
Stochastic Population Dynamics and

Applications in Spatial Ecology

ICMS, June 15–20

Stochastic dynamics of infinite particle systems

Maria João Oliveira

(Universidade Aberta/CMAF)

Work jointly done with

Yu. G. Kondratiev and D. L. Finkelshtein

J. Evol. Equ. 9 (2) (2009), 197–233



Birth-and-death dynamics

(LF )(γ) =
∑

x∈γ

d(x, γ \ x)
(
F (γ \ x) − F (γ)

)

+

∫

Rd

b(x, γ)
(
F (γ ∪ x) − F (γ)

)
dx

Contact model:

d ≡ 1, b(x, γ) = λ
∑

y∈γ

a(x − y)

Voter model:

d(x, γ) =
∑

y∈γ

a−(x − y), b(x, γ) =
∑

y∈γ

a+(x − y)

Glauber dynamics:

d ≡ 1, b(x, γ) = e−E(x,γ)

(

E(x, γ) :=
∑

y∈γ

φ(x − y)

)

We consider birth and death rates of the type

b(x, γ) = (KBx) (γ) ≥ 0, d(x, γ) = (KDx)(γ) ≥ 0



Hopping particle systems

(LF )(γ) =
∑

x∈γ

∫

Rd

c(x, y, γ) (F (γ \ x ∪ y) − F (γ)) dy

Kawasaki dynamics:

c(x, y, γ) = a(x − y)e−E(y,γ)

We consider the special case

c(x, y, γ) = (KCx,y)(γ \ x) ≥ 0



• The configuration space Γ

Γ := {γ ⊂ R
d : |γ ∩ K| < ∞, ∀ compact K ⊂ R

d}

Each γ ∈ Γ is identified with a Radon measure:

Γ ∋ γ 7→
∑

x∈γ

δx ∈ D′(Rd) (configuration)

δx := the Dirac measure with mass at x

Vague topology:

Γ ∋ γ 7−→
∑

x∈γ

f(x) continuous

f : continuous function with compact support

• The finite configuration space Γ0

Γ0 :=
∞⊔

n=0

{γ : |γ| = n}
︸ ︷︷ ︸

:=Γ(n)



Combinatorial harmonic analysis

Given a G : Γ0 → C one associates KG : Γ → C

(KG)(γ) :=
∑

η⊂γ
|η|<∞

G(η)

Coherent states:
(

K
∏

x∈·

θ(x)

︸ ︷︷ ︸

eλ(θ)

)

(γ) =
∏

x∈γ

(1 + θ(x))

• Keλ(0) ≡ 1

(death rate of contact and Glauber dynamics)

• Keλ(e
−φ(x−·) − 1)(γ) = e−E(x,γ)

(birth rate of Glauber dynamics)

Bounded functions with bounded support:

|G| ≤ C11⊔N
n=0 Γ

(n)
Λ

(G ∈ Bbs(Γ0))

• |(KG)(γ)| = |(KG)(γΛ)| ≤ C(1 + |γΛ|)
N

(where γΛ := γ ∩ Λ,Γ(n)
Λ := {η ∈ Γ(n) : η ⊂ Λ})

• K : Bbs(Γ0) → K(Bbs(Γ0)) linear isomorphism:
(

K−1F
)

(η) :=
∑

ξ⊂η

(−1)|η\ξ|F (ξ), η ∈ Γ0



Correlation measures

µ probability measure on Γ s.t.
∫

Γ
|γ ∩ Λ|n dµ(γ) < ∞, n ∈ N0, Λ ∈ Bc(R

d)

Correlation measure ρµ corresponding to µ:

Measure defined on Γ0 by
∫

Γ0

G(η) dρµ(η) =
∫

Γ
(KG)(γ) dµ(γ)

for all G ∈ Bbs(Γ0)

• Bbs(Γ0) ⊂ L1(Γ0, ρµ). Moreover,

‖KG‖L1(µ) ≤ ‖G‖L1(ρµ) =⇒ K : L1(Γ0, ρµ) → L1(Γ, µ)

bounded linear operator

Example: Poisson measure πσ
∫

Γ
exp

(
∑

x∈γ

ϕ(x)

)

πσ(dγ) = exp

(∫

Rd
(eϕ(x)−1)σ(dx)

)

Then,

ρπσ := λσ =
∞∑

n=0

1

n!
σ(n)

(Lebesgue-Poisson measure)





Birth-and-death dynamics

(LF )(γ) =
∑

x∈γ

d(x, γ \ x)
(
F (γ \ x) − F (γ)

)

+

∫

Rd

b(x, γ)
(
F (γ ∪ x) − F (γ)

)
dx

with

b(x, γ) = (KBx) (γ) ≥ 0, d(x, γ) = (KDx)(γ) ≥ 0

(KG1) · (KG2) = K(G1 ⋆ G2)

where

(G1 ⋆ G2)(η) :=
∑

η1∪η2=η

G1(η1)G2(η2)

For F = KG ∈ K(Bbs(Γ0)) we find

(LF )(γ) = −
∑

x∈γ

(K (Dx ⋆ G(· ∪ x))) (γ \ x)

+

∫

{x:x/∈γ}

(K (Bx ⋆ G(· ∪ x))) (γ) dx,

which yields an explicit formula for L̂ := K−1LK:

(L̂G)(η) = −
∑

x∈η
(Dx ⋆ G(· ∪ x)) (η \ x)

+
∫

Rd
(Bx ⋆ G(· ∪ x)) (η) dx



(L̂G)(η) = −
∑

x∈η

(Dx ⋆ G(· ∪ x)) (η\x)+

∫

Rd

(Bx ⋆ G(· ∪ x)) (η) dx

In terms of correlation functions:
∫

Γ0

dλ(η) (L̂∗k)(η)G(η) =

∫

Γ0

dλ(η) (L̂G)(η)k(η)

This means that for λ-a.a. η ∈ Γ0

(L̂∗k)(η) = −

∫

Γ0

dλ(ζ) k(ζ ∪ η)
∑

x∈η

∑

ξ⊂η\x

Dx(ζ ∪ ξ)

+

∫

Γ0

dλ(ζ)
∑

x∈η

k(ζ ∪ (η \ x))
∑

ξ⊂η\x

Bx(ζ ∪ ξ)

In terms of generating functionals: (G = eλ(θ))

∂

∂t

∫

Γ0

dλ(η)eλ(θ, η)kt(η)

︸ ︷︷ ︸

:=Bt(θ)

=

∫

Γ0

dλ(η) (L̂∗kt)(η)eλ(θ, η)

=

∫

Γ0

dλ(η)(L̂eλ(θ))(η)kt(η)

︸ ︷︷ ︸

??=L̃Bt??

,

where

Bt(θ) =

∫

Γ0

eλ(θ, η)ktdλ(η) =

∫

Γ

∏

x∈γ

(1 + θ(x))µt(dγ)

(Bogoliubov functional)

Under analytical assumptions,

(L̃Bt)(θ) =

−

∫

Γ0

dλ(η) eλ(θ + 1 η)

∫

Rd

dx θ(x)(D|η|+1Bt)(θ, η ∪ x)Dx(η)

+

∫

Γ0

dλ(η) (D|η|Bt)(θ, η)eλ(θ + 1, η)

∫

Rd

dx θ(x)Bx(η)



The Glauber dynamics:

(LF )(γ) =
∑

x∈γ

(
F (γ\x)−F (γ)

)
+

∫

Rd

e−E(x,γ)
(
F (γ∪x)−F (γ)

)
dx

Generators:

• (L̂G)(η) = −|η|G(η)

+

∫

Rd

(

eλ(e
−φ(x−·) − 1) ⋆ G(· ∪ {x})

)

(η) dx,

• (L̂∗k)(η) = −|η|k(η)

+
∑

x∈η

e−E(x,η\x)

∫

Γ0

eλ(e
−φ(x−·) − 1, ζ)k((η\ x) ∪ ζ) dλ(ζ)

• −(L̃B)(θ)

=

∫

Rd

dx θ(x)

(
δB(θ)

δθ(x)
− B

(

(1 + θ)
(
e−φ(x−·) − 1

)
+ θ

))

Remark:

µ Gibbs measure ⇐⇒ Bµ solution of the Bogoliubov equation

δB(θ)

δθ(x)
= B

(

(1 + θ)
(

e−βφ(x,·) − 1
)

+ θ
)

for all θ ∈ L1(dx), dx-a.a. x ∈ Rd.



The contact model:

(LF )(γ) =
∑

x∈γ

(
F (γ \ x) − F (γ)

)

+λ

∫

Rd

∑

y∈γ

a(x − y)
(
F (γ ∪ x) − F (γ)

)
dx

Generators:

• (L̂G)(η) = −|η|G(η)

+λ
∑

y∈η

∫

Rd

a(x − y) (G(η ∪ x) + G((η \ y) ∪ x)) dx

• (L̂∗k)(η) = −|η|k(η)

+λ

∫

Rd

dy
∑

x∈η

k((η \ x) ∪ y)a(x − y)

+λ
∑

x∈η

k(η \ x)
∑

y∈η\x

a(x − y)

• (L̃B)(θ) = −

∫

Rd

dx θ(x)
δB(θ)

δθ(x)

+λ

∫

Rd

dy

∫

Rd

dx a(x − y)(1 + θ(y))θ(x)
δB(θ)

δθ(y)



The voter model:

(LF )(γ) =
∑

x∈γ

∑

y∈γ\x

a−(x − y)
(
F (γ \ x) − F (γ)

)

+

∫

Rd

∑

y∈γ

a+(x − y)
(
F (γ ∪ x) − F (γ)

)
dx

Generators:

• (L̂G)(η) = −
∑

x∈η

∑

y∈η\x

a−(x − y) (G(η \ y) + G(η))

+
∑

y∈η

∫

Rd

a+(x − y) (G(η ∪ x) + G((η \ y) ∪ x)) dx

• (L̂∗k)(η) = −

∫

Rd

dy k(η ∪ y)
∑

x∈η

a−(x − y)

−k(η)
∑

x∈η

∑

y∈η\x

a−(x − y)

+

∫

Rd

dy
∑

x∈η

k((η \ x) ∪ y)a+(x − y)

+
∑

x∈η

kt(η \ x)
∑

y∈η\x

a+(x − y)

• (L̃B)(θ) =

∫

Rd

dy

∫

Rd

dx a+(x − y)(1 + θ(y))θ(x)
δB(θ)

δθ(y)

−

∫

Rd

dy

∫

Rd

dx a−(x − y)(1 + θ(y))θ(x)
δ2B(θ)

δθ(x)δθ(y)



Hopping particles: the general case

(LF )(γ) =
∑

x∈γ

∫

Rd

c(x, y, γ) (F (γ \ x ∪ y) − F (γ)) dy

with

c(x, y, γ) = (KCx,y)(γ \ x) ≥ 0

Similar techniques yield

(L̂G)(η) =
∑

x∈η

∫

Rd

(Cx,y ⋆ (G(· ∪ y) − G(· ∪ x))) (η \ x) dy

In terms of correlation functions:

(L̂∗k)(η) =
∑

y∈η

∫

Rd

dx

∫

Γ0

dλ(ξ) k(ξ ∪ η \ y ∪ x)
∑

ζ⊂η\y

Cx,y(ξ ∪ ζ)

−

∫

Γ0

dλ(ξ) k(ξ ∪ η)
∑

x∈η

∑

ζ⊂η\x

∫

Rd

dy Cx,y(ξ ∪ ζ)

In terms of generating Bogoliubov functionals:

(L̃B)(θ) =

∫

Γ0

dλ(η)eλ(θ + 1, η)

∫

Rd

dx (D|η|+1B)(θ, η ∪ x)

·

∫

Rd

dy (θ(y) − θ(x))Cx,y(η)

Remark: In the kawasaki case
(
c(x, y, γ) = a(x − y)e−E(y,γ)

)

(L̃B)(θ) =

∫

Rd

dx

∫

Rd

dy a(x − y)e−φ(x−y)(θ(y) − θ(x))

×
δB((1 + θ)(e−φ(y−·) − 1) + θ)

δ((1 + θ)(e−φ(y−·) − 1) + θ)(x)


