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Valuation of American options ; parabolic boundary value problemin variational form
with free boundary (optimal strike prize of option)

Stochastic volatility

(Pointwise partial derivatives of solution up to order 2 ;  discretizations of high order)

Numerical solution methods with multigrid e ciency
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Problem

Valuation of American Put Option using Black{Scholes' equation
S=S5(t;! ) stock price dS(t; )= S (t )dt+ g (t; ) S(t; )dW1(t; )
= (') volatility d (t; )= ( (t; )) dt + P (t; ) dWa(t; )

[Heston 1993]. variance is Cox-Ingersoll-Ross (square root di usion) process [198]

drift mean reversion level mean reversion rate volatility of CIR process

W1 (t; ); Wa(t; ) Wiener processes correlated byo2 [ 1; 1]

V = V(tS(t ); (t ) value of American put option
(Ultimate) Goal: Accurate computation of V and of Greek Letters (risk parameters)

Delta ;= @Y Gamma = g—gf Theta ;= QY

@S ot
1t6 calculus ;
vV 1 \Y \Y \Y \Y \Y
vV 1 g ev +2 % s—@ +2@i2 +rS@—+(( ) )@—
@t 2 @S @S @ @ @S @
r interest rate prize of volatility risk

rV =0

; for everyt; > O there existsSs > 0 (\free boundary") such that early exercise of option is opti mal

; iImmediate exercise is optimal ifS  S¢ or not optimal if S > S;

Angela Kunoth: Multiscale Methods for the Valuation of American Options with Stochastic Volatility



LL!‘ UNIVERSITAT PADERBORN

Die Universitat der Informationsgesellschaft

Problem (Cont'd)

V = V(t;S(t; ); (t; ) value of American put option on { =[0;T] [0;1) [0;1)

(Ultimate) Goal: Accurate computation of V and of Greek Letters (risk parameters)

_ @V _ @V - @V
Delta = G5 Gamma= oF Theta = ot

LV =0 andV(t;S; ) maxfK S;0g=: H(S) for S > S¢ > 0 0 t<T
LV 0 andV(t;S; )= H(S) for S S¢

+ boundary conditions V(t;S;0)= Ke (T 1) 5 v(S;1)= Ke'(T 1) ..

; Parabolic boundary value problem with free boundary

) Linear Complementarity Problem

LV(V H) = 0
LV 0
V H

+ boundary conditions + end condition V(T;S; )= H(S)
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Solution Scheme and Results

Free parabolic boundary value problem as obstacle problem
;  variational inequality of elliptic type (in semi{discrete form)

nd u2K : a(u;v u) f(v u)
forallv2K = fv2 Hg(): v(x) g(x)forallx2 g

Monotone multigrid methods (MMG) [Hackbusch, Mittelmann 1983, Mandel 1984, Hoppe 1987,
Kornhuber 1994, 1997, Krause 2001, Oosterlee 2003, Reisireg, Wittum 2004 ::: ]

MMG for Black scholes'equation with constant volatility [Holtz, Kunoth SINUM 2007]
B{splines as Finite Element Ansatz functions

B{spline properties ;
{ Construction of projected Gauss{Seidel smoothing scheme
{ Construction of coarse grid correction
; Optimal complexity of Optimized Coarse Grid Correction Algorithm

Multigrid convergence and convergence rates

High accuracy of Greek Letters
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Linear Complementary Problem

Variational inequality of elliptic type (in semi{discrete form)

nd u2K : a(u;v u) f(v u) a( ; ) symmetric, continuous, elliptic
forallv2K = fv?2 H%() . v(x) g(x)forallx2 g

0 linear complementary problemfor u 2 Sy H&()
Lnup fh L linear operator
Uh Oh 2 Sh upper obstacle
(Uh  oh)(Lhun fr) = O

solution by Projected Gauss{Seidel Scheme

acceleration by Multigrid Method

Angela Kunoth: Multiscale Methods for the Valuation of American Options with Stochastic Volatility



LL!‘ UNIVERSITAT PADERBORN

Die Universitat der Informationsgesellschaft

Monotone Multigrid Scheme for Linear Complementary Problems

uf; 1o Sh smooth approximation of exact solution uy,

Lup
Uh
(Uh  on)(Lhup fn) =
=) Coarse grid problem inSy
Ly VH
VH
(VW G )(Lhve dy)
=) ug ®:= ust+ pvy  new approximation

Requirement: coarse grid correctionadmissible ;

: Robust fast solver

Oh 2 Sh

0

;2

Un

L linear operator

upper obstacle

rn~:Sp ! Sy restriction operators
;1
r (fh Ln Uy )
;1
Ir"(gh up )

p prolongation operator

chooser such that

;1 ;1

POH = PF On U, Oh Up

= Uit pve Ul T+ pon On)
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B{Splines

1= .= k= a< g4 <:.:< n<b: n+l = -« = n+k
Recursive de nition of B{spline basis function of order k N7 I =1;:::;nN
8
< .
1 ifx27[i; i
Ni; 11 (X) = L) o
- 0 else
Nkt (X) = —— Nix 17 (X)+ ———Nijs1k 17(X)  x2[a;b]
i+k 1 I i+ Kk I+1
Properties:
NikT ) polynomial of order k
suppNixt  [i; i+«] (local support)
Niwt (X) 0 forall x 2 [a;b] (nonnegativity)
Nikt 2 CK 2(1) (dierentiability)
= fN1wT ;5 Npet g locally independent unconditionally stable basis w.r.t.k kLp,
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B{Splines (Contin'd)

X
Expandingv2 Sy:  v= Vi Njer = V' Nyt
i=1
Nonnegativity ;
Lemma 1l v;g2 Sy with B{Spline expansion coe cients satisfying v; g foralli=1;:::;n
=) v(x) g(x) forall x 2 [a;Db]
Knot sequenceT ; ner knot sequence = f 5 0j=1 .- r+ k With grid spacing h = %H
=i = k= a< k41 <iii< Ta<b= The1 T Ii= Thek
(Tk+2j = k+j and 42 1:%( k+j 1+t k+j)forj=21;::0n k) =) rR=2n+1 K
X( . . . - -
Re nement relation Nkt = aj Noi k+jk: with subdivision or mask coe cients
j=0
0 Nt = AI N
; natural prolongation operator p from Ny.t to Ny. and restriction operator r = p'
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Subdivision matrix

1
ak 3
ak 2
ak 1 aog
ag al
az
Ak = 2 R "
ak 1
ak
ao
ai
with coe cients a =21 X :‘ forj =0;:::; Kk
A ¢ has maximal rank Lo follows by properties of B{spline bases
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Example: k=2 k=3
0 3 1
1 i 1
1 1 1 3
2 2 4 4
3 1
1 i 1
1 1 1 3
2 2 4 4
Ao =
1 1 3 1
2 2 4 4
1 3
1 i 4
1 1 3
2 2 4
1
1 a
2R(2n 1) n 2R(2n 2) n

AW b
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Solution of linear complementary problem by

Projected Gauss{Seidel Scheme

Given iterate u ; requirement on new iterate: u *! = (P S)u g
Realization by u = S(u ) S Gauss{Seidel iteration

and projection step u *! := P(u )  where

Puj :=minfuj;gig 1=1;:::;n B-spline expansion coe cients

k =2: projectionstepis Pu(75):=min fu(5);9(5)d

on point values
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Coarse Grid Approximations of Obstacles

Given: cardinal B{Spline S of order k with r d.o.f. on uniform ne grid =0 ;1)

Goal: construct monotone coarse grid approximationS with n d.o.f. on coarse grid T

Requirements: (1) S(x) S(x) forall x2 (monotonicity)

(2) S(x) Lk(x) forall x2 for some lower boundLy (quasi{optimality )

@B) S S

(4) O(n) arithmetic operations (optimal complexity of coarse grid)

Representation of Obstacles in B{Spline Bases

xe X0
S(x) = & Nik, (X) S(x) = Ci NixT (X)
=1 =1

Proposition 1 (Monotone coarse grid approximation)
Axc € =) S(x) S(x) for all x 2

Ay 2 R™ " re nement matrix with entries a =21 Kk :( j=0;::;k
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Rows of Ay sum to 1 & Proposition 1 =)

Proposition 2 Ly := ' Ny
with expansion coe cients g :=min fey; ;:::; €9 1=1;:::;n
IS monotone coarse grid correction forS

Remark: k = 2 : approximation from [Mandel 1984]
De nition: Quasi{optimal : any coarse grid correction "better' than L

(Motivation: MMG methods with quasi{optimal obstacles red uce asumptotically to linear relaxation)

Find "better' approximations than Ly ;

Linear Optimization Problem (LOP): givenqg 2 R" A2 RY " e 0 nAm>n

X X

minimize  F(c) := iSC) S()i= ' N () c'Ngr()
27T 27T

subjectto Ay c € (monotonicity)

C q (quasi{optimality)
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Theorem (Optimized Coarse Grid Correction (OCGCQ))

. J
X 1 % ©
De ne B = a e ar g fori=1;::5n; >0
‘=1 =i+l
J i lk
x2
and B =€ ajj G
=1
(I) recursively de ned coe cients
: Wi 1. B Doivii | Doz Brn :
G :=min - =L, =L el for i=1;:::;n
azi 1;i  QA2i;i A2+l ;i A2i+2 ;i am;i

solve (LOP)
(I) OCGC Algorithm needs O(n) operations (optimal complexity)

k = 2: direct solution by Fourier{Motzkin elimination; recover s Kornhuber's geometric construction

k > 2: exploits properties of A
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Results of OCGC Approximation

T T T T

upper fine grid obstacle oberes Feingitterhindernis
OGK-optimized approximation ------- mit OGK-Algorithmus
8 - ™\ quasioptimal approximation -------- 7 8 \ mit Simplex-Algorithmus

OCGC approximation for k = 3 and comparison with simplex method (not O(n))
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Monotone Multigrid Scheme

MMG- ( {th cycle on level = 1)
u. 2 S given approximation

1. Projected Gauss{Seidel scheme (PSOR): u. L= (P S(u )t
2. Coarse grid correction: d =f L -u!

rd-

f‘]_:

g 1:=F(g u')
L~

1. =rL-p
If ~ =1, solve linear complementary problem
L- qv f- 1
v g 1
(v. g 1)L v f- 1) = 0

exactly; setv- 1= v

If *> 1,do steps of MMG- ; with initial value u® , :=0 and solution v- 1
Setu’?:= u'?
3. Projected Gauss{Seidel scheme (PSOR): u.®:=(P S (u’?)) 2

Setu. ! = yo 3

tpv o
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Convergence Theory for Monotone Multigrid Method

Kornhuber 1994, 1997 Interpretation as subspace correcbn method
(assuming monotone and quasioptimal approximation to obstacles)

| carries over to higher order B{spline case
(replacing function values for k = 2 by B{spline expansion coe cients)

Global convergenceof monotone multigrid method
Ildenti cation of contact set after nite number of iterations

After identi cation of contact set: reduction of method to | inear relaxation { interpretation as
linear multiplicative Schwarz scheme

Approximate extended relaxation with search directions fom coarser grid; truncated version:
coarse grid functions adapted to contact set

Extension to d > 1 by tensor products

Angela Kunoth: Multiscale Methods for the Valuation of American Options with Stochastic Volatility 17
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Monotone Multigrid Method: Convergence Rates
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Convergence Behaviour
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Option Pricing Computations and Approximation of Greek Letters (with Constant Volatility)
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Convergence Behaviour and Prize of American Put Option (with Stochastic Volatility)
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