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Model Problem

Constraint Equation:

-V - (a(z,w)Vu(z,w)) = f(z,w) in D,
(a(z,w)Vu(z,w)) -n=p(x) ondD.

> u is the pressure, a is the permeability field, (the randomness
enters through the unknown properties of the porous media)

» f is the source term, n is a unit outward normal to the
boundary, and p is flexible input data (the control).

Objective Functional:




Karhunen-Loeve (K-L) expansions

» K-L Expansion:

ae,w) = a(@) + 3 vV Abn (@) Xo(w),

n>1

where a(x) = Fa(z,w), EX,(w) =0,
E(Xp(w)Xm(w)) = dpm, and (A, én(z)) are solutions to

| Clorzaon(@) doy = Abu(a)
D
where continuous covariance function

C(z1,22) = E(a(z1,w)a(r2,w)) — Ea(zr1,w)Fa(xe,w).
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Assumption

» (Q,F, P): a probability space, where 2 is a set of outcomes,
F is a o-algebra of events, and P : F — [0, 1] is a probability
measure.

» Assume that there are m, M € (0, 00) such that
m<a(z,w) <M ae (z,w) €D xQ.

» Assume that

E/D]f\z dx_/Q/D\f\Z drdP(w) < oc.




Function Spaces

» Stochastic Sobolev space:

LY H' (D)) = {v: D x Q=R | |Jv]| 21Dy < o},

where Hv||2Lz(Q;Hr(D)) = /Q ||UH12LIT(D) dp = EHUH%{T(D)'
For example,

L*(QH(D) ={v:DxQ—R| E/ |Vo|? do < oo}
D




Notations

» Notations:
H'(D) = L2(Q; H'(D)), £2(D) = L*(% LA(D)),
H'(D) = {v € L2(D) | Ellv|3py < oo},
HYD)={veHY(D)|v=0 ondD as.},

blu, v] E/ aVu - Vv dz,

[u, v] E/uvdx

[u,v]gp = FE uv dx.
oD

and




The Solution of a Stochastic PDE

» Model Equation:
-V (a(:c,w)Vu(:U,w)) = f(:c,w) in D,

(a(z,w)Vu(zr,w)) -n=p(x) ondD.

» Weak formulation: seek u € H!(D) such that

blu, v] = [f,v] + [p,v]op Vv € H'(D).




The Solution of a Stochastic PDE

» Model Equation:
-V (CL(Q?,LU)VU(.I,Q})) = f(x,w) in D,

(a(z,w)Vu(zr,w)) -n=p(x) ondD.

» Weak formulation: seek u € H!(D) such that

blu,v] = [f,v] + [p,v]op Vv € H(D).

Let f € £2(D) and p € L?(OD). Then there exists a unique weak
solution in H1(D), provided that E/ fdx +/ p dx = 0.
D

D 0.




Assumption

» In realistic models, the source of randomness can be expressed
by a finite number of random variables that are mutually
independent.

» Whenever we apply some numerical method to solve model
equations, we assume that stochastic functions are finite
expansions.

» Assume that

m < a(z,w) = —l—z\/»(bn Xn(w) < M.

» X, (2) =T, C Ris a bounded interval for n =1,2,--- , N.
» X, has a probability density function p,, : I',, — R™T for
n=12--- N.
» We use the joint probability density function p(y) of
(X1, X9, , Xy) foranyy e ' = nglrn Cc RV,




Deterministic Equivalent Formulation

» Weak Formulation:

/ o) / a(z,y)Vu(z,y) - Vo(z,y) dedy
N D
Z/p(y)/ f(z,y)v(z,y) dedy
T D
X)X X v 1 .

*/F”(y)/w” Yol y) dedy o € H'(D)

» Strong Formulation:
V- (a(z, y)Vulz,y)) = f(z,y) V(z,y) € DT,

(a(z,y)Vu(z,y)) -n=p(x) V(r,y)€dD xT.




Finite Element Spaces on D

» X" c HY(D) is a family of finite element approximation
spaces that consist of piecewise linear continuous functions
defined over a family of regular triangulations of D with a
maximum grid size parameter h > 0.

» Assume that X" satisfy the following approximation property:
(i) for all ¢ € H?(D), there exists C' > 0 such that

W}n)f(h 16— "1z (py < Chllllr2(p)-

(i) for all ¢ € HY(D), there exists C > 0 such that

Jnt 6= ¢"lx(o) < Chlléln o




Finite Element Spaces on I

» Partition I" into a finite number of disjoint RY boxes BZ-N:
For a finite index set Z,

N
r=BN=U]II . ),
iel ieT j=1

where BN N BN = for k #1 € T and (a{, bf) cry.

» Maximum grid size parameter § > 0:
§ =max{|b) —al|/2:1<j< N andieT}.

» Y® c L?(T) is the finite element approximation space of
piecewise polynomials with degree at most p; on each
direction y;.




Finite Element Spaces on D x I

» Finite element spaces V"% on D x T.
> P € VI = 40 ¢ span(php? o P (x) € X 40 (y) € YY)
» Weak Formulation:

Seek u € H!(D) such that for all v € H!(D),

b[“’”] = [fv U] + [pa U]BD-

» Finite Element Weak Formulation:
Find u"® € V" such that for all v € V19,

b, v"] = [f,v"] + [p, v"]op.




Error Estimates

Theorem

Let f € CPTY(T; HY(D)), p € H'/?(D), and u be the solution of
the weak form, and let u® be the finite element solution of the finite
element weak form. Then there exists C' > 0 such that

lu =l py < € (B + VK le2(0) + Pl vz )

pg+1

41 +1 k
where K = Zmax 1, ||¢;] |Z£JOO(D Z lloj] |II);700(D) jf||£2(D)
7j=1
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Stochastic Control Problem

Optimal Control Problem

Minimize

T(u,p) = E (1 [lu-vpan+Z [ o dw)
2 /p 2 Jap

subject to

-V - (a(z,w)Vu(z,w)) = f(z,w) in D,

(a(z,w)Vu(z,w)) -n=p(z) on dD.




Existence of an Optimal Solution

» Admissibility Set:

Upd = {(u,p) e HY(D) x H'?(dD) such that
the weak form satisfied and J(u,p) < oo}.

» Optimal Solution:
(U, p) € Uyq is called an optimal solution of 7 (u,p) if
J(t,p) < T (u,p) for all (u,p) € Uyq satisfying that
Hu — ﬁHHl(D) + Hp —ﬁHHl/Q(aD) < € for some € > 0.




Existence of an Optimal Solution

» Admissibility Set:
Upd = {(u,p) e HY(D) x H'?(dD) such that
the weak form satisfied and J(u,p) < oo}.

» Optimal Solution:
(U, p) € Uyq is called an optimal solution of 7 (u,p) if
J(t,p) < T (u,p) for all (u,p) € Uyq satisfying that
lw = @ll3a(py + [P = Bl g1/2(ap) < € for some e > 0.

There is an optimal solution (@, p) € Uyg.




Lagrange's Method

» Minimization Problem:
min J (u, p) subject to M(u,p) =0,
where M (u, f) = blu,v] — [f,v] — [p,v]op-
» Lagrangian:

‘C(uapaé.) - j(uap) - b[uvé.] + [fv g] + [pa é]aD-




The abstract minimization problem

» Let G, X, and Y be reflexive Banach Spaces whose norm are
denoted by || - ||a, || - [|x, and || - ||y and whose dual spaces are
denoted by G*, X*, and Y*, respectively.

> Let © be the control set that is a closed convex subset of G.

» We assume that the functional to be minimized takes the
form

J(v,z) =AF(v) + X(z) VY(v,2) € X X O,

where F is a functional on X, £ is a functional on ©, and A
is a given parameter that is assumed to belong to a compact
interval A C Ry.




The abstract minimization problem

» We define the function M : X x © — X for the constraint
equation M (v, z) = 0 as follows:

M(v,z) =v+ AT'N(v) + \TK(z) V(v,z2) € X x 0,

where N : X — Y is a differentiable map, K : © - Y is a
bounded linear operator, T : Y — X is a bounded linear
operator, and \ € A.

» With these definitions, we now consider the following
constrained minimization problem:

min 7 (v,z) subject to M(v,z)=0.
(v,2)eXxO




Hypotheses concerning the abstract minimization problem

» The set of hypotheses needed to justify the use of the
Lagrange multiplier rule and to derive an optimality system
from which optimal states and controls can be determined is
given by

» (HE1) foreach z €O, v— J(v,2) and v — M(v,z) are
Fréchet differentiable;

» (HE2) z— &(z) is convex;

» (HE3) for v € X, N'(v) maps from X into Z << Y, where
N’ denotes the Fréchet derivative of N.




The abstract minimization problem

Theorem(Tikomirov)

Let A € A be given. Assume that there exists an optimal solution
(u, f) of the minimization problem in X x G, that (HE1) — (HE3)
hold, and that the mapping z — &(z) is Frechet differentiable on
G. Then there exists a k € R and a ¢ € X*, not both equal to
zero, such that

k{(Tu(u, f),w) — (u, (I + \TN'(u)) -w) =0 Vwe X

and

K(E'(f),z) — (u,TKz) =0 VzeQG.




Existence of Lagrange multiplier

» We prove the existence of a Lagrange multiplier for our
minimization problem.

» The Lagrange multiplier rule may be used to convert the
constrained minimization problem into an unconstrained one.

» Let X =HY(D), Y =H YD), G=L?D), and Z = {0}.
» Then clearly we have Z —— Y.

» For the time being, we assume that the admissible set © for
the control p is a closed, convex subset of G.

> Let the continuous linear operator T' € L(Y; X) as follows:
forg €Y, Tg=u € X is the unique solution of

blu,v] = [g,v] Yve X.




Existence of Lagrange multiplier

» We define the (differentiable) mapping N : X — Y by
Nu)=—-f YueX
or, equivalently,
(N(u),v) =(—f,v) YwveX
and define K : G — Y as the injection mapping
(Kp,n) =—(p,n) VpeG VneX.

» Then it is clear that b[u,v]p — [f,v]p = [p,v]op can be
expressed as u + T'N(u) + TKp = 0.

f(U)ZE(;/DW—UF da:) and &(p) =




Verifying the hypotheses

>
>

First, notice that (HE1) is obvious.

Second, (HE2) holds because f +— &(p) = ngH%Q(aD) is
convex.

Third, because N'(u) -v =0 € Z —— Y for Vu,v € X,
(HE3) holds.

The Lagrangian is given by

L(u,p,€) = T (u,p) = blu,&lp + [f,€]p + [P, €lap

for V(u, f,§) € X x G x X.
By the Theorem(Tikomirov), there exists & = T*u € X such
that

E-T*F(u)=0
and

L(u,p, &) < L(u,2,§) Vz€0O




Stochastic Optimality System of Equations

» Stochastic Optimality System of Equations:
blu,v] = [f,v] + [p,v]op Vo € H'(D),

B¢, ¢l =[u—U,¢] V¢ eHN (D),

and
Bp+&,2]lop =0 Vz € L*(0D).

Let (u,p) € HY(D) x £2(0D) be an optimal solution of the min-
imization problem. Then there exists £ € H!(D) such that the
second and third equations of the above equations hold.




Reduced Stochastic Optimality System of Equations

» Reduced Stochastic Optimality System of Equations:

blu,v] = [f,v] — B~ [¢op,v]lop Vv € H'(D)

and

b¢, (] =lu—U,¢] V¢eH (D),

where €op(x) = [ ¢(o.y) dy




Brezzi-Rappaz-Raviart (BRR) theory

» |dea: Find error estimates for non-linear problems by using
error estimates for linear problems.

» Non-linear Problems: Seek ¥ € X such that
Y+TG(y) =0,

where T € L(Y; X), G is a C? mapping from X into ), and
X and ) are Banach spaces.

» Assumption: There exists a Banach space Z C ), with
continuous imbedding, such that

Gy() € L(X;Z) Yy e X.




Brezzi-Rappaz-Raviart (BRR) theory

» Approximations: For X C X and for T" € L(Y; X"), seek
Y € XM such that

W'+ ThGh) =o.
» Assumption:

lim (Th =Ty =0 Ywey

and
}133% IT" = Tlgz.x) = 0.




Recasting the Optimality System into the BRR Framework

» Set X = HY(D) x H*(D) and
Y =H YD) x H/*(OD) x H~Y(D).
» Define the linear operator 7 € L(); X) as follows:

(u7 f) - T(&v S 7~—>
if and only if
blu,v] = [¢,v] + [F,v]op Vv € HY(D)

and

b[¢, ¢l =16.¢] V¢ e HY(D),




Recasting the Optimality System into the BRR Framework

» Define G: X — Y by
G(u,&) = (—f, 87 ¢op, U — w).
» Then it is clear that the optimality system can be written as
(u, &) + T(G(u,§)) = 0.

» Hence, the optimality system is recast into the form of BRR.




Recasting the Optimality System into the BRR Framework

> Set XM = VMo o,
» Define the discrete operator 7" € L£(Y; X"9) as follows:

(uh57 ghé) — Th(s(a,7 67 7‘:)
if and only if
b[’u,h&, h5] [f, h6] + [%,Uhé]aD vvh§ e Vh5

and
ble™, M =15.¢") WM e v,




Recasting the Optimality System into the BRR Framework

» Then it is clear that the discrete optimality system,
b, "] = [¢, 0" + [F,0"]op V0" € VI

and
ble™, M =15.¢") WM e v,

can be written as
(u",€"%) + TH(G(u",¢"%)) = 0,

» Hence, the discrete optimality system is recast into the form
of BRR.




Verifying All Assumptions in BRR Theorem

DG (u,&) € L(X;Z) for all (u,&) € X, where Z = L2(D) x
HY(D) x L%(D) — Y

o

Lemma

G is twice continuously differentiable and D2G is bounded on all
bounded sets of X.

Lemma

v

For any (5,¢,7) € ), ||(T—Th6)(5',§~,7:)||;\{ — 0as h,6 — 0.

||T— Th6||£(z7)() — 0 as h,5 — 0.




Error Estimates

Theorem

Assume that U € HY(D). Let (u,&) € HY(D) x HY(D) be the
solution of the reduced optimality system. Let (u"?, &) € Vho x
V19 be the solution of the reduced discrete optimality system. Then
we have

llw = u™ |l oy + 1€ — €"ll31(py — 0 as h, 6 — 0.
Moreover, there exists C' > 0 such that

llu =" 30 py + 1€ = € l30 ()

< O + 8K (I1f122(0) + 192020y + 16 = Uli2a )

4
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The Optimality System of Equations

Stochastic Optimality System of Equations:
bu, v] = [f,v] + [p,v]lop Vv € H'(D),
bg, ¢l =[u—-U V¢eH (D),

and
[Bp+&,2]lop =0 Vz € L*(0D).

Reduced Stochastic Optimality System of Equations:

blu,v] = [f,v] — B [€op,v]op Vv € HY(D)

and

bl¢, (] =[u—U,(] V¢ eHN (D),




Computational Methods and Algorithms

It is my ongoing Project
Monte Carlo

Quasi Monte Carlo
Multilevel Monte Carlo
Multigrid Monte Carlo
Sparse Grid

Anisotropic Sparse Grid
ROM basis method

vV V.V V. VvV Y vV VY




Thanks for your attention !
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