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Equation
• D a bounded C2 domain of R

d , (Ω,F ,P) a probability spa
e
• a : Ω × D → R a lognormal homogeneous random �elda(ω, x) = eg(ω,x) where g is a gaussian homogeneous mean-freerandom �eld with 
ov [g ](x , y) = k(‖x − y‖), k ∈ C0,1(R)

• We look for u : Ω × D → R su
h that for almost every ω

−∇.(a(ω, .)∇u(ω, .)) = f (x) on D (1)u(ω, .) = 0 on ∂D.
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PropositionFor almost all ω, a(ω, .) ∈ C0,α for any α < 12 .
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Approximation of aWe denote by gN the tron
ated Karhunen-Loève expansion of g tron
atedat order N, aN its exponential:gN(ω, x) =
N

∑n=1 √

λnbn(x)Yn(ω)aN(ω, x) = ePNn=1 √λnbn(x)Yn(ω).Remark: The (Yn)n≥1 are independent.
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Approximation of aWe denote by gN the tron
ated Karhunen-Loève expansion of g tron
atedat order N, aN its exponential:gN(ω, x) =
N

∑n=1 √

λnbn(x)Yn(ω)aN(ω, x) = ePNn=1 √λnbn(x)Yn(ω).Remark: The (Yn)n≥1 are independent.Assumptions:
• the eigenfun
tions bn are 
ontinuously di�erentiable with

‖bn‖∞ ≤ C and ‖b′n‖∞ ≤ Cna
•

∑n≥1 λnnb < +∞ for some b > 0.Julia Charrier 26 may 2010



Strong 
onvergen
e of aN to a
• ∀p > 0, ∀0 < α < min{b, 2a}

||gN − g ||Lp(Ω,C0(D)) ≤ Aα,p√∑n>N λnnα ∀N ∈ N.
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≤ Bp and ‖amaxN ‖Lp(Ω) ≤ Bp ∀N ∈ N.

• ∀p > 0, ∀0 < α < min{b, 2a}
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Strong 
onvergen
e of uN to uWe de�ne the approximation uN of u as the solution of:
−∇.(aN(ω, .)∇uN(ω, .)) = f (x) on DuN(ω, .) = 0 on ∂D.Then : uN(ω, x) = uN(Y1(ω), ...,YN (ω), x) (Doob-Dynkin lemma).
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Weak 
onvergen
e of uN to uPropositionThere exists a 
onstant C su
h that for any ϕ ∈ C4(R, R) whosederivatives are bounded by a 
onstant Cϕ

||Eω[ϕ(u) − ϕ(uN )]||H10 ≤ CCϕ

∑n>N λn.
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Weak 
onvergen
e of uN to uPropositionThere exists a 
onstant C su
h that for any ϕ ∈ C4(R, R) whosederivatives are bounded by a 
onstant Cϕ

||Eω[ϕ(u) − ϕ(uN )]||H10 ≤ CCϕ

∑n>N λn.Remark: The weak order is twi
e the strong order.Sket
h of the proof: For any multi-index α ∈ N
N with �nite support

∥

∥

∥

∥

∂αuN(y , x)
∂yα

∥

∥

∥

∥H10 (D)

≤ k|α|√aNmax(y)aNmin(y)
||uN ||H10C |α| ∏i∈N

√

λ
αii .
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u(ω, x) − uN(ω, x)
= u(Y1(ω), ...,YN (ω),YN+1(ω), ..., x) − u(Y1(ω), ...,YN (ω), 0, ..., x)
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u(ω, x) − uN(ω, x)
= u(Y1(ω), ...,YN (ω),YN+1(ω), ..., x) − u(Y1(ω), ...,YN (ω), 0, ..., x)
=

∑i>N ∂u
∂yi (Y1(ω), ...,YN (ω), 0, ..., x)Yi (ω)

+
∑i 6=j>N ∂2u

∂yi∂yj (Y1(ω), ...,YN (ω), 0, ..., x)Yi (ω)Yj(ω)

+
∑i>N ∂2u

∂y2i (Y1(ω), ...,YN (ω), 0, ..., x)Yi (ω)2 + ...The independen
e of the Yi yields:
E[u − uN ](x) = 0 +

∑i>N E

[

∂2u
∂y2i (Y1(ω), ...,YN (ω), 0, ..., x)] + ...Julia Charrier 26 may 2010



Example: the 1D exponential 
ovarian
e kernel 
aseWe take D = (0, 1) and 
ov [g ](x , y) = σ2e− |x−y |l where l is the 
orrelationlength. Then we have analyti
 expressions for the eigenvalues λn and theeigenfun
tions bn, in parti
ular :
• λn ∼n→+∞

2σ2lπ2n2
• ∀n ∈ N, ‖bn‖∞ ≤ C and ‖b′n‖∞ ≤ Cn.
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e result)

∀p > 0, ∀0 < α < 1
‖uN − u‖Lp(Ω,H10 (D)) ≤ Fα,pN α−12 ∀N ∈ N.Proposition (Weak 
onvergen
e result)For any ϕ ∈ C4(R, R) whose derivatives are bounded by a 
onstant Cϕ

||Eω[ϕ(u) − ϕ(uN )]||H10 (D) ≤ Cϕ
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Example: the analyti
 
ovarian
e kernel 
aseWe suppose that 
ov [g ] is analyti
 on D2, then we haveTheorem (Frauenfelder, S
hwab, Todor)
•

λn ≤ 
1e−
2n1/d
∀n ∈ N

• for any s > 0 there exists a 
onstant 
s su
h that,
‖bn‖∞ ≤ 
s |λn|−s and ‖b′n‖∞ ≤ 
s |λn|−s ∀n ∈ N.We have then strong and weak 
onvergen
e results, analogous to theprevious results.
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Proposition (Strong 
onvergen
e result)For any 0 < s < 12 , and p > 0
‖u − uN‖Lp(Ω,H10 (D)) ≤ Hs,p√∑n>N λ1−2sn ∀N ∈ Ntherefore

‖u − uN‖Lp(Ω,H10 (D)) ≤ Id ,s,pN d−12d e− 
2(1−2s)2 N1/d
∀N ∈ N
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Proposition (Weak 
onvergen
e result)For any 0 < s < 12 , for all ϕ ∈ C4(R, R) whose derivatives are bounded bya 
onstant Cϕ, we have:
‖E[ϕ(uN) − ϕ(u)]‖H10 (D) ≤ JsCϕ

∑n>N λ1−2sn ∀N ∈ Ntherefore
‖E[ϕ(uN ) − ϕ(u)]‖H10 (D) ≤ Kd ,sCϕN d−1d e−
2(1−2s)N1/d

∀N ∈ N.
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