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Peer-to-peer networks

Peer-to-peer Client-server
» Peer = client + server » Fixed capacity
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Peer-to-peer networks

Files cut into chunks
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Peer-to-peer networks

Large systems

» Thousands of chunks
» Millions of users

Originally for file-sharing

» Streaming, telephony, ...
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Model

Results



Context

Model inspired by peer-to-peer systems

Two main ingredients:

» Peer = client + server (scalable capacity)
» Large file cutinto n > 1 chunks

Stability of such systems: few results

Inthistalk, n=2

» Simplest interesting case
» Same ideas work for general n > 1
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Two assumptions

See Parvez et al. (2008)

1. Peers collect two pieces, 1and 2, in order

2. Download from peers with  one more piece
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Model

A

—5 Xo

Arrival rate A
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Download pieces sequentially

» Linear structure
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Model
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Download from peers with one more piece

» Peer-to-peer dynamics: xi servers
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Model

x1Vv1
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Arrival rate X\

Download pieces sequentially

» Linear structure

Download from peers with one more piece
» Peer-to-peer dynamics: xi servers
» X1V1 = max(xs, 1): 0 notabsorbing ( x; + 1, ...)
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Model
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> 1,03 need xo > 0
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Model

N p1(XV1) L0y~ (H2(X2VD) L x>0~
— )(0 )(1 )(2

X2

Arrival rate X\

Download pieces sequentially

» Linear structure

Download from peers with one more piece
» Peer-to-peer dynamics: xi servers

» X1V1 = max(xs, 1): 0 notabsorbing ( x; + 1, ...)
> 1,03 need xo > 0

Then leave
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Model

A ul(X1V1)11{xO>o}_X Mz(><2V1)]1{xl>0}_x2 X2
1

—25 X

(X(t)) = (Xo(t), X1(t), X2(t)) Markov chain:

» Transition rates:

Q(x, X + €n) = (arrival)
Qi x — & +eq1) = pit1(Xig1V1) Loy (transition)
Q(X, X — &) = X2 (departure)

Stability condition on A, pq, p2, v?

» Inthistalk, |po —~v > p1|= p2 >~
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Fluid equations

A p1(x1V1) Loso0p R (x2V1)1 x>0y w |X2
1 2

—25 X

Corresponding fluid equations:

Xo(t) = A — paxa(t)

X1(t) = paxa(t) — poXa(t)

Xo(t) = paXa(t) — yXa(t)
Link to stability?

Boundary conditions?

» X V 1in the fluid scale?
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Results



Drift arguments

=
>

Foster’s criterion:
For some t,K,n > 0O,

Ex(IXO = [IXI) < —n]

for all |[x|| > K.
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Partition of the state space

A p1X11 x>0

—_ X0 P> X1

Start from a large initial state

> X2 > 1
> X1 > 1and x, small
> Xo > 1and xi, X2 small

]N3

Xl >0 T

X2

X2

X(0) = X = (Xoy X1, X2) :

10/18



Partition of the state space IN3

p1xal 0y T H2X21 0} 14X
A Xo {x0>0} X1 {x1>0} > 1 X2

Start from a large initial state X (0) = X = (Xg, X1, X2) :

- [e> 1]

> X1 > 1and x, small
> Xo > 1and xi, xo small
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Partition of the state space IN3
A X2
Start from a large initial state X (0) = X = (Xg, X1, X2) :

>Z>\—’7X2<O

> X1 > 1and x, small
> Xo > 1and xi, xo small
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Partition of the state space IN3

A YX2

Start from a large initial state X (0) = X = (Xg, X1, X2) :

> Xo > 1. ok
> X1 > 1and xo small
> Xo > 1land X1, X2 small
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Partition of the state space

A p1X11 x>0

—_— Xy P> >1

Start from a large initial state

> Xo > 1. ok
> |x1>> 1and x, small |
> Xo > 1land X1, X2 small

]N3

p2Xol fx 03— ]
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X(0) = X = (Xoy X1, X2) :
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Partition of the state space IN3

A 2X2 YX2

Start from a large initial state X (0) = X = (Xg, X1, X2) :

> Xo > 1. ok
> |x1>> 1and x, small |
> Xo > 1land X1, X2 small

’5(2 = (p2 — ’Y)Xz‘

> up > ~: exponential growth

» Coupling with a transient
birth-death chain
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Partition of the state space IN3
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Sub-system

(z(1) —1

Remains: Xgo > 1 and X, X, small

A
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1
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2
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Sub-system (Z(t)) —|I

Remains: Xgo > 1 and X, X, small

A LA R o)
1

—_— >S> 1

Xo > 1 = for a long time,

pa(zVl) ——]

p2(22V1) 1750y ]
2

Al

Output driven by Z,(t):

m2(X2V1) 1 >0y _x2 ~X2

(Xa(t); X2(1)) = (Za(1), Z2(1))

Y22
fr—-

A YL
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Sub-system (Z(t)) — 1

ATy, @Vl Y22
\

Aim of the analysis:

» Show that (Z(t),t > 0) is stable:

A" = 7E(Za(o0))

» Stability condition:
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Study of the sub-system

Y22
E—

5

12(22V1) 1z >03

Al

pi(zV1)
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Study of the sub-system

M1y
—

| m2(22V1) T

V4) Vi)

Y22

First phase: Z;(t) > 0

{

2= (n2— )2
2 = 12y — p22
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Study of the sub-system

M1y
—

| m2(22V1) T

V4) Vi)

Y22

First phase: Z;(t) > 0

{

(1) ~ elta—)t
7 (t) ~ et — glrz—)t

M2 — 7 > p1 = Z hits 0
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Study of the sub-system

M1 0 Y22

Second phase: Z;(t) =0

Zz(t) ~ e M
{ Zl(t) =0
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Study of the sub-system

Z;jumpsto 1

13/18



Study of the sub-system

M1y
—

{

| m2(22V1) T

V4) Vi)

Y22

Third phase: Z;(t) > 0

2(t) ~ elta—)t
7 (t) ~ et — glrz—)t

M2 — 7 > p1 = Z hits 0
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Study of the sub-system

M1y
—

| m2(22V1) T

V4) Vi)

Y22

1. Show that Hy < +o00

2. Control (Zy(t))
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Tree representation of the sub-system — |

[ J
Yule process
» Exponential lifetime, 1 =i
» Splits into 2 particles .
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Tree representation of the sub-system — Il
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Z;(t) > 0: competition

» Births (o) in Z;
» Birthsin Z;
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Tree representation of the sub-system — Il

MH1Za 7 [1/2(22\/1) 2 74
Z,(t) > 0: competiton ~  ————--—-- L Lo

» Births (o) in Z>
» Birthsin Z;
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Tree representation of the sub-system — Il

MH1Za 7 [1/2(22\/1) 2 74
Z,(t) > 0: competiton ~  ————--—-- L Lo

» Births (o) in Z;
» Birthsin Z;

Yule process Y
leY—Yl—Yz—Y3—"'

Proposition
Z1 hits 0in finite time, a.s.
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Stability of the sub-system

p1(z1V1) H2(22V1) 1 7503 .

Al

Y22

EHl Ho
Ho < +oo and moreover E(Hp) < 400
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Stability of the sub-system

pa(zv1)

12(22V1) 1z >03 .

Al

Y22

Ho < +oo and moreover E(Hp) < 400
Show that (V,) is ergodic

16/18



Stability of the sub-system

[,Ll(ZlVl) IL2(22V1)1{21>0} 2, 074)

Al

First phase:
5 =—72

which leads to

Vi ~ pVi

E
Ho < +oo and moreover E(Hp) < 400

Show that (V,) is ergodic

H1
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Stability of the sub-system

pa(zv1)

H2(22V1) 1 7503 2

Al

Second phase:
= (p2—"7)2
which leads to

V, & Vi + e(r2—)Ho

Ho < +oo and moreover E(Hp) < 400
Show that (V,) is ergodic
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Stability of the sub-system

pa(zv1)

Al

H2(22V1) 1 7503 2

Overall:
Vhy1 = pVin + In
with 1, =~ elk2—")Ho,

E(log(ln)) < 4oo implies
ergodicity.

Ho < +oo and moreover E(Hp) < 400
Show that (V,) is ergodic
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Summary

X> > 1or X, smalland x; > 1. ok

Xp > 1 and x4, X, small: output driven by  (Z(t))

S WECAD) ’722
N\

Under p, — v > pa, (Z(t),t > 0) is stable

> Stability condition: | X < A* = vIE(Zs(o0)) |
> [£(Z2(00)) < +o00 ??

17/18



Conclusion

Stability difficult to analyze

» Coupling with branching processes

Generalization to n pieces:
If
p1 > p2 > o0 > pnp—y >0

then infinite stability region.

Limitations of the model

» Rarest-first?
» Locality
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