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Model problem

We consider the elliptic partial differential equation (PDE)
V. (k(x,w)Vp(x,w)) = fz,w),  x €D,

with random coefficient k(z,w) and random data f(z,w).

We model k as a lognormal random field, i.e. logk is a Gaussian
field with mean 0 and covariance function

R(x,y) = o exp (=[x —yll/A).
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Figure: A typical realisation for D = [0, 1], = 0.001,02 = 1.
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Discretisation

We employ a Monte Carlo type method, accelerated by a novel
variance reduction technique.

» Discretisation in space: Cell-centred Finite Volume
discretisation on a uniform grid 7. For rough coefficients we
need to make h very small.

» Sampling from the random coefficient: Currently based on

truncated Karhunen-Loeve expansion, evaluated at cell centres

But the method of sampling is not essential to the algorithm.
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Standard Monte Carlo

Suppose we are interested in the expected value of an output
functional @ = G(p). The standard Monte Carlo estimator for
this is

where QS) is the 7th sample of ) approximated on grid 7.

The mean square error can be shown to equal

2

E[(@C-EQ)’] =  vIeyo  + (EIQN-EQ)

Variance of MC estimator  (spatial) discretisation error

NTWVQL  + (BIQNC) -EQ])?
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Multilevel Monte Carlo

The key ingredient in the multilevel method is linearity of
expectation, which gives us

E[Qn] = E[Qn — Qaon] + E [Q2n] .
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Figure: Example solutions on 7, and Ty, (left), and the difference
between the two (right).
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We can use this idea to define a 2 level MC estimator

. . _—  McC
= QN + (Qn— Q)

Consider approximations of the PDE on a sequence of levels, s.t.
he=2"%hg, £=0,1,...,L, and set Q; = Qp,

We can define a multilevel MC estimator
MC

L
A= Q0 + ) (Qe— Q)

(=1
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The mean square error of the multilevel estimator is

E[(QM-EQ)]| =  VIQY  + (BQY-EQ)°

Variance of ML estimator  (spatial) discretisation error

V[QolNyt + ZVQe Qu—1IN; "+ (E[ I - E[Q])2

» Ny still needs to be large, but samples are much cheaper to
obtain on coarser grid

» Ny (¢ > 0) much smaller, since V[Q;, — Qy—1] — 0 as hy — 0
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Qutflow for & = 0.1, o°=1
10 . : .

Yariance of difference term
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Figure: The variance of the difference terms as a function of h.
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Theorem (Multilevel Monte Carlo)
If there exist «, 3, > 0 such that a> % min(f, ) and
(A1) [E[Q} - Q]| = 02~
(A2) V[(Q— Q)] = o127
(A3) C, =027 (cost of one sample on level £)
then for any & < 1 there exist L and {Ny} such that
E[(@" - E[Q)?] = 0(?)
and the total computational cost is
Oe™?), if 5>7,
cMb = O(e72(loge)?), if 6=nr,
O(e=20-Alo)y if g<n.
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Performance of the Multilevel Method
for Q := kegr,1 (effective permeability), A = 0.1, 02 = 1 and 500 KL-modes

CPRU-time (seconds)
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Effective permeability (A=0.05, crz=4)‘ ‘ariance below 107%

Second marment of effective permeability (A=0.1, u'2=1), m=128
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for a rougher problem.

V[QM] versus CPU-time
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for fixed m = 128.
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Further work.

» Confirm predicted rate for computational cost w.r.t. &.
> Theoretically bound E[QYC—(Q)] and V[(Qef@,l)m]

» Make further approximations of k on coarser levels, e.g. drop

KL-modes:

. Outflow for =0.1, o = 1
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» Combine with Quasi-MC sampling (complementary gains!)
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