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Overview

1. Tensors are natural

2. Solution in tensor product space

3. Model reduction and sparse representation
4. Low rank representation and algorithms

5. Examples and conclusion
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Parametric problems and covariance

For a function w : 2 — U (Hilbert), there is a linear map W € Z(U,S):
W:U>s>v — (w()|vuy,

with a Hilbert subspace S C R¥.
If (£2,P,2) is measure space, P used to define S.

Covariance C' := W*W € Z(U,U) is symmetric (self-adjoint),
positive semi-definite = has spectrum ¢(C) C R,
spectral decomposition with projectors Ey

Cv:/ AdEyw= ) Aj<ej\v>uej+/ AdE,v.
0 ;i Eop(C) R4 \op(C)

U with inner product from kernel C' can be made into a RKHS.
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Karhunen-Loeve-expansion and tensors

Often C' compact = last integral vanishes
C = Z)\ (ei|)ue; = Z)\ e; @ e
C compact = W compact = ds;, €S
(Wo)(w) = (ww)v)u =Y /Aj{ejlv)u s;(w)
J
or
W:Z\/)\j (s; @ el), w(w):Z\/Aj si(w)ej, weSU.
J J

The singular value decomposition, a.k.a. Karhunen-Loeve-expansion.

A sum of rank-1 operators / tensors.
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Deterministic model, discretisation, solution

Consider operator equation, physical system modelled by A:
Alu) = f uel, felF,
SYvel: (A(u),v) = (f,v),

U — space of states, F — dual space of actions / forcings.

Solution is usually by first discretisation
Alu)=f ucelUny CU, feFyCF,
and then (iterative) numerical solution process

Uk+1 — 45(uk), lim U — Uu.

k— o0

& evaluates (pre-conditioned) residua f — A(wug).
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Model with uncertainties

With uncertainties modelled by appropriate probab. space (£2,1P,2l):
Alwl(u(w)) = f(w) a.s. in w e {2,

State u(w) is U-valued random variable (RV),
solution is in a tensor space W =S Q U.

Variational statement: Vo € W:  E ((A[-](u(:)),v)) = E({(f(-),v)).

Similarly after semi-discretisation in U:
Awl(u(w)) = f(w) a.s. in w e {2,

assume {v;}7_; a basis in Uy, then the approx. solution in S ® Uy
N
u(w) = Zuj(w)fvj.
j=1

<4 2 jg(YIijut.
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Direct integration / sampling solution

Builds on fact that ultimately a quantity of interest E (¥(u)) is wanted.

E (¥(u)) = /Q D (w, u(w)) P(dw) ~ S wal (ws, u(ws))

Pick (e.g. Monte Carlo) {w,}Z_, points, Yw, do solution process
U 41(wz) = Plw:](ur(w:)),

giving u(w,) = Zj wi(w.)v; = Zj uiv;.
Effectively choosing S C &, solution is in Wz n := Sz @ Uy
(Usually u(w,) discarded after use in integration.)

Random state represented by solution samples [u(wp), ..., u(wz)],

7z . z Z:].,...,Z
or the tensor uy = {us}. ;"""\

<A 2 jg(YIijut.
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Solution by emulation

Emulation — replace expensive simulation by inexpensive approximation
( alias response surfaces, proxy / surrogate models, etc.)

Choose subspace Sp C S with basis {Xg}ﬁle,
make ansatz for each uj(w) =~ 4 qug(w), giving

= ZquB( ZuﬁXg ®’Uj
7,5

Solution is in tensor product Wpg N 1= SB QUN CSQU =WV.

Random state u(w) represented by tensor u¥ := {uf}f::fﬁ

computed by sampling (pre-conditioned) residua f(w) — A|w](ur(w)).

- : e - e Dt
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Tensor product structure

Story does not end here as one may choose § = ), Sy,
approximated by Sp = (X)%:1 Sp,, with &g, C &,

Solution represented as a tensor of grade M + 1

. M
N WB,N = (®m:1 SBm) Q Up .
For higher grade tensor product structure, more reduction is possible,
— but that is a story for another talk, here we stay with M = 1.

Sparse representation entails

G
J

B

e reduce uy = |u B

| to important information u ~ uy,
e never store all of u%, but only u,

e operate efficiently on sparse representation u.
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Discretisation — model reduction

On continuous level discretisation is choice of subspace
WB,N =S QUNCSQU =W
and—important for computation—nbasis in it.

On discrete level reduced models find subspace Wr C Wpg N
with smaller dimensionality dimWgr =R < B X N.
They can work on S or Uy, or both.

Different approaches to choose reduced model:

e Before the solution process (e.g. proper generalised decomposition).
e After the solution process (essentially data compression).

e During solution, computing solution and reduction simultaneously.

5’ ‘: . . . e . 107 Ut
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Low-rank approximation

Focus on array of numbers u%, := [uf] view as matrix / tensor:
B N
> Y esee
i &P
B=1j=1

with canonical unit vectors eg, €’.
The sum has B * N terms, the number of entries in uﬁ.

Rank-R representation IS approximation with R terms

ZZU 65®63N2ye®w

p=1j=1
It contains only R (B + N) < B * N numbers.
We will use truncated SVD.
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Use in UQ-MC sampling solution |

Example: Compressible RANS-flow around RAE air-foil.
Sample solution

turb_Kkinetic_energy
. 0.038
0.036
C | 0.034
0.032 B
0.03 04 F
0.028 B
0.026
0.024
0.022 i
0.02 02
0.018 N B
0.016
0.014 |
0.012
0.01 0
0.008
0.006
0.004 B
0.002 02F

o
=
(1]
]
w
c
=
[17]

06

—
E=N

turbulent kinetic energy pressure
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Use in UQ-MC sampling solution ||

Inflow and air-foil shape uncertain.
Data compression achieved by updated SVD:
Made from 600 MC Simulations, SVD is updated every 10 samples.
N = 260, 000 Z =600

Updated SVD: Relative errors, memory requirements:

rank R | pressure | turb. kin. energy | memory [MB]
10 1.9e-2 | 4.0e-3 21
20 1.4e-2 5.9e-3 42
50 5.3e-3 | 1.5e-4 104

Dense matrix € R2060000x600 cqsts 1250 MB storage.

I"“n
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Use in time-space sampling |

Example: UQ-computations of time-dependent shallow-water flow.
1:50 Scale model in Milano of Toce river (ltaly)

.

.gni'“n .
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Use in time-space sampling ||

Topography in model — uncertain elevation.

8.242

7.375

Also uncertain inflow and bed friction—Manning's coefficient.

AR 'ef“'“D )
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Use in time-space sampling |1l

Computation with QMC-sampling
Water level with 5 % exceedance probability
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Use in emulation

Solution process to obtain co-efficients for stochastic problem

Urp+1 — (I)(U.k)

may be written as tensorised mapping

M
Up4+1 = Ui — E(uk) = U — Z Y, ®G™ (uk)

m=1
With ug = Zfzol Yo; ® g7, this gives
Ry M
u = Zyo,g ® g™ — Z Y (ug) ® G™(uo)
7=1 m=1

Rank of ug.1 grows by M.
Possible for pre-conditioned linear iteration,
and modified-, full-, inexact- and quasi-Newton iteration.

: : - _ il
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Truncated iteration

If iteration and rank-truncation T, are alternated, rank stays low.
Here rank-truncation by updated SVD.

Ry, M
p1 =) Yr; 9% = D, V(W) © G™ (),
j=1 m=1
wer1 = Te(@p1)  with ||Te(v) —v| < e

It can be shown that truncated iteration converges until stagnation for

Theorem [Hackbusch, Khoromskij, Tyrtyshnikov] super-linearly
convergent iterative process with stagnation range 2,

Theorem [Zander, M.] linearly convergent process with contraction
factor o and stagnation range €/(1 — o).
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Stochastic Galerkin for diffusion equation

0 >

Aquifer 2D Model

Simple stationary model of groundwater flow with stochastic data
—V - (k(z,w)Vu(z,w)) = f(z,w) reDCR* &bc

leads after Galerkin discretisation on
WeN=8SgRUN CSEQU =W = Ly(2,P) ® H'(D) to

M
Au= > &AMQA, | u=f

m=1

iCon,
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Realisation of x(z,w) — (-distributed

A sample reglization
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Example solution

Geometry

Realization of k Realization of solution

flow=0"" g5urces

Dirichlet b.c.

Variance of solution

Mean of solution

Pr{u(xz) > 8}
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Computational complexity for linear case

m=1

Residuumisf — Au =f — (ZM £ A Am) us.

Computation on full u; needs
M x B A-multiplications + M x N A-multiplications.

Computation on low rank-/ tensor product uj needs
M x R A-multiplications + M x R A-multiplications,
which 1s much less.

Pre-conditioner P should be used as P = 2521 AP) @ P,

Simple example: mean value pre-conditioner P = I ® P
with P pre-conditioner for £ (A).

Similar savings as before, with M replaced by P.
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Iteration accuracy

Convergence of truncated iteration.
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Conclusion

e Stochastic calculations produce huge amount of data.

e For efficiency try and use sparse representation throughout: ansatz in
low-rank tensor products, as well as storage of solution and
residuum—and iterator in tensor products.

e Works in sampling and emulation.
e Works also for non-linear problems and solvers.

e Works also for time-dependent problems.
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