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MOTIVATION

PHYSICS:
• A topological phase of matter is a kind of phase whose low energy
behaviour is described by a topological quantum field theory.

• Representations of braid groups describe behaviour of point particles in
topological phases in 2 spatial dimensions.
AIM: Motion groupoids should describe movement of higher dimensional
objects in higher dimensional ambient space. (And Functors from this
category should model statistics of higher dimensional objects.)

ALSO: Lots of really nice maths, invariants of closed manifolds...
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PLAN OF TALKS

1. Preliminaries
2. Braid group(oid)s as fundamental groupoids of configuration
spaces

3. Motion groupoids
4. Mapping class groupoids
5. Relationship between the two
6. Motion groupoids and categories of (embedded) cobordisms
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PRELIMINARIES



PRELIMINARIES - COMPACT OPEN TOPOLOGY

Definition

Let X and Y be Hausdorff topological spaces. The compact open topology τco
on the set of maps from X to Y has subbasis the set of all subsets of the form

B(K,U) = {f : X→ Y | f(K) ⊂ U}

where K is compact and U is open. That is τco contains all unions of finite
intersections of the B(K,U).

Example

• If X is the one point space, then maps can be labelled by elements of Y
and the compact open topology is the same as the topology on Y.

• Similarly if X is the n point space with the discrete topology, the compact
open topology on maps X to Y is the same as the topology on Y× ...× Y,
the product of Y with itself n times.
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PRELIMINARIES - COMPACT OPEN TOPOLOGY

Lemma

Mostly be interested in cases in which X is the unit interval. For a path
f : I→ X then a system of basic neighbourhoods consists of the open sets

∩iB(Ki,Ui)

where the Ki’s are a partition of the unit interval into closed intervals and Ui
is an open neighbourhood of f(Ki).
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PRELIMINARIES - COMPACT OPEN TOPOLOGY

Lemma

Let X, Y and Z be objects in Top with Y locally compact hausdorff. There exists
a bijection of continuous maps

Top(X, TOP(Y, Z)) ∼= Top(X× Y, Z)

sending a map x 7→ f(x) to (x, y) 7→ f(x)(y).
(Coming from the adjunction of TOP(Y,−) and −× Y.)
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PRELIMINARIES - FUNDAMENTAL GROUPOID

Definition

Let X be a topological space. The set of all paths equipped with the compact
open topology called the path space of X:

PX = {γ : I→ X | γ is continuous }

We use γ : x→ x′ for a path γ : I→ X with γ(0) = x and γ(1) = x′.
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PRELIMINARIES - FUNDAMENTAL GROUPOID

• Suppose we have two paths γ : x→ x′ and γ′ : x→ x′. We say that the
paths are equivalent if there exists a homotopy γ to γ′. Precisely this
means there exists a continuous map

h : I× I→ X

such that h(t, 0) = γ(t)∀ t ∈ I , h(t, 1) = γ′(t)∀ t ∈ I and h|I×{s} is a path x
to x′ ∀s ∈ I.

• Using the lemma, this is the same as a continuous map

h̃ : I→ PX

such that h̃(0) = γ, h̃(1) = γ′ and h̃(t) is a path x to x′ ∀t ∈ I i.e. a path in
the space of paths.
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PRELIMINARIES - FUNDAMENTAL GROUPOID

Definition

For a X a topological space fundamental groupoid of X denoted π(X) is the
groupoid whose objects are points in X and whose morphisms x→ x′ are
equivalence classes of paths x to x′ up to homotopy.

For A ⊂ X the fundamental groupoid of X with respect to A is the full
subgroupoid of π(X) with object set A, denoted π(X,A).

We have that π(X, ∗) is the fundamental group based at ∗ ∈ X.
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BRAID GROUPOIDS - CONFIGURATION SPACE OF POINTS IN THE PLANE

Historically the first motivation that led to the study of motion groups was
braid groups as configuration spaces.

Definition
Let the ordered configuration space of n points in the disk be the set

OCn =
{
(x1, ..., xn)| xi ∈ int(D), xi 6= xj ∀ i 6= j

}
with the subspace topology from Dn = D× ...× D.

There is a properly discontinuous action of the symmetric group which
permutes indices. For s ∈ Sn

s(x1, ..., xn) = (xs(1), ..., xs(n)).

The unordered configuration space of n points in the disk is the quotient
space

UCn = OCn/Sn.
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BRAID GROUPOIDS - DEFINITION

Definition
The nth braid groupoid denoted Bn is

Bn = π(UCn).

Objects are configurations of n points in the disk and morphisms are
equivalence classes of paths in PUCn.
Let x = (x1, ..., xn) ∈ UCn. The nth braid group at x denoted Bxn is

Bxn = π1(UCn, {x}) = Bn(x, x).
Definition
The nth pure braid groupoid denoted Pn is

Pn = π(OCn).

The nth pure braid group at x denoted Pxn is

Pxn = π1(OCn, {x}) = Pn(x, x).
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BRAID GROUPOIDS - EXAMPLES

• Bx1 is trivial:

π1(UC1, x) = π1(int(D), x)

• Px2 is infinite cyclic group Z:

We have a fibration,

p : OC2 → int(D), (x1, x2) 7→ x2

with fibre int(D) \ ∗. And hence a short exact sequence

π2(int(D))→ π1(int(D) \ ∗)→ π1(OC2)→ π1(int(D))

12
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BRAID GROUPOIDS - INTERPRETATION

Recall PUCn is the path space of UCn. Let

P̃UCn = {γ̃ : I→ UCn × I |pI ◦ γ̃ = idI}

where pI is the projection onto the I component of the product space.
A map γ̃ is continuous if and only if the map pUCn ◦ γ̃ is continuous and we
have a bijection

P̃UCn → PUCn
which sends a map γ̃ to a path γ = pUCn ◦ γ̃.
This allows us to draw paths in configuration space as pictures in D× I.

13



BRAID GROUPOIDS - INTERPRETATION

Recall PUCn is the path space of UCn.

Let

P̃UCn = {γ̃ : I→ UCn × I |pI ◦ γ̃ = idI}

where pI is the projection onto the I component of the product space.
A map γ̃ is continuous if and only if the map pUCn ◦ γ̃ is continuous and we
have a bijection

P̃UCn → PUCn
which sends a map γ̃ to a path γ = pUCn ◦ γ̃.
This allows us to draw paths in configuration space as pictures in D× I.

13



BRAID GROUPOIDS - INTERPRETATION

Recall PUCn is the path space of UCn. Let

P̃UCn = {γ̃ : I→ UCn × I |pI ◦ γ̃ = idI}

where pI is the projection onto the I component of the product space.

A map γ̃ is continuous if and only if the map pUCn ◦ γ̃ is continuous and we
have a bijection

P̃UCn → PUCn
which sends a map γ̃ to a path γ = pUCn ◦ γ̃.
This allows us to draw paths in configuration space as pictures in D× I.

13



BRAID GROUPOIDS - INTERPRETATION

Recall PUCn is the path space of UCn. Let

P̃UCn = {γ̃ : I→ UCn × I |pI ◦ γ̃ = idI}

where pI is the projection onto the I component of the product space.
A map γ̃ is continuous if and only if the map pUCn ◦ γ̃ is continuous and we
have a bijection

P̃UCn → PUCn
which sends a map γ̃ to a path γ = pUCn ◦ γ̃.

This allows us to draw paths in configuration space as pictures in D× I.

13



BRAID GROUPOIDS - INTERPRETATION

Recall PUCn is the path space of UCn. Let

P̃UCn = {γ̃ : I→ UCn × I |pI ◦ γ̃ = idI}

where pI is the projection onto the I component of the product space.
A map γ̃ is continuous if and only if the map pUCn ◦ γ̃ is continuous and we
have a bijection

P̃UCn → PUCn
which sends a map γ̃ to a path γ = pUCn ◦ γ̃.
This allows us to draw paths in configuration space as pictures in D× I.

13



BRAID GROUPOIDS - INTERPRETATION

Recall PUCn is the path space of UCn. Let

P̃UCn = {γ̃ : I→ UCn × I |pI ◦ γ̃ = idI}

where pI is the projection onto the I component of the product space.
A map γ̃ is continuous if and only if the map pUCn ◦ γ̃ is continuous and we
have a bijection

P̃UCn → PUCn
which sends a map γ̃ to a path γ = pUCn ◦ γ̃.
This allows us to draw paths in configuration space as pictures in D× I.

13



BRAID GROUPOIDS - INTERPRETATION

Recall PUCn is the path space of UCn. Let

P̃UCn = {γ̃ : I→ UCn × I |pI ◦ γ̃ = idI}

where pI is the projection onto the I component of the product space.
A map γ̃ is continuous if and only if the map pUCn ◦ γ̃ is continuous and we
have a bijection

P̃UCn → PUCn
which sends a map γ̃ to a path γ = pUCn ◦ γ̃.
This allows us to draw paths in configuration space as pictures in D× I.

13



BRAID GROUPOIDS - INTERPRETATION

Now homotopy of paths in PUCn corresponds to paths I→ P̃UCn.
Composition in the braid groupoid corresponds to stacking pictures in D× I.
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BRAID GROUPOIDS - A QUESTION

Question
Can we construct a category which does contain things like the picture on the
right? Is there a well defined/ faithful functor from Bn?
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GENERALISING BRAIDS TO
EMBEDDINGS



GENERALISING BRAIDS TO EMBEDDINGS

Let M be a compact connected manifold possibly with boundary and let N be
a subspace.

E(N,M) = The space of embeddings of N in M
with the compact open topology.

Take quotient space:

E(N,M)/ {h ∼ h′ if h(N) = h′(N)}

BUT: The topology of this quotient is (usually) unmanageable.
For N the n point space with discrete topology,

E(N,M) = OCn
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GENERALISING BRAIDS TO EMBEDDINGS

And we cannot extend to neighbourhood of N.
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And we cannot extend to neighbourhood of N.
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SELF HOMEOMORPHISMS

Self homeomorphisms N to N′

Let M be a compact, connected, oriented manifold possibly with boundary
and N, N′ be subsets.

(In practice mostly we will be thinking of submanifolds.)

HomeoM(N,N′) =

f : M→ M homeos

∣∣∣∣∣∣
f preserves orientation on M

f fixes the boundary of M pointwise
f(N) = N′
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TOPOLOGICAL GROUPS

Lemma
The space HomeoM(∅, ∅) is a topological group with group operation
composition of maps, and that each HomeoM(N,N) is a subgroup.

This means the function mapping elements to their inverses and the group
operation are continuous.
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GROUPOIDS OF SELF HOMEOMORPHISMS

Propostion
Let M be a compact, connected, orientable manifold. There is a groupoid
denoted HomeoM such that

• objects are subsets of M,
• and morphisms between subspaces are elements of HomeoM(N,N′).

Proof
Identity and inverse are obvious homeomorphisms. Composition of
homeomorphisms is associative.
Closure: g ◦ f(N) = g(N′) = N′′ and g ◦ f(∂M) = g(∂M) = ∂M
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MOTION GROUPOIDS - MOTIONS

Definition
A motion from N to N′ denoted f : N→ N′ is a path f : I→ HomeoM(∅, ∅) with
f0 = idM and f1 ∈ HomeoM(N,N′).

Using lemma Top(X, TOP(Y, Z))→ Top(X× Y, Z)

{I→ HomeoM(∅, ∅)} ←→ {M× I→ M} ←→ {M× I→ M× I}
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MOTION GROUPOIDS - DEFINITIONS

We can define composition of motions f : N→ N′ and g : N′ → N′′

g ∗ f =
{
f2t 0 ≤ t ≤ 1/2
g2(t−1/2) ◦ f1 1/2 ≤ t ≤ 1
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MOTION GROUPOIDS - DEFINITIONS

Definition
A stationary motion is a motion f : N→ N with ft ∈ HomeoM(N,N) for all t.

As a picture in M× I of a stationary motion looks like N remains fixed in M at
all t.
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MOTION GROUPOIDS - DEFINITIONS

Define motion corresponding to each f : N→ N′

f̄ : N′ → N = f(1−t) ◦ f−11 .
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MOTION GROUPOIDS - EQUIVALENCE

Two motions f,g : N→ N′ are equivalent if ḡ ∗ f is homotopic, keeping
endpoints fixed, to a stationary motion.
This means a continuous map

H : (M× I)× I→ M× I

such that:

• H((m, t), 0) = ḡ ∗ f(m, t), H|M×I×{1} is a stationary motion
• H|M×{0}×I = idM, H|M×{1}×I = g−11 ◦ f1

Equivalently a path
γ : I→ PHomeoM(∅, ∅)

such that

• γ(0) = ḡ ∗ f
• γ(1) ∈ HomeoM(N,N)
• γ(t) is a path idM → g−11 ◦ f1 for all t.

26



MOTION GROUPOIDS - EQUIVALENCE

Two motions f,g : N→ N′ are equivalent if ḡ ∗ f is homotopic, keeping
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• H((m, t), 0) = ḡ ∗ f(m, t), H|M×I×{1} is a stationary motion

• H|M×{0}×I = idM, H|M×{1}×I = g−11 ◦ f1
Equivalently a path

γ : I→ PHomeoM(∅, ∅)

such that

• γ(0) = ḡ ∗ f
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endpoints fixed, to a stationary motion.
This means a continuous map

H : (M× I)× I→ M× I

such that:
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MOTION GROUPOIDS - EQUIVALENCE

(Notice this implies stationary motions are equivalent to the trivial motion
ft = iM for all t.)
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MOTION GROUPOIDS - DEFINITIONS

Theorem
Let M be a compact, connected, orientable manifold. There is a groupoid
denoted MotM such that

• objects are subsets of M,
• and morphisms f : N→ N′ between subspaces are equivalence classes of
motions.

Proof
Identity is the equivalence class of the trivial motion.

Composition is well defined.
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MOTION GROUPOIDS - RELATION TO BRAID GROUPOID

Theorem
The full subcategory of the motion groupoid MotD taking subsets of points in
the interior as objects is isomorphic to the braid groupoid.

Have map
MotD(x, x)→ Bn(x, x).
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ORIENTED SELF HOMEOMORPHISMS

Self homeomorphisms N to N′

Now let N,N′ ⊂ M be submanifolds equipped with an orientation.

HomeoorM (N,N′) =

f : M→ M homeos

∣∣∣∣∣∣∣∣
f preserves orientation on M

f fixes the boundary of M pointwise
f(N) = N′

f|N is orientation preserving
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ORIENTED GROUPOIDS OF SELF HOMEOMORPHISMS

Propostion
Let M be a compact, connected, orientable manifold. There is a groupoid
denoted resp. HomeoorM such that

• objects are oriented submanifolds of M,
• and morphisms between subspaces are elements of resp.
HomeoorM (N,N′).

Lemma
There is a faithful functor HomeoorM → HomeoM given by forgetting the
orientation on manifolds N and N′.
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Theorem
Let M be a compact, connected, orientable manifold. There is a groupoid
denoted MotorM such that

• objects are oriented submanifolds of M,
• and morphisms f : N→ N′ between subspaces are equivalence classes of
oriented motions.
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PURE SELF HOMEOMORPHISMS

Now let N = N′. PHomeoM(N,N) ⊂ HomeoM(N,N) such that homeomorphims
fix connected components of N.

Define in the same way PHomeoorM (N,N) ⊂ HomeoorM (N,N).
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