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Birth-and-death dynamics

(LFY() = ) d(z,y\z)(F(y\z) - F(7))

ey

+ g b(z,v)(F(yUz) — F(v)) dz

Contact model:

d=1, b(z,7) =AY a(z—y)

yey

Voter model:

dz,7) => a(z—y), blz,7)=) ar(z—y)

yey yey

Glauber dynamics:

d=1, b(z,vy)=e P (E(x,’y) = Z¢(33 — y))

yey

We consider birth and death rates of the type

b(x,v) = (KBz)(y) >0, d(z,v) =(KDz)(y) >0



Hopping particle systems

R =3 [ ee.7) (FG\wUn) = FG)) dy

ey

Kawasaki dynamics:

o(2,y,7) = a(w — y)e PO

We consider the special case



e T he configuration space

M={yCcR?: |yNK| < o0,V compact K c R%}

Each ~v € ' is identified with a Radon measure:

Foy— ) 6z € D'(RY) (configuration)
xrery

0. .= the Dirac measure with mass at z

Vague topology:

>~+— > f(z) continuous
Ty

f: continuous function with compact support

e The finite configuration space [

|_| ihl=n}

n=0 _I—(n)




Combinatorial harmonic analysis
Given a G : g — C one associates KG : T — C

(KGY(v) == ) G()

nCry
In|<oo

Coherent states:

(K xre[p(w))(v) = [[ 1+ 6())

ey

ex(0)
® Ke)\(O) =1

(death rate of contact and Glauber dynamics)

[ KG)\(B_qb(x_') — 1)(*‘)/) p— e_E(wﬂ/)
(birth rate of Glauber dynamics)

Bounded functions with bounded support:

LY (G € Bps(IMp))

o [(KG)()| = [(KG)Y(yA)l < C( + [vaDY

(where yp :=~vNA, I‘S\m ={ner™:pcA})

Gl <C1

o K : By, (IN'g) — K(Bys(INp)) linear isomorphism:

(K1F) () := Y (-D)I¢IF©), nery
§Cn



Correlation measures
@ probability measure on I s.t.

/r [y VA du(y) < oo, n € Np, A € Be(RY)

Correlation measure p, corresponding to u:
Measure defined on [ by

Jr. GOn dpun) = (KOG din()

for all G € Bps(IMp)

e Bps(Mo) C L1 (g, pu). Moreover,

||KG||L1(,U,) < ||(;||L1 ) —— K. Ll(l—07p,u) - Ll(ralu)

(pu

bounded linear operator

Example: Poisson measure s

[exp( X (@) moldn) = exp( [ (7 -1) o(d))

xrey
Then,

(Lebesgue-Poisson measure)



| ) o
K K*
. o b\g
ot ﬁvin\ dpu(n)G(n) o1t
| JTo | |
a Ghkid\ = 4 KGdus = \ENQV dpy = QmLthQv?%
dt Jr, —— dt Jr | r Mo ¥

dps




Birth-and-death dynamics
(LF)(y) = > d(z,y\z)(F(y\z) — F(7))

+ / bz, 1) (F(y U ) — F(7)) da
R
with
b(x,v) = (KB;)(y) >0, d(z,v)=(KD;)(y) >0

(KG1) - (KG2) = K(G1 % G2)
where
(G1xG2)(n) = Z G1(m1)G2(n2)

mUn=n

For FF = KG € K(By,(I'g)) we find
(LF)(v) = =) (KD:*xG(-Um))) (v\x)

rey

+ (K (B:xG(-Uw))) (v) dz,
{z:zgy}

which vyields an explicit formula for L := K~ 1LK:

(LGY(n) = = (Dz*xG(-Uw))(n\x)

e

4 /Rd (By+ G(- Uz)) () da



(L)) = =3 (s x GC-U2) ()4 | (Bex G- L) () da

xren
In terms of correlation functions:

/rdk(n) (E*k)(n)G(n)=/r dX(n) (LG)(n)k(n)

This means that for A-a.a. n € g

(LR = - /r AQOECUNS S DaCUE)

TEN £Cn\x

-|-/rd>\(g‘) > E(CUMm\z) Y Bu(CUE)

xen ECn\x
In terms of generating functionals: (G = e)(6))

% fr EONOUEORS /r A (k) ()ea(0:m)

:=B,()
- /r dr(n) (Lex(8)) (m)ke(n),
) ??ZEB{?? .
where
B,(6) = /r (O mkdAm) = /r gu + 0(2))e(d)

(Bogoliubov functional)
Under analytical assumptions,
(LBy)(9) =

- / ) ex(®+ 1) | de0@) (DB 0,00 2)Du(0)

I_O
+ [ () (DB (6, m)er(d + 1,m) / dz 6(x) Ba(n)
Mo Re



The Glauber dynamics:

(LP)) = 3 (FO\e)=F()+ [ e PoD(F(yun) - F() da

R4

ey
Generators:
. (LG)(n) = —|n|G(n)

+ [ (e~ 1) %G UfaD) () de,
Rd

C (L*E)(n) = —Inlk(n)
+) ety /r ex(e” ) — 1, O)k((n\ ) U Q) dA(Q)
e 0
. —(LB)(0)
_ 6B(0) (e
= /Rdd.ibe(ib) (W—B((I—FQ)(Q o( )_1)_|_9>)
Remark:
p Gibbs measure < B,, solution of the Bogoliubov equation
O (@ (1) +0)

for all @ € L'(dz),dz-a.a. x € R<.



The contact model:

LR = S (F(v\2) - F()

xey

+A/RdZa(:z:—y) (F(yUz) — F(y)) dx

yey

Generators:
e (LG)(m) = —|nlG(n)
+/\Z/ a(z — ) (G(nUz) + G((n\ y) Ux)) de
o  (L'k)(n) = —Inlk(n)
3 [ ay S R\ @) Undae — )

xren

A ko) Y alz —y)

TEen yeEN\z

o (ILB)(6)=— /R dx@(x)(jsf((j))

3 [ dy [ dwate - @ +0m)0@) 5 )

60(y)




The voter model:

LR = 3 Y a@-y)(F(H\2) - F()

TE€Y yey\z

-|—/ Za+($—y)(F(’Yux) F(7)>

yey

Generators:

CHmM == a(@—y) (G0 \y) + Cm)

reEN yen\z

+3 [ arle=9) (G0ua) + G\ »)Uw) do

yen
(E*k) () = — /dyk<nUy>Za (- y)
xren
kM) > a(z-y)

reEN yen\z

dy > k((n\z) Uyag(z —y)

ren

+) ki(n\z) > ay(z—vy)

TEN yen\z

R4

5B(6)
60(y)

(EB)(6) = / dy / doas (e~ y)(1+ 00"

52B(0)
56 (x)d660(y)

- / dy / dza(z — y) (1 + 6(y))6()
Rd R4



Hopping particles: the general case

LR =3 [ eo.3) (FG\wUw) = FG)) dy

rey
with
c(z,y,v) = (KCpy)(v\z) >0

Similar techniques vield

(LA () = N (Coy* (G(-Uy) —G(-Ux))) (n\z)dy

xen
In terms of correlation functions:

ERm = Y [ o [ ax©rEun\yun) Y Coeu)

yen ¢Cn\y

- [ax@reuny 3 [ ancacuo

T€EN (Cn\x

In terms of generating Bogoliubov functionals:

ILBYO) = [ dmer@+1m) [ e DB G

/R dy (0(y) — 0(x))Cyy(n)

Remark: In the kawasaki case (c(z,y,7) = a(z — y)e FW)

IBYO) = [ do [ dyate— eI 00) — @)

L OB((+ 0)(e =) — 1) + )
6((L40)(e?w=) —1) 4+ 0)(x)




