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Overview
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1. Spatial multigrid applied to stochastic Galerkin system

(E. & Furnival)

2. Mean-based preconditioner applied to stochastic Galerkin system

(Powell & E.)

3. Mean-based preconditioner applied to stochastic collocation 

systems (Xiu, Hesthaven, Babuŝka, Nobile, Tempone, Webster)

4. Comparison of performance for latter two strategies (E., C. Miller,

E. Phipps & R. Tuminaro)

Our goal:  Explore solution methods derived from multigrid for this

problem
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Problem Statement
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Diffusion equation

210 aAssume coercivity: Well-posed
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Stochastic Galerkin:  Solve one large system Au=f

Stochastic Collocation:  Solve multiple systems of standard structure



spatial discretization parameter h,     , )()( hh
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Multigrid Solution of Matrix Equation  I (E. & Furnival)
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Solving   Au=f
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Multigrid algorithm (two-grid)
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for i=0,1,…

for j=1:k   k smoothing steps

end

Restriction

Solve                                            Coarse grid correction

Prolongation

end
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Prolongation and restriction:
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Let                                    Q = smoothing operator,)( NQA h
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Convergence analysis:  use “standard” approach
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Establish approximation property

and smoothing property
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For smoothing property (Braess):

M = θI  (Richardson iteration) works with θ≥ max(λ(A))

In experiments:  

we use damped Jacobi, M = diag(A)/ω
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Approximation property
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Approximability

Property of mass 

matrix

Regularity

“Standard” MG analysis for deterministic problem:
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For approximation property in stochastic case

Introduce semi-discrete space 
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Weak formulation 
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Solution  
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Similarly for other steps used for deterministic analysis

Discrete stochastic

space
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Approximation (in 2D):

Established using best approximation property of 

and interpolant
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• Establishes convergence of multigrid with rate independent of

spatial discretization size h

Comments 

• Coarse grid operator:                                               size O(Nξ )

• No dependence on stochastic parameters m, p

• Applies to any basis of stochastic space

derives from basis of multivariate polynomials of total

degree p, orthogonal wrt probability measure ρ(ξ)dξ
rG
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Maximum eigenvalue η = max root of orthogonal polynomial,

bounded for bounded measure

CG iteration is an option
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Multigrid Solution of Matrix Equation  II

Solving   Au=f

Preconditioner for use with CG: 00 AGQ
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(Kruger, Pellissetti, 

Ghanem)

Deterministic diffusion,

from mean
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Analysis (Powell & E.)

Theorem :  For μ constant, the Rayleigh quotient satisfies
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Consequence:                     dictates convergence of PCG
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c(p) bounded by largest root of scalar orthogonal polynomial

Sketch of proof
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From stochastic component:  as above



Multigrid Variant of this Idea

Replace action of          with multigrid preconditioner
1
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Current Trends:  Collocation Methods
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Collocation: (Hesthaven & Xiu, Babuška, Nobile, Tempone, Webster)

Choose         in a special way, then require discrete solution 

to interpolate 
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Advantages (vs. stochastic Galerkin):

• decouples algebraic system (like MC)

• applies in a straightforward way to nonlinear random terms

Disadvantage:  dimensionality          (Galerkin)p2~
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Experimental results 
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polynomial degree for SG 

“level” for collocation

produces comparable errors

p=1

p=2

p=3

p=4

p=5

Accuracy:

for fixed m=4:  similar p=

p=3

p=5
p=4

p=2

p=1

p=4

p=5

p=6

p=3
p=2

p=1

Degrees of freedom

Performance:

M=3

ErrorError
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Experimental results: performance
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p m=5 m=10 m=12 m=5 m=10 m=12

1 .058 .147 .263 .069 .163 .218

2 .269 1.20 2.00 .532 2.13 3.17

3 1.20 13.14 24.50 2.41 16.99 29.31

4 3.50 53.79 121.61 8.31 102.60 200.94

5 6.51 117.73 24.56 515.75

CPU times for larger m = #KL terms:

Galerkin Collocation

Performed on a serial machine with C code and 

CG/AMG code from Trilinos

Observation:  Galerkin faster, more so as number of

stochastic variables (KL terms) grows



Conclusions
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Several variants of multigrid are effective for solving 

systems required for stochastic Galerkin

With MG solution:  SG is competitive with collocation


