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Non-Symmetrical Case

n items at the root:
E(R,) average size of tree,

+o0 ™
qu(CB) — Z E(Rn)—' e_m.
n—>0 n.

If Y(x) = ¢r(z) — 1,
P(x) = ¢ (pz) + YP(qz) + 2P(t2 < x).

t> second point of Poisson process with rate 1.



T he Renewal Theorem



Some History

Blackwell (1948):

— A light bulb lasts two years in average.

— How many are necessary for ten years 7?7

Doob, Feller, Blackwell, ...



Random Walk (S,,) Associated to (L,)

Lg_1 L L1

|
X

(L,) i.i.d. non-negative random variables,



Random Walk (S,,) Associated to (L,)

Lg_1 L L1

|
X

(L,) i.i.d. non-negative random variables,

Does the landscape around o converge
in dist. when ¢ — +o00?



T he Renewal Theorem

Potential Functional
f continuous compact support on R,

+oo
G(f) T E <Z f(sn)> :
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T he Renewal Theorem

Translated Potential Functional
f continuous compact support on R,

+oo
T,G(f) € E (Z F(Sn — w>> .

n=0

Theorem. If L, is non-lattice, then

lim T,G(f) = f(u) du.

x—~+00 E(Ll) Ry
Non-Lattice: P(L; € 6N) < 1, Vé > 0.
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Consequences

If L, is non-lattice and M (A) = G(1{a3),

lim M]J0, x]/ !
1m L/ —
x—+oo ’ E(Ll)

’ al.sl
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Lm EM[z, @ +al) = 57



Consequences

If L, is non-lattice and M (A) = G(lga3),

_ 1
wl_l)f_{loo MO, x]/x = E(Ly)’ a.s.
lim E(M[xz,xz + a]) = ol
r—+o00 E(Ll)

If F,. first element S,, after z,
then F, — x cv in dist. to F

1
(L) /AIP’(Ll > x)dx, A € B(R).

P(F € A) =



Lattice Case

If P(L, € N) =1 and P(L; = ) > O



Lattice Case

For h > 0,

Iim ThinsG(f) = Lr(f) =

n—to0 ]E(Ll) Z f(h+39)



Lattice Case

If P(L, € N) =1 and P(L; = ) > O

For h > 0,

lim ThinsG(f) = Ln(f) =

n—to0 ]E(Ll) Z f(h+39)

Periodic Behavior: L, (f) = Lu+s(f)-



Back to Tree Algorithim



Poisson Transform
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Y(x) = Y(px) + P(qz) + 2P(t2: < =)



Poisson Transform
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Poisson Transform

Y(x) = ¢r(z) — 1,
P(x) = ¢Y(pz) + Y(qz) + 2P(t2 < )

Take W; € {p, g} random variable
such that P(W; = p) = p and P(W; = q) = q

P(x) =E (w(:vvlw)> + 2E (L{ty<a})

1



Poisson Transform

P(x) =E (w(vvglw)> + 2E (L{ty<a})

1



Poisson Transform

v@) =5 (L) + 28 (L)
v =2 (Ye)

1
+2E (—]l{t2<a:W1}> +2E (1{t2<w})
W,



Poisson Transform

v(@ =B (P0) + 28 (L)

1
P(x) = 2ZE (Hl {t2<wH1W}>

k=0

(W;) i.i.d. distributed as W;.



Poisson Transform (III)

E (Rnjo,x) Z]E(Rn)—e "

=142 E
i (bt



An Associated Random Walk

Us.,: 2th min. of n ind. uniform r.v. on [0, 1]

1
{U2,n<IIy Wi} | —
k>0 [Ty Wi i '



An Associated Random Walk

Us.,: 2th min. of n ind. uniform r.v. on [0, 1]

1
k>0 1 L

E(R,) —1
A, def (R)

2n

- Sk —log(W;)—logn
= (Z e 1 & ° IL{_ Z’f log(Wi)S—logU2,n})
k



Renewal Theorem Context

L; = — log W;

A —E (Z o~ (oxn—5t, 1)y

{>FL;<—log Ua,n})
k



Renewal Theorem Context

L; = — log W; Uz, - t2/n
- —(lo n—Zg’: L;
A, =E (Z e (log ! )]l{z’f Lig—logU2,n})
k

1 _ log(n/t2)—2§: Li)
A, ~E <Z t_2€ ( ! ]]'{le" L;<log(n/t2)}
k



The Use of Renewal Theorem

If L, = — log W)

A, ~E |37 Lo (st -Sii L)y
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The Use of Renewal Theorem

If L, = — log W7 non-lattice

A, ~E |37 Lo (st -Sii L)y
— 12 {Z’f Lz-smg(n/tz)}

1 1 Tooo
—> E | — / e du
ta) E(Lq) Jo




The Use of Renewal Theorem

L, = — log W; non-lattice if logp/logq & Q,
lim = —
n—-+oo n H

H entropy of Wj:
H = E(L,) = —E(logW;) = —plogp — qloggq.



The Use of Renewal Theorem

L, = — log W, lattice if logp/logq = m/n.
Set A\ = log(p)/m,

E(R.) <1o§n)

+o0 .
F(x) = A / e_A{w_l ié\y}e_y dy
H(l—e"‘) 0

and {x} =z« — |x].




Renewal Theorems

— Distribution of —logW non-lattice:
logp/logg & Q.

— Dist. —logW lattice
logp/loggq € Q.



Renewal Theorems

— Distribution of —logW non-lattice:

logp/logg & Q.
Continuous Renewal Theorem.

Convergence of E(R,)/n.

— Dist. —logW lattice

logp/logg € Q.
Discrete Renewal Theorem.

Periodic Fluctuations of E(R,)/n.



Ingredients of the Analysis

— Probabilistic de-Poissonnization
— Fubini’s Theorem.

— Renewal T heorem



Ingredients of the Analysis

— Probabilistic de-Poissonnization
— Fubini’s Theorem.

— Renewal T heorem

Works in a general branching setting.



An Alternative to Recursion



Initial Recursion

If'n22, n=n1+n2;
Rn:1+Rn1+Rn2



X=10...,Y=010..., Z=110...,
T=111...,U=011...



Nodes as Words

— An Alphabet A = {0,1}
— Set of finite and infinite words
M =]A", mM=A4"
n>0
—x € M™, || length of «
— 7, ¢ M — M” proj. on k first coordinates

— If || = kK,
P, proba that first k letters are -, x5, ..., L.



A Direct Calculation

E(Rn,) =142 > 1—(1—P,)"—nP,(1—P,)" "
yeM*
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E(R,) =142 > P(Un < Py)
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A Direct Calculation

E(R,) =142 » 1—(1—P,)"—nP,(1—P,)" "
yeM*

Valid even if P, is not a product probability.

E(R,) =142 > P(Uyn < Py)
yeM*

nU2,n ~ to,

E(Rn) ~ 142 >  P(t: < nP,)
yeM*



A Direct Calculation

E(R,) ~ 1+ 2 Z S P(t2 < nPy)Py

k=0 ye M*
ly|=k




A Direct Calculation

E(R,) ~ 1+ 2 Z S P2 < nPy)Py

k=0 ye M*
ly|=k

X infinite word with distribution (P,, y € M"),

“+oco

P(ty < nP,

E(Rn)N1+2ZE( (2;";X)k(X>)>
Tk

k=0




A Direct Calculation

E(R,) ~ 1+2Z S P2 < nPy)Py

k=0 yeM*
ly|=k

X infinite word with distribution (P,,y € M"),

+oco

P(ty, < nP,

E(Rn)~1—|—2ZE< (2;7”';X)k<x>))
Tk

k=0

oo

E(R,) ~ 1+ 2E <Z

o Prp(x)

]]'{tZSnPﬂ-k(X)}>



Non-Additive quantities: Insertion Cost

n items stored:
nb I,, of operations to store the (n + 1)th ?

X : the infinite word for the (n + 1)th item.



Insertion Cost

P(I, < k) =E ((1 — Pryx))")



Insertion Cost
P(I, < k) =E ((1 — Pryx))")

k ~ log(n)/H, H entropy.



Insertion Cost
P(I, < k) =E ((1 — Pryx))")

k ~ log(n)/H, H entropy.

+oo
E(I.) = ZE (1 — (1 - Pﬂk(X))n)
k=0

—+ oo
= > P(Uin < Pryx))-

k=0

U;,, min of n uniform r.v. on [0, 1].



Insertion Cost
P(I, < k) =E ((1 — Pryx))")

k ~ log(n)/H, H entropy.

+oo
E(I,) =) E(1—(1— Prx)")

+ oo
= > P(Uin < Pryx))-

k=0
U;,, min of n uniform r.v. on [0, 1].

nU.,, ~ E;+4+ Renewal Th. give asymptotics.



Exercise (Erdos et al. (1987))

Define ag = 1, an = a|n/2] + Q|n/3] + A n/s)
then
i a, 12
Iim — = —F—.
n—+oo M log 432



Exercise (Erdos et al. (1987))

Define ag = 1, an = a|n/2] + Q|n/3] + A n/s)
then
i a, 12
Iim — = —F—.
n—+oo M log 432

General: If m; > 2, r;, € Ry, ¢t =1,...,d,
and ag =1,

An = T1Q|n/m4| + T2Q | n/ms| S TdA | n/my]



Exercise (Erdos et al. (1987))

Define ap = 1, an, = a|n/2] + A|n/3] + a|n/e),
then
) a, 12
lim —=_——.
n—+oo M log 432

General: If m; > 2, r; € Ry, ¢t =1,...,d,
and ag — ]_,
Apn = T1Q|n/my| + T2Q|n/mq] T *** + TdQ|n/my|
then dv € R,
an
lim — = a € (0, 4+00).

n—+4oco NV



