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Consider a continuous particle system, i.e., a system of particles
which can take any position in the Euclidean space RY.

Configuration:
v C RY

~ contains a finite number of points in any bounded set

We denote by I the set of all possible configurations ~.
I" is called configuration space.
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Kawasaki dynamics

Kawasaki dynamics: a Markov process in which particles randomly
hop over the space R¥.

For each y €T, x € vy and y € RY,

c(x,y,7)

describes the rate at which the particle x of the configuration ~
hops to .

The generator of the corresponding Markov process is given by

(L) =3 [ by ) (FG\xUy) - F) .

xXey



Equilibrium Markov processes

X = (Xt)e>0 a Markov process on T

X is equilibrium:

Assume that the initial distribution of a particle system is u (which
is a probability measure on I).

Then at each moment of time t > 0, X; has the same distribution
1, i.e., the distribution of the system at each moment of time does
not change.

1 is called invariant measure for the process X.



Equilibrium Markov processes

X = (Xt)e>0 a Markov process on T

X is equilibrium:

Assume that the initial distribution of a particle system is u (which
is a probability measure on I).

Then at each moment of time t > 0, X; has the same distribution
1, i.e., the distribution of the system at each moment of time does
not change.

1 is called invariant measure for the process X.

We will be interested in the case where p is a Gibbs measure on T
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Gibbs measures

A Gibbs measure describes a system of interacting particles.
The interaction between particles is described through a potential
of pair interaction:

¢:RIN{0} >R, ¢(—x) = ¢(x).

For two points x, y € R? the energy of interaction between x and
y is equal to ¢(x — y).

If {x,}N_, is a finite system of particles, then the interaction
energy is equal to

E(Lalii) = > olxi—x).

1<i<j<<N



Relative energy of interaction

For an infinite system of particles v = {x,}°°, the interaction
energy is informally given by

E ({xn}n= Z o(xi — x7),

i<j

although this sum is infinity (or even does not make sense).



Relative energy of interaction

For an infinite system of particles v = {x,}°°, the interaction
energy is informally given by

E ({xn}n= Z o(xi — x7),

i<j

although this sum is infinity (or even does not make sense).

Relative energy of interaction between a particle y and a
configuration v = {x,}°°:

E(y|v) = Z¢
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with intensity parameter z > 0.



Poisson measure

Free system of particles: ¢ =0
The state of such a system is described by Poisson measure 7,

with intensity parameter z > 0.
For any bounded set A € RY and v € T, define

Xa(y) =|yNA| (the number of points of 7y in A).



Poisson measure
Poisson measure 7, is a probability measure on ' which is uniquely
characterized through the following properties:

» For each bounded A C RY, the random variable Xa has
Poisson distribution with parameter zvol(A), i.e.,

I(A))X

.(Xa = k) = exp[—zvol(A)] (ZVOk(I))

(the 7, probability to find k particles in the set A)



Poisson measure

Poisson measure 7, is a probability measure on ' which is uniquely
characterized through the following properties:

» For each bounded A C RY, the random variable Xa has
Poisson distribution with parameter zvol(A), i.e.,

(zvol(A))k

72(Xa = k) = exp[—z vol(A)] ]

(the 7, probability to find k particles in the set A)
» For any bounded, mutually disjoint sets
Aq,...,Apm CRY,
the random variables Xa,, ..., Xa,, are independent under p:

7TZ(XA1 = kl, XA2 = k2 . 7XAm = km)
= m,(Xa, = ki)m2(Xa, = ko) -7 (Xa,, = km).



Gibbs measure

Interaction between particles, ¢ # 0.
Typical example: Lennard—Jones potential

w-<|(3)"- ()]
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Gibbs measure

The state of the system is described by a Gibbs measure.
Informally,

p(dy) = 2 expl-E(1)] m2(d).



Gibbs measure

The state of the system is described by a Gibbs measure.
Informally,

1
udy) = - exp[-E(7)] m2(d).
A possible rigorous definition: Georgii-Nguyen—Zessin identity:

JteFe) S 60 = [utan) [ zaxesn [~E(x | 9) ] Flaux))

xey

for arbitrary functions F : I — [0,00) and ¥ : RY — [0, +00).



Balance condition

Recall

Z/ c(x,y, M) (F(y\ xUy) = F(7)) dy.
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Balance condition

Recall

D=3 [ cbr D (FG\xU» - F) o

xXey

For the corresponding dynamics to have a Gibbs measure p as
invariant measure the following balance condition should be
satisfied for any x,y € R and v € T:

c(x,y,yUx)exp[—E(x [7)] = c(y,x,7yUy)exp[-E(y | 7)]



Kawasaki dynamics

We fix a parameter s € [0, 1].
Our choice:

c(x,y,7) = alx = y)exp[ (1 = $)E(x [ v\ x) = sE(y [ v\ x)]

Here, the function a: RY — [0, 00) satisfies

a(x) = a(|x|)

and
a(x) =0 if |x| > 1.



Free Kawasaki dynamics

Special case ¢ = 0:

c(x,y,7) =c(x,y) = a(x — y)

This is a dynamics of independent hopping particles in R, where
the jump rate from x to y is equal to a(x — y).



Free Kawasaki dynamics

Special case ¢ = 0:

c(x,y,7) =c(x,y) = a(x — y)

This is a dynamics of independent hopping particles in R, where
the jump rate from x to y is equal to a(x — y).

In the case ¢ # 0, the particles interact and the jump rate of each
individual particle depends on the rest of the configuration.
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instead of the function a(x), use the function

a:(x) == L a (i)
Note that

and

Resulting dynamics
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Diffusive scaling limit

Next we re-scale time:

V() =X ()

g2

If £ is small, the Y. dynamics is ‘quicker’ than the X. dynamics.
The jump rate corresponding to the Y. dynamics:

1 X—y
c(x.y1) = g3 () exp [ (1-)E(x | 1\x)—sE(y | 7\x)]

We denote by L. the corresponding generator:

(LA =X [ by (FO\xUY) = F@) dy.

xey
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Diffusive scaling limit

We are interested in the limit as ¢ — 0.
Normalization condition:

1
2

dx = =
[ b ax =

Limiting diffusion has generator
Ldif,_-({xn}oo )

> (5ot )—s2<va<{xn}zil>,w(xn—xm>>)

m#n

n=1

X exp

—2s+1 ng) x,].

i#n



In fact, we have for each F € F

/r (LF(7) — LY F(7))?u(dy) = 0 ase — 0.



In fact, we have for each F € F

/r (LF(7) — LY F(7))?u(dy) = 0 ase — 0.

If there exists a unique Markov process on I whose generator on F
is equal to LY, then the finite-dimensional distributions of the
scaled process Y. converge to the finite-dimensional distributions
of the diffusion process X9f with generator L9, This means that,
for any moments of time

0<ti<tr<---<ty
the joint distribution of
Ye(t), Ye(2), ..., Ye(tn)
is ‘close’ for small € to the joint distribution of

X4 (1), XU (1), ..., X (¢,)



Case s = %: gradient stochastic dynamics

Limiting generator:

LdifF({Xn}oo )

=3 (5 Aotz -3 X (VF(fxn)iE). Vo))

n=1 m#n



Case s = %: gradient stochastic dynamics

Limiting generator:
LdifF({Xn}oo )

_ DaF(o}oy) == ST V()220 ), Vo (x—3m)
Z( 32
m#n

This dynamics informally solves the following infinite system of
SDEs:

dx;(t) = dBi(t) — = Zw xi(t) — x;(t)),
J#l
X,'(O) =x;, I1€N,
{xi}i2; € I is p-distributed

where B;(t), i € N, are independent standard Brownian motions
d
on R9.



Free Brownian particles

If =0, we have
dxi(t) = dBj(t), ieN

so that we have a dynamics of independent Brownian particles.



Deterministic gradient dynamics of n particles

Dynamics of n charged particles interacting through potential ¢:

di(t) = —= 3" Vo(xi(t) - (1)) dt,
2

X,'(O):X,' i:1,...,n,



Stochastic gradient dynamics of n particles

Dynamics of n charged particles interacting through potential ¢
suspended in water:

dX,'( )—dB —*Zvé XI ))
i#j
xi(0) = x; i=1,...,n,

The terms dB;(t) describe the influence of ‘small’ molecules of
water on the 'big’ charged particles.



Case s =0

Limiting generator:

LdlfF ({xn}52 Z ApF({xn}r21) exp |:Z¢ xm]

m#n



Case s =0

Limiting generator:
LEF({x, )52 Z ApF({xn}rq) exp Z(;S n— Xm)
m#£n

This dynamics informally solves the following infinite system of
SDEs:

dx;(t) = exp Z d(xi(t) — x;(t)) | dBi(t), ieN.
J#l

(no drift term, interaction is in the diffusion coefficient)
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BAD scaling of Kawasaki dynamics

Again we start with Kawasaki with

c(x,y,7) = a(x — y)exp [(1 = s)E(x, 7\ x) = sE(y, 7\ x)],
where s € [0, 1].
We scale the function a:

a. = e9a(ex)

Note that 1
a:(x) =0 if |x| > Z

/R ai(x) o= /R a(x) d.

We do not scale time!
Resulting dynamics

and

Xe = (Xe(t))tzo



BAD scaling of Kawasaki dynamics

The jump rate corresponding to the X. dynamics:

c-(x,y,7) =e%a(e(x — y))exp [ (1—s)E(x | Y\x)—sE(y | ¥\x)]



BAD scaling of Kawasaki dynamics

The jump rate corresponding to the X. dynamics:

c-(x,y,7) =e%a(e(x — y))exp [ (1—s)E(x | Y\x)—sE(y | ¥\x)]

We denote by L. the corresponding generator:

(L) =3 [ elxy ) (FG\xUy) = Fa) dy.

xey



BAD scaling of Kawasaki dynamics

We are interested in the limit as € — 0.
Normalization condition:

/Rda(x)dx:l



Glauber dynamics

The limiting dynamics: Glauber dynamics (spatial birth-and-death

process)
(LRI = G 3 dxn)FG ) - F))
+ /R 2 By )(F(UY) - F)))
where
d(x,v) = exp [sE(x, v\ x)],
bly,7) = exp [ — (1 = $)E(y,)]
and

Csz—/exp[ (1-35)> o(x ]

xey



Case s =0

Then

CO::/r (dv) exp[ > o(x ]

xey

(the first correlation function of the Gibbs measure ) and

(LSF)(7) (Z(F 2\ )~ F(7)

xey

—i—/Rdzdy exp[—E(y,’Y)](F(’YUY)—F(’Y)))



Free Glauber dynamics

Let ¢ = 0. Then u = m, (Poisson measure), k(1) =

(LSF)(7) (Z(F Y\ x) — F(7)

xey

+/Rdzdy(F(7Uy) - F(v)))
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Assume that the dynamics start at configuration ~.
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Free Glauber dynamics

Assume that the dynamics start at configuration ~.

Then each point x of v randomly dies, independently of other
particles, so that the probability that at time t > 0 the particle x is

still alive is equal to e ¢,

Additionally new particle are randomly born, so that the Poisson
point process over R x (0, 00) with intensity measure z dx dt
describes positions in R? and times in (0, 00) where and when new
particles are born.

Each new particle y, born at time 7 > 0, randomly dies, so that
the probability that the particle y is still alive at time 7+ t is e .



Diffusive scaling vs. BAD scaling

Diffusive scaling is ‘point-wise':
When we start Kawasaki dynamics at a fixed configuration « the
scaled dynamics will converge to the diffusive dynamics starting at

.
E.g.: in the free Kawasaki dynamics, dynamics of each separate
particle converges to a Brownian motion.



Diffusive scaling vs. BAD scaling

Diffusive scaling is ‘point-wise':
When we start Kawasaki dynamics at a fixed configuration « the
scaled dynamics will converge to the diffusive dynamics starting at

.
E.g.: in the free Kawasaki dynamics, dynamics of each separate
particle converges to a Brownian motion.

BAD scaling is not ‘point-wise':
It only holds for equilibrium dynamics whose initial distribution is a
Gibbs measure p.

E.g.: in the free Kawasaki dynamics, the dynamics of each
separate particle under the BAD scaling converges to a random
death process: the particle either does not hop (stays alive) or
hops to infinity (dies). No new particle is born.



