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Groundwater flow problem: lognormal diffusion

V- (kVUu) = f in Dc R
u=20 on 0D

Uncertainty: k: D x Q — R is a lognormal random field

E[/DWU-Vvdx] :E[/vadx] Vv € H}(D) ® L3(Q)

Discretization scheme: Stochastic Galerkin method [GHANEM & SPANOS]
u, v: (Wiener-Hermite) polynomial chaos of order d in M variables
x: polynomial chaos expansion of order 2d in M variables
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Structure of Galerkin matrix

A= G, @K,

Finite element matrices: (Kalik = / ka Vi Vo dx
D

Stochastic Galerkin matrices: [Galj = E [Yatby(yYue)]
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Properties of the Galerkin matrix A= > .G ® K,

o symmetric, positive-definite (s.p.d.)

o

block-dense with sparse blocks [MATTHIES & KEESE]

#of terms in sumis (V2% = ng-n, n< ne

[e]

the cost for Ax is at least O(nxnz) / at most O(nnx(ng + ng))

o

@]

ill-conditioned w.r.t. the FE mesh size h, the degree d, and «,
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Mean stiffness matrix: [Ko)ix = [pE [k] Vi - Vor dx

Mean-based preconditioner: Py = I ® K,

Result: the spectrum of Py A is independent of h  [PoweLL & ELmaN]
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Kronecker product preconditioner

Given A, Ky, compute G = argmin{H € R"*" : |A— H ® Ky||r}

. T
Closed form solution: G =3, I:E?fr;‘:; G, [VAN LOAN & PITSIANIS]
0

Preconditioner: 131 =G® Ky [U.,SISC’10]

Cost for 131‘1x: O((ne + ng)nx) Set-up cost: O(# of terms - ny)

Performance: not robust w.r.t. o (standard deviation of log ) and d
(polynomial chaos order) but far more robust than mean-based
preconditioner
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Groundwater flow problem: lognormal diffusion

k'q+Vu=0
V-q=f in D c R?
u=2~0 on 9D

Random field: x=1(x, &) = 3, ka(X)Va(£)
Discretization: RTy — Py finite elements & Stochastic Galerkin method

I®Ag+>, Ga ®As I®BT}

Galerkin matrix: /=B 0

RT, mass matrices Ao, A, € RMa>Na [Aulik = / Ka®; - @y dX,
D

[Ao]i,k:/DE[/‘&] Pi P ax

divergence operator B € R"*MNa . [Blik = / 61 V- ) dx
D
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Block-diagonal preconditioners

The Galerkin matrix is a saddle point matrix.

. [A B
B o
Schur complement Augmented
~ A 0 = A+~ 'BTW-'B 0
0 BA'BT 0 ~W
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Example: Schur complement preconditioners

~

A 0
0 BA'BT

o~

S:

~ LoD 0
= PL,amg:[ 0 ]

0 LoV

A~ L® Dy, Dy = diag(Ay), L € Rx" spd.
BA'B" ~ L '@ BD,;'B"
BD,'B" ~ V (one AMG V-cycle)

Mean-based: L = | [ERNST ET AL.]

Kronecker product: L = G = argmin{H : ||A— H @ Do||r}
[POWELL & U.]
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Performance of Schur complement preconditioners

D=(0,1%f=1,h=1/32,ng+n, =5,184

x = exp(G), Gaussian field G: E[G] = 1, Covg(r) = 05 rKi(r), r = ||x = ¥||2
M = 5 random variables, n; = 6...252, # of terms = 21...3,003

P-MINRES iteration counts (and timings in sec) for || Fk||p—1 < 1078||Fo]| p—1

oG | d=1 d=2 d=3 d=4
02| 47 ()| 57 (22)| 65 (245)| 74 (2979)
04| 61 (3)| 89 (35)|121 (534) | 148 (6321)
Pramg | 06| 77 (3)|139 (53) | 225 (1369) | 345 (13794)
0.8| 99 (4) | 219 (84) | 425 (2604) | 747 (29808)
1.0 | 126 (5) | 339 (129) | 785 (4719) | 1597 (63911)
02| 40 (2)| 42 (13)| 45 (169)| 48 (1291)
04| 45 (2)| 53 (15)| 60 (229)| 68 (1688)
Pgamg | 06| 51 (2)| 66 (18)| 81 (307)| 99 (2553)
08| 56 (2)| 82 (24) | 111 (419) | 145 (3651)
10| 64 (3)|102 (28)|152 (575)| 210 (5177
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