is defined as
V (x) = −δ(x + L) − δ(x − L),

0 <  < 1.

(2)

Using a dynamical system approach, we investigate the existence and the stability of the stationary
states of the NLS. We obtain analytic solutions for NLS on the infinite domain and periodic boundary conditions. The results show the difference between ground states and bifurcating solutions
that arise due to symmetric and asymmetric double Dirac delta potentials.
We start the analysis by considering the symmetric potential case i.e.,  = 1, where we find at a
threshold value of solution norm an asymmetric ground state bifurcate from the symmetric one.
The bifurcation in this case is pitchfork. When 0 <  < 1, there is a notable difference with the
symmetric case, where the pitchfork bifurcation no longer exists, but instead we find a saddle node
bifurcation.

Mr. Mattia Sensi (Università degli Studi di Trento)
A GSPT approach to perturbed SIR and SIRWS models
We use tools from geometric singular perturbation theory to analyse perturbed versions of a SIR
model with demography, a SIRS model without demography, and a modified version of the SIRWS
model proposed by Dafilis et al. in [2]. The main tool we exploit is the entry-exit function, as
presented by De Maesschalck and Schecter in [3], which gives details regarding the behaviour of an
orbit near the critical manifold.
For the last system we then study, analytically and numerically, the dependence of the behaviour
of the general orbit on some of the parameters, and compare our results with the ones obtained
in [2]. In particular, we conduct bifurcation analysis focusing on the role of the small parameter ,
which gives the ratio of the two time scales.

9

[1] C. Kuehn (2015) Multiple Time Scale Dynamics, Springer, Applied Mathematical Sciences 191
[2] M. P. Dafilis, F. Frascoli, J. G. Wood, J. M. McCaw (2012) The influence of increasing life
expectancy on the dynamics of SIRS systems with immune boosting, The ANZIAM Journal,
Volume 54, Issue 1-2, October 2012, pp. 50-63
[3] P. DeMaesschalck, S. Schecter (2015) The entry-exit function and geometric singular perturbation theory, Journal of Differential Equations, Volume 260, Issue 8, 15 April 2016, pp.
6697-6715

Prof. Martin Wechselberger (University of Sydney)
Regularisation of shock waves in reaction-nonlinear diffusion models: a geometric
singular perturbation theory approach
Reaction-nonlinear diffusion models arising in the context of cell migration and population dynamics
can exhibit the property of aggregation – or backward diffusion. While this is physically relevant,
mathematically it causes such models to break down. The aggregation causes shocks to form, and
the solutions are no longer computable.
To account for shocks, modellers have employed the technique of regularisation – adding additional
small higher order terms to these models to smooth out the shocks. These regularisation techniques
have been widely employed in models of chemical phase-separation, though they have gone relatively
unnoticed in biological models until very recently.
We have developed techniques from the field of geometric singular perturbation theory to resolve
similar issues of shock formation in a different class of models, so-called advection-reaction models
(hyperbolic balance laws). In this presentation, we will tackle the question of existence and formation
of shocks in regularised reaction-nonlinear diffusion models using geometric singular perturbation
theory.

Dr. Kostas Zygalakis (University of Edinburgh; k.zygalakis@ed.ac.uk)
Hybrid modelling for the stochastic simulation of multi-scale chemical kinetics
It is well known that stochasticity can play a fundamental role in various biochemical processes, such
as cell regulatory networks and enzyme cascades. Isothermal, well-mixed systems can be adequately
modelled by Markov processes and, for such systems, methods such as Gillespie’s algorithm are
typically employed. While such schemes are easy to implement and are exact, the computational
cost of simulating such systems can become prohibitive as the frequency of the reaction events
increases. This has motivated numerous coarse grained schemes, where the “fast” reactions are
approximated either using Langevin dynamics or deterministically. While such approaches provide
a good approximation for systems where all reactants are present in large concentrations, the
approximation breaks down when the fast chemical species exist in small concentrations, giving rise
10

to significant errors in the simulation. This is particularly problematic when using such methods to
compute statistics of extinction times for chemical species, as well as computing observables of cell
cycle models. In this talk, we present a hybrid scheme for simulating well-mixed stochastic kinetics,
using Gillespie–type dynamics to simulate the network in regions of low reactant concentration,
and chemical Langevin dynamics when the concentrations of all species is large. These two regimes
are coupled via an intermediate region in which a “blended” jump-diffusion model is introduced.
Examples of gene regulatory networks involving reactions occurring at multiple scales, as well
as a cell-cycle model are simulated, using the exact and hybrid scheme, and compared, both in
terms weak error, as well as computational cost. If there is time, we will also discuss extension of
these methods for simulating spatial reaction kinetics models, blending together partial differential
equation with compartment based approaches, as well as compartment based approaches with
individual particle models.
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◦ Dr. Ian Lizarraga (University of Sydney; ian.lizarraga@sydney.edu.au)
◦ Dr. Robert Marangell (University of Sydney; robert.marangell@sydney.edu.au)
◦ Dr. Mariya Ptashnyk (Heriot-Watt University; m.ptashnyk@hw.ac.uk)
◦ Mr. Timothy Roberts (University of Sydney; trob5740@uni.sydney.edu.au)
◦ Mrs. Rahmi Rusin (University of Essex; rrusin@essex.ac.uk)
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