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The Idea

@ WELL-POSED & SMALL PERTURBATION TO EQUATION
= SMALL PERTURBATION TO SOLUTION J

@ STABILITY & CONSISTENCY = CONVERGENCE )
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EXAMPLE INVERSE PROBLEM

Groundwater Flow

@ LetH = [?(D,R3).
@ Consider Darcy’s Law

\E (exp(u)Vp) =0, xe€D
p=¢, xe€oD.

@ Find u.
@ Given noisy observations of the pressure:

¥ = p(%) + 1 J
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CLASSICAL REGULARIZATION

Least Squares

@ The equation y = G(u) for u € X is ill-posed: (no solution,
many solutions, sensitive dependence).

@ Replace by least squares problem

mino(uy), o(uy) = sy - G J

@ Can have ®(up; y) — 0 but u, does not converge in X.
@ Tikhonov Regularization:

. 1
min I(u;y),  I(u;y) = (U y) + ~ul2. J
ucE 2
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BAYESIAN REGULARIZATION
Bayesian Approach to Inverse Problems

@ Jointly varying random variable (u,y) € X x Y.
@ u prior ug = P(du) on u:

o =N(0,Co), po(X)=1.
@ yjudatayeY

y=6(u)+n, n~N(QO,TI).
@ uly posterior ¥ = P(duly) on u:

o

o (U) o P(y|u) exp(_q>(u; y)).




BAYESIAN REGULARIZATION

Potential

CONDITIONS ON THE POTENTIAL
@ thereis, Ve > 0,r > 0an M = M(e, r) > 0 such that

U y) > —elul2+M YueX,|yly <r; \

@ Vr > 0 thereis K(r) > 0 such that,

[®(w1;y) = (U2 y)| < K(Nlur = tallx,  Viuillx, lylly < I

@ Ve >0,r > 0, thereis K = K(¢,r) > 0 such that,

1D(u; y1) — D(u; )| < KelUlx ||y — yally, Yu e X, |lyilly <r. I




BAYESIAN REGULARIZATION

Well-Posed Inverse Problem

Assume that POTENTIAL CONDITIONS hold and that 11o(X) = 1.
There is C = C(r) > 0 such that, for all y1, y» with

max{||y1llv, lyzlly} < r,

Aren(p, 12) < Cllyr — yelly.

The metric dyey is a useful one because:

1
IBf — B < 2( B2 12 + B I F12) e, v).




BAYESIAN REGULARIZATION

Probability Maximizers and Optimal Control

Probability maximizers are minimizers of the least squares
functional

1
l(uy) = 5llullz + @(u:y).

And this minimization is well-defined:

Theorem

Assume that POTENTIAL CONDITIONS hold and that 11o(X) = 1.
Then there exists u € E such that

I(U) = 1:= inf{l(u) : u € E}.

Furthermore, if {un} is @ minimizing sequence satisfying
I(un) — I(u) then there is a subsequence {u, } that converges
strongly tou in E.
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Forward Approximation Gives Inverse Approximation

Consider two measures p and u" :

N

(u) exp(—q>(u)), CC]]',“Mo(u) x exp<—¢N(u)).

an
duo

Theorem

Assume that: & and ®N satisfy POTENTIAL CONDITIONS
uniformly in N and that po(X) = 1. Assume also that, for any
e > 0 there is K = K(e) > 0 such that

[@(u) — oN(u)| < Kexp(e|lulk)w(N) (1)

where ¢)(N) — 0 as N — oc.
Then there is a constant C, independent of N, and such that

dren(pe, V) < CY(N). (2)
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Problem Statement

@ Consider Darcy’s Law
V- (exp(u)Vp) =0, xeD
p=¢, xecodD.

@ For any u € L*>(D) define:
@ \(u) = essinfycpe’™ > 0;
@ A(U) = essSUPype’™) < co.

@ We do not assume that the upper and lower bounds on
A/A hold uniformly across the probability space.



Elliptic problem: Observations

Noisy observations of p at a set of points xq,..., xx in D:

Yk =p(Xx) +nk, k=1,....K

We assume that: the noise is Gaussian
{nk} an i.i.d sequence with ny ~ N(0,~2/)

Concatenating the data, we have
y=6(u)+n
y= (y17 "7yK)T;
n=

(77 15 '777K)T NN(07721)
G(u) = (p(x1),--- ,p(xk))", the observation operator.



Elliptic problem: Estimates

One can show that:
o if u € L>°(D) there exists C = C(D, [|¢|.>(sp)) such that

IG(u)| < C ellvli=(p)
@ if uy, up € C¥(D) for some a > 0 then there exists
C = C(D, a, €) such that

G(ur) — G(u2)|

< Cexp (6 max{ | t1]|%«py, HU2HZCU‘(D)}> lur — U2l (D)

@ Hence ¢ = |y — G(u)? satisfies potential conditions.
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Elliptic inverse problem: Well-posedness of the posterior

Therefore
if uo(C*(D)) =1, 1Y is absolutely continuous with
Radon-Nikodym derivative
dpY 1 °
o () ox 0= 55y — G

and
dren(p”, 1) < Cly —y/|
forany y, y’ € RX.

Need a pq that satisfies 1o(C%(D)) = 1
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Elliptic inverse problem: Prior

Let o = N(0,C) with C : L?(D) — L?(D),
{ Ak }ken @nd { ok }ken eigenvalues and eigenvectors of C.
Then by the Karhunen-Loéve expansion

u= Zk \/qubkfk with &, i.i.d and &4 NN(0,1)




THE EXAMPLE |
Elliptic inverse problem: Prior

Let o = N(0,C) with C : L?(D) — L?(D),
{ Ak }ken @nd { ok }ken eigenvalues and eigenvectors of C.
Then by the Karhunen-Loéve expansion

u= Zk \/qubkfk with &, i.i.d and &4 NN(0,1)

Let A = —A (A: the Laplacian operator) acting on
D(A) = {ue H?(D) : Vu-n=00ndD, and / u:O}.
D

Let,uo:./\/’(ub,kA_ﬂ),k>0, Up € HP.
If 5>d—1/2, then

o (C*(D)) =1 forany a< ;([3 —(d—1/2)).
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Elliptic inverse problem: Prior

Let 1o be distributed as N (0, C) with
Cu(x) = / clx,y)u(y)dy, c(x,y)=e ¥, or e Yl
D

Then, for any a < 3, o (C*(D)) = 1.
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Elliptic inverse problem: Approximations

o {yx = e/Hi)Y; (7 basis for L2(T2).
© WN = span{y;, il <N, |k| < N}
@ PN the orthogonal projection of L2(D) onto WN.

Let uVN = PNu GN(-) = G(PN.) and ®N(-) = o(PN.).



THE EXAMPLE |
Elliptic inverse problem: Approximations

o {yx = e/Hi)Y; (7 basis for L2(T2).
© WN = span{y;, il <N, |k| < N}
@ PN the orthogonal projection of L2(D) onto WN.

Let u¥N = PNu GN(-) = G(PN.) and oN(-) = o(PN.).
Define p/"N by

d'uyvN B 1 1 N 2
Tuo(u) = ﬁeXp(—WU’— G"(u)| )

with  ZN = [, exp(— 22|y—g’\’(u)|2)dm)(u).
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Elliptic inverse problem: Approximations

@ Choose 1 such that po(C*(D)) = 1 for some « > 0.
@ We have

OM(u) = (u)| < C exp (cllulZa(p)) N (log N

Therefore
Auen(1?, 1i¥'N) < C N~%(log N)2.
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What We Have Shown

We have shown that:

@ Applications: Inverse problems in differential equations
can be formulated in the framework of Bayesian statistics
on function space.

@ Common Structure: Many problems share a common
mathematical structure leading to well-posed inverse
problems for measures and a link to optimal control.

@ Approximation: This well-posedness leads to a transfer of

approximation properties from the forward problem to the
inverse problem, in the Hellinger metric.
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