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Equation

e D a bounded C? domain of RY, (Q2, F, P) a probability space

e a:Q x D — R alognormal homogeneous random field
a(w, x) = e8(“X) where g is a gaussian homogeneous mean-free
random field with cov[g](x,y) = k(||x — y||). k € C®*(R)

e We look for u : Q x D — R such that for almost every w

—V.(a(w,.)Vu(w,.)) = f(x)onD
u(w,.) = 0onadD.
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Proposition

For almost all w, a(w,.) € C% for any a < 3.
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Proposition

For almost all w, a(w,.) € C% for any a < 3.

Proposition

We define for almost all w:

amin(w) = min a(w, x) and amax(w) = max a(w, x).
xeD X€

Then - ( y € LP (Q) and amax(w) € LP(Q) Vp > 0.
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Proposition

For almost all w, a(w,.) € C% for any a < 3.

Proposition

We define for almost all w:

amin(w) = min a(w, x) and amax(w) = max a(w, x).
xeD X€

Then - ( y € LP (Q) and amax(w) € LP(Q) Vp > 0.

Proposition

The equation 1 admits a unique solution u € LP(Q, H}(D)), Vp > 0.

Julia Charrier 26 may 2010



Approximation of a

We denote by gy the troncated Karhunen-Loéve expansion of g troncated
at order N, ay its exponential:

a/v(w,x) = eznzl \/an(X)Y,,(w)'

Remark: The (Y},)n>1 are independent.
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Approximation of a

We denote by gy the troncated Karhunen-Loéve expansion of g troncated
at order N, ay its exponential:

N

gn(@,x) = D Aaba(x)Ya(w)
n=1

an(w,x) = e NV Anbn(x) Ya(w)

Remark: The (Y},)n>1 are independent.
Assumptions:

e the eigenfunctions b, are continuously differentiable with
[[bnlloc < C and |[bplloc < Cn?

* D > Ann® < +o0 for some b > 0.
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Strong convergence of ay to a

e Vp>0,V0<a< min{b,2a}

llgn — &lle(a.co(D))

< Aap, [D An® YN EN.
n>N
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Strong convergence of ay to a
e Vp >0, V0 < o < min{b,2a}

llen — &llr@cop)) < Aap /Z Ann® VN € N.
n>N

e For almost all w, —— gandsoay — aas N — +oo.
8N (D) g N (D)
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Strong convergence of ay to a
e Vp >0, V0 < o < min{b,2a}

|lgn — gHLP(Q,CO(D)) < Aap /Z Ann® VN € N.
n>N

e For almost all w, gy — g andso ay — aas N — +oc.
co(D) co(D)

o We define a7"(w) = min ay(w,x) and af®(w) = max ay(w, x) a.s.
xeD xeD

Then for all p > 0,
1

< Bp and [lag®||p(0) < B, YN €N
Lp(Q)

min
an
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Strong convergence of ay to a
e Vp >0, V0 < o < min{b,2a}

|lgn — gHLP(Q,CO(D)) < Aap /Z Ann® VN € N.
n>N

e For almost all w, gy — g andso ay — aas N — +oc.
co(D) co(D)

o We define a7"(w) = min ay(w,x) and af®(w) = max ay(w, x) a.s.
xeD xeD
Then for all p > 0,
1

< Bp and [lag®||p(0) < B, YN €N
Lp(Q)

min
an

e Vp >0, V0 < o < min{b,2a}

Ha/\/ - a||Lp(chO(D)) < Cayp /Z Apn® VN e N.
n>N

26 may 2010

Julia Charrier



Strong convergence of uy to u

We define the approximation uy of u as the solution of:

— V.(an(w, . )Vuy(w,.)) = f(x)onD
uy(w,.) = 0ondD.

Then : uy(w,x) = uy(Yi(w),.... Yy(w), x) (Doob-Dynkin lemma).
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Strong convergence of uy to u

We define the approximation uy of u as the solution of:

— V.(an(w, . )Vuy(w,.)) = f(x)onD
uy(w,.) = 0ondD.

Then : uy(w,x) = uy(Yi(w),.... Yy(w), x) (Doob-Dynkin lemma).
Proposition
Vp >0, V0 < o < min{b, 2a}

||UN - UHLP(Q,H(}(D)) S Fa,p Z )\nn" VN € N.
v n>N
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Weak convergence of uy to u

Proposition

There exists a constant C such that for any ¢ € C*(R,R) whose
derivatives are bounded by a constant C,

[Eulo(u) — o(um)lllng < CCo Y An

n>N
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Weak convergence of uy to u

Proposition

There exists a constant C such that for any ¢ € C*(R,R) whose
derivatives are bounded by a constant C,

Eulo(w) — @)l < CCoY An.
n>N

Remark: The weak order is twice the strong order.
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Weak convergence of uy to u

Proposition

There exists a constant C such that for any ¢ € C*(R,R) whose
derivatives are bounded by a constant C,

Eulo(w) — @)l < CCoY An.
n>N

Remark: The weak order is twice the strong order.
Sketch of the proof: For any multi-index o« € NV with finite support

9%un(y, x) amax(¥) [ior
o un\y, x) Sk max HUNH 1C|o¢| /\i,'
‘ > lmp) N\ A () o g
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u(w, x) — uy(w, x)

=u(Y1(w), ..., Yn(w), Yns1(w), ...y x) — u( Y1 (w), ..., Yn(w),O0,

ey X)
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u(w, x) — uy(w, x)
=u(Y1(w), ..., Yn(w), Yn41(w), ..., x) — u(Y1(w), ..., Yn(w), 0, ..., x)

-y g_;(yl(w), o Y(@), 0, ) Vi ()

i>n 7!

o = = = T Dace
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u(w, x) — uy(w, x)
=u(Y1(w), ..., Yn(w), Yn41(w), ..., x) — u(Y1(w), ..., Yn(w), 0, ..., x)

— Z g—;(Yl(w), ey Yu(w), 0, ..., x) Yi(w)

i>n 7!

o = = = T Dace
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(w, x) — un(w, x)
= u(V1(w), -

5 Yn(w), Y (w), -
_ Z du (Vi (w

,x) —u(Yi(w), ..., Yn(w),0,
)s oo Yu(w), 0, ..., x)Yi(w)
I>N Yi
0%u
i;éj>N dYI'de

ey X)
(Y1(w), ..., Yn(w),0

0, x)Yi(w)Y;
+Za 2(Y1

YN(OJ), 0, ceey
i>N
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u(w, x) — uy(w, x)
=u(Y1(w), ..., Yn(w), Yns1(w), ..., x) — u(Y1(w), ..., Yn(w),0, ...

=Y O N (@)s oo Y (@), 0, s X) Vi ()

isn € ’()2u

,¢.>Na)/ia)/j( (@), ey Y (@), 0, -0 x) Vi (w) V()
+Z 5 2(Y1 o Yu(@),0, .., x) Yi(w)? +

i>N

The independence of the Y; yields:

Eu — up]( x)—O+ZE[ (Y1(w), oory Y (@), 0, ooy x) | + ..
i>N
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Example: the 1D exponential covariance kernel case

We take D = (0.1) and cov|g]|(x,y) = 571" where I is the correlation

length. Then we have analytic expressions for the eigenvalues A\, and the
eigenfunctions by, in particular :

2 2
® An n—:?l-oo l7r(27n2
e VneN, |bpll < C and ||b}]loc < Cn.
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Example: the 1D exponential covariance kernel case

We take D = (0.1) and cov|g]|(x,y) = 571" where I is the correlation

length. Then we have analytic expressions for the eigenvalues A\, and the
eigenfunctions by, in particular :

2 2
® An n—::-oo l7r(27n2
e VneN, |bpll < C and ||b}]loc < Cn.

Proposition (Strong convergence result)
Vp>0,V0<a<l

a—1
lun = ullp @ mi(D)) < FapN' 2 VN EN.
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Example: the 1D exponential covariance kernel case

[x—yl . .
We take D — (0. 1) and cov[g](x.y) = c%¢ 1 where [ is the correlation
length. Then we have analytic expressions for the eigenvalues A\, and the
eigenfunctions by, in particular :

202
[ ] )\ ~Y — 5
" h—too Im?n?

e VneN, |bpll < C and ||b}]loc < Cn.

Proposition (Strong convergence result)
Vp>0,V0<a<l

a—1
lun = ullp @ mi(D)) < FapN' 2 VN EN.

Proposition (Weak convergence result)

For any ¢ € C*(R,R) whose derivatives are bounded by a constant C,

C
Elie(w) — o(mlllngo) < Copo:
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=1 and 0=1

EluJ0

an(w, x) for different values of N E[un(x)] for different values of N
here we have ||E[u — un]|l;2(p) =~ w57
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. 1=0.1 and 0=1

10 1=0.01 and 0=1
i

E[upn(x)] for different values of N E[upy(x)] for different values of N
for =0.1 for I =0.01
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Example: the analytic covariance kernel case

We suppose that cov[g] is analytic on D?, then we have

Theorem (Frauenfelder, Schwab, Todor)

[ ]
1/d
A< ce @™’ ypeN

e for any s > 0 there exists a constant cs such that,

|bnlloe < cs|Anl™* and ||b)|lco < cs|An|™° Vn e N.

We have then strong and weak convergence results, analogous to the
previous results.
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Proposition (Strong convergence result)

Forany0<s<%, and p >0

lu = unllo @ H2 (D)) < Hs,p1 / Z A% YNeN
n>N

cp(1—2s) d
_2TN1/

therefore

d—1
lu = unllie (@i (D)) < laspN 20 € VN eN
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Proposition (Weak convergence result)

For any 0 < s < %, for all ¢ € C*(R,R) whose derivatives are bounded by
a constant C,, we have:

IELe(un) — p()lliy(py < J:Co D A2 YN €N
n>N

therefore

1 1_2sn/
IElp(un) — @(u)lllna o) < KasCoNT e 202Ny e N,
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