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The Idea

WELL-POSED ⊕ SMALL PERTURBATION TO EQUATION

⇒ SMALL PERTURBATION TO SOLUTION

STABILITY ⊕ CONSISTENCY ⇒ CONVERGENCE

WELL-POSED ⊕ APPROXIMATION OF FORWARD PROBLEM

⇒ APPROXIMATION OF INVERSE PROBLEM
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Groundwater Flow

Let H = L2(D,R3).

Consider Darcy’s Law

∇ ·
(

exp(u)∇p
)

= 0, x ∈ D

p = φ, x ∈ ∂D.

Find u.
Given noisy observations of the pressure:

yj = p(xj) + ηj
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Least Squares

The equation y = G(u) for u ∈ X is ill-posed: (no solution,
many solutions, sensitive dependence).
Replace by least squares problem

min
u∈X

Φ(u; y), Φ(u; y) =
1
2
‖y − G(u)‖2Y .

Can have Φ(un; y)→ 0 but un does not converge in X .
Tikhonov Regularization:

min
u∈E

I(u; y), I(u; y) = Φ(u; y) +
1
2
‖u‖2E .



university-logo

THE IDEA EXAMPLE INVERSE PROBLEM CLASSICAL REGULARIZATION BAYESIAN REGULARIZATION THE EXAMPLE IN DETAIL CONCLUSIONS

Outline

1 THE IDEA

2 EXAMPLE INVERSE PROBLEM

3 CLASSICAL REGULARIZATION

4 BAYESIAN REGULARIZATION

5 THE EXAMPLE IN DETAIL

6 CONCLUSIONS



university-logo

THE IDEA EXAMPLE INVERSE PROBLEM CLASSICAL REGULARIZATION BAYESIAN REGULARIZATION THE EXAMPLE IN DETAIL CONCLUSIONS

Bayesian Approach to Inverse Problems

Jointly varying random variable (u, y) ∈ X × Y .
u prior µ0 = P(du) on u :

µ0 = N (0, C0), µ0(X ) = 1.

y|u data y ∈ Y

y = G(u) + η, η ∼ N (0, Γ).

u|y posterior µy = P(du|y) on u :

dµy

dµ0
(u) ∝ P(y |u) ∝ exp

(
−Φ(u; y)

)
.
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Potential

CONDITIONS ON THE POTENTIAL

there is, ∀ε > 0, r > 0 an M = M(ε, r) > 0 such that

Φ(u; y) ≥ −ε‖u‖2X + M ∀u ∈ X , ‖y‖Y < r ;

∀r > 0 there is K (r) > 0 such that,

|Φ(u1; y)− Φ(u2; y)| ≤ K (r)‖u1 − u2‖X , ∀‖ui‖X , ‖y‖Y < r ;

∀ε > 0, r > 0, there is K = K (ε, r) > 0 such that,

|Φ(u; y1)− Φ(u; y2)| ≤ Keε‖u‖
2
X ‖y1 − y2‖Y , ∀u ∈ X , ‖yi‖Y < r .
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Well-Posed Inverse Problem

Theorem
Assume that POTENTIAL CONDITIONS hold and that µ0(X ) = 1.
There is C = C(r) > 0 such that, for all y1, y2 with
max{‖y1‖Y , ‖y2‖Y} ≤ r ,

dHell(µ
y1 , µy2) ≤ C‖y1 − y2‖Y .

The metric dHell is a useful one because:

‖Eµf − Eν f‖ ≤ 2
(
Eµ‖f‖2 + Eν‖f‖2

) 1
2 dHell(µ, ν).
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Probability Maximizers and Optimal Control

Probability maximizers are minimizers of the least squares
functional

I(u; y) :=
1
2
‖u‖2E + Φ(u; y).

And this minimization is well-defined:

Theorem
Assume that POTENTIAL CONDITIONS hold and that µ0(X ) = 1.
Then there exists u ∈ E such that

I(u) = I := inf{I(u) : u ∈ E}.

Furthermore, if {un} is a minimizing sequence satisfying
I(un)→ I(u) then there is a subsequence {un′} that converges
strongly to u in E.
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Forward Approximation Gives Inverse Approximation

Consider two measures µ and µN :

dµ
dµ0

(u) ∝ exp
(
−Φ(u)

)
,

dµN

dµ0
(u) ∝ exp

(
−ΦN(u)

)
.

Theorem

Assume that: Φ and ΦN satisfy POTENTIAL CONDITIONS

uniformly in N and that µ0(X ) = 1. Assume also that, for any
ε > 0 there is K = K (ε) > 0 such that

|Φ(u)− ΦN(u)| ≤ K exp
(
ε‖u‖2X

)
ψ(N) (1)

where ψ(N)→ 0 as N →∞.
Then there is a constant C, independent of N, and such that

dHell(µ, µ
N) ≤ Cψ(N). (2)
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Problem Statement

Consider Darcy’s Law

∇ ·
(

exp(u)∇p
)

= 0, x ∈ D

p = φ, x ∈ ∂D.

For any u ∈ L∞(D) define:
λ(u) = ess infx∈D eu(x) > 0;

Λ(u) = ess supx∈D eu(x) <∞.
We do not assume that the upper and lower bounds on
λ/Λ hold uniformly across the probability space.
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Elliptic problem: Observations

Noisy observations of p at a set of points x1, . . . , xK in D:

yk = p(xk ) + ηk , k = 1, . . . ,K

We assume that: the noise is Gaussian
{ηk} an i.i.d sequence with η1 ∼ N (0, γ2I)

Concatenating the data, we have

y = G(u) + η

y = (y1, · · · , yK )T ;

η = (η1, . . . , ηK )T ∼ N (0, γ2I)

G(u) = (p(x1), · · · ,p(xK ))T , the observation operator.
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Elliptic problem: Estimates

One can show that:
if u ∈ L∞(D) there exists C = C(D, ‖φ‖L∞(∂D)) such that

|G(u)| ≤ C e‖u‖L∞(D)

if u1,u2 ∈ Cα(D) for some α > 0 then there exists
C = C(D, α, ε) such that

|G(u1)− G(u2)|

≤ C exp
(
εmax{‖u1‖2Cα(D), ‖u2‖2Cα(D)}

)
‖u1 − u2‖L∞(D)

Hence Φ = 1
2 |y − G(u)|2 satisfies potential conditions.
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Elliptic inverse problem: Well-posedness of the posterior

Therefore
if µ0(Cα(D)) = 1, µy is absolutely continuous with
Radon-Nikodym derivative

dµy

dµ0
(u) ∝ exp

(
− 1

2γ2 |y − G(u)|2
)

and
dHell(µ

y , µy ′
) ≤ C |y − y ′|

for any y , y ′ ∈ RK .

Need a µ0 that satisfies µ0(Cα(D)) = 1
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Elliptic inverse problem: Prior

Let µ0 = N (0, C) with C : L2(D)→ L2(D),

{λk}k∈N and {φk}k∈N eigenvalues and eigenvectors of C.
Then by the Karhunen-Loève expansion

u =
∑

k
√
λk φk ξk with ξk i.i.d and ξ1 ∼ N (0,1).

——————————————————————

Let A = −∆ (∆: the Laplacian operator) acting on

D(A) =

{
u ∈ H2(D) : ∇u · n = 0 on ∂D, and

∫
D

u = 0
}
.

Let µ0 = N (ub, kA−β), k > 0, ub ∈ Hβ.
If β > d − 1/2, then

µ0
(
Cα(D)

)
= 1 for any α <

1
3

(β − (d − 1/2)).
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Elliptic inverse problem: Prior

Let µ0 be distributed as N (0, C) with

Cu(x) =

∫
D

c(x , y) u(y) dy , c(x , y) = e−|x−y |, or e−
∑d

j=1 |xj−yj |

Then, for any α < 1
2 , µ0 (Cα(D)) = 1.
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Elliptic inverse problem: Approximations

{ψj,k = ei(jx+ky)}j,k∈Z basis for L2(T2).
W N = span{ψj,k , |j | ≤ N, |k | ≤ N}
PN the orthogonal projection of L2(D) onto W N .

Let uN = PNu GN(·) = G(PN ·) and ΦN(·) = Φ(PN ·).

Define µy ,N by

dµy ,N

dµ0
(u) =

1
Z N exp

(
− 1

2γ2 |y − G
N(u)|2

)
with Z N =

∫
X exp

(
− 1

2γ2 |y − GN(u)|2
)
dµ0(u).
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Elliptic inverse problem: Approximations

Choose µ0 such that µ0(Cα(D)) = 1 for some α > 0.
We have

|ΦN(u)− Φ(u)| ≤ C exp
(
ε‖u‖2Cα(D)

)
N−α (log N)2.

Therefore
dHell(µ

y , µy ,N) ≤ C N−α(log N)2.
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What We Have Shown

We have shown that:

Applications: Inverse problems in differential equations
can be formulated in the framework of Bayesian statistics
on function space.
Common Structure: Many problems share a common
mathematical structure leading to well-posed inverse
problems for measures and a link to optimal control.
Approximation: This well-posedness leads to a transfer of
approximation properties from the forward problem to the
inverse problem, in the Hellinger metric.
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