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Outline

= Motivating question: diffusion of behavior or
technology in a social network

" [sing model, Glauber dynamics, and meta stability

" |nterpretation of the results in the context of social
networks



Models for the spread of behavior or
technology

= Epidemic or cascade models (contact process e.g.
Liggett, Kleinberg)

®" Dynamics of a game
(individual strategy and social structure)



Coordination games

= Players: nodes in graph G(V,E)
= Action space

x={x;:ieV} xe{+1, -1}

_|_

= Payoff matrix
" A>DandB>C

+ A




Example

" Choosing a cell phone provider

+ : AT&T

—:Verizon

= Payoff of i in the network

+ 16N, (i) + 2N, (i)




Best response dynamics

= For everyithereisan h; such
that best response is

Hig‘n(h; - Z Kj(f))

JEDI



Best response dynamics

= For everyithereisan h; such
that best response is

Hig‘n(h; - Z Kj(f))
T JEDI

a—d—b+c, .
h; = 13
a—d—l—b—c|II




Best response dynamics

= For everyithereisan h; such
that best response is

Hig‘n(h; - Z Kj(f))

T jedi

wlog assume h; >0



Best response dynamics

= For everyithereisan h; such +
that best response is

Hig‘n(h; - Z Kj(f))

T JjEOI
wlog assume h; >0

= Best response dynamics increases the potential function

H(ﬁ) = Z XiXj + Z h;ix;

(ij)eE =14



Example

Suppose h_i=0.1foralli

Best response dynamics: stays
at this equilibrium

Allow for some noise:

the + area expands to the
whole graph

Kandori, Mailath, Rob 93
also physics (nucleation)
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The effect of graph structure

= 7.(G) :time to hit all +

Small no of neighbors

= Ellison (1993) : if the probabitity of mistake is 2

If G = (LINE)%, then 7, (G)=¢°1)
If G =K,, then 7, (G) = ¢ ©),

N

Global interaction



Our goal

* Find the graph theoretic property that captures the
rate of convergence

= Demonstrate on specific graph sequences
= Expanders
" Finite range graphs
= Small-worlds



The dynamics (definition)

Asynchronous: strategy revision at arrival of a Poisson
clock

N Glauber dynamics
P i = i) = h + t
r(xi = y|0i) exp{ iy ( jzmx;( ))} " for the Ising model

Reversible: with the stationary distribution

t(x) o exp {-"iH(x } = e:x:p{ Z XiXj + | fZ h,x,}

(ig)eE ieV

-

The measure concentrates around +1 as



The question

Meta-stability: typical hitting time of + from the worst
starting point

-

74(G) =supinf {t > 0: PX{T, >t} < e '}

Studied in mathematical physics for 2,3D grids
(c.f. Neves & Schonman 92, Bovier & Manzo 02)



Tilted cutwidth

cut(Se, V' \ St)

[(G;h) = 5!311[1'-.»’ max lcut(Se, V' \ Se) — |Selnl]

Sh

=)

|S|h

Note that cutwidth is simply (G;0)



Proposition: for large enough -

7+(G) = exp{AT.(G: h) + o(H)}

where
BN . F
.(G; h) = maxT (F; )

N

hf = h; +|0i|g\k-

Remark 1: h =0, Kenyon-Mossel-Peres 01
Tmi}:(c) < EKP{QE'N(GF 0)}

Remark 2: at~ =1 recovers Morris 00

max ['(F; hF)=0
FCG



Proof idea

Hitting time is related to the size of barrier: Variation of
Markov chain comparison (Diaconis-Saloff coste, Jerrum-
Sinclair)

o |X

[.(G; h) = maxminmax H(x) — H(x,)

X path ¢



Proof idea

Lemma: There is a path with minimum barrier that is
monotone (flips only —to +)

°o X

min max H(x) — H(x,)

monotone path t o

Tilted cutwidth is the ordering defined by minimum path
defined by X



Also a dual notion

Worst Bottleneck: gives a lower bound

AlGyA) =max  min  max [eat(S;, V' 5;5) — |5
(Gi) f} (51.5z)00 e‘=l_.2[ (51, V' 5i) — [ Siln]

Tilted cut is equal to the tilted cutwidth in the worst
subgraph!



Our goal

* Find the graph theoretic property that captures
convergence

= Demonstrate on specific graph sequences
= Expanders
" Finite range graphs
= Small-worlds



Expanders
G is (A, d)-expander if and only if

vS C V.|S| < dn, cut(S.V\S) = AlS|

If G is a (A, d)-expander then I.(G; h) = (A — hmax )on.

Proof:

[.(G;h) = A(G.h) = |g1|in lcut(S. V'\ S) — [S]p]
=t
> min[AS| = hax|S]]

|S|=t



Expanders

G is (A, d)-expander if and only if

VS C V,|S| < dn, cut(S,V\ S) = A|S|

If G is a (A, d)-expander then I.(G; h) = (A — hmax )on.

Corollary: Convergence time is exponential for
random regular and power-law graphs!
(different from Ellison’s prediction)



Convergence and Isoperimetric function

If for some & < 1, and ¥V C V(G)

iy

35 C V., cut(S,V\ S) < |S|”

J

Then

[.(G; h) = 0O(1)

g
A

s
-

Corollary: Convergence time is fast for all low-
dimensional graphs (e.g. k-dimensional grids)



Small-world networks

= Watts-Strogatz, Kleinberg 95
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Small-world networks
If G is small world with r > d, then T'.(G; h) = Q (]LE,ET)

expander

Small world graphs with r < d have constant expansion!



Summary

Consider asynchronous reversible dynamics.
If G is:

d-dimensional finite-range, then 7.(G) = e7©(9),

has constant expansion, then 7, (G) = 7?1,
small world with r > d, then 7, (G) = elogn/loglogn)
small world with r < d, then 7.(G) = eP2n)



Comparison with epidemic models

Epidemic models: the behavior spreads from an infected node to a
healthy neighbor independently

e.g. the contact process

In contrast with the dynamics of coordination games

High degree nodes and well-connected subgraphs help the spread
of behavior in contagion dynamics
(e.g. Berger, Borgs, Chayes, S. 04)

Which model is more realistic?



Case study:
Y s g est

= MusiclLab (Salagnik-Watts)
= 14k participants

= 8 independent worlds

B CU LS BN

FREE MUSIC DOWNLOADS

= Communities in live journal:

= 1 million users

LIVEJOURNAL

= 2200 communities

= “happiness” in blogsphere:
= Crawling blogger, myspace etc..
= 15,000 new feelings per day!

Joint work with S. Ceyhan and S. Kamvar



Dynamics with heterogeneous users

= Zealots: a small set of individual who don’t change their
behavior

Typical behavior?
= (Qscillation between the alternatives

= \Well-defined territories

Centrality of zealots, connectivity of the graph

work in progress with D. Acemoglu and A. Ozdaglar



Summary & open problems

Coordination games
= Rate of convergence and network structure

= “Small number of connections” is not enough for fast
convergence

= More precise measure: tilted cutwidth or isoperimetric
function of the graph

To do

= QObtain a similar understanding of other games (especially
non-potential games)

= Algorithms for computing tilted cutwidth/predicting the
outcome of dynamics



