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Framework
Model and Motivation

@ particles in the continuum R”.
y(dx) ="y (x)d"x" =Y 6 (x)d"x
i€l
Bolker: N(x) = y(x)d"x
@ potentially infinite many particles

@ Spatial point process IP

@ Expectation: (F(7y))p = [ F(7)dP(v)
@ Expected density at x

(g(d"x)) = p(x)d"x



@ Weak form: f nice function on R".

Jofe@n@) =X [ Fen = ) fx)

i€l i=1
@ f(x) =1onA C R" then
[ f@ —#{i€Tix € A} = Na(y)

e Discretization: R" = Ujcz:Aj and f(x) = a; if x € A;. Then

/Rnf( Zf] {zeIxZeA}—Zf] Zf]N(;

where N(j) = #{i € I: x; € Aj} = v(4).



Dynamics

Birth generator

@ Birth

N(j) — N() +6:(j) = {%iﬂ ﬁgi;j  rate B(i,N(-))

in the continuum
7(d"x) — y(d"x) + &y (dx")
Rate: birth from site j into
N(j)B(j.i. N(-))
Generator

(LyF)(N ZENO (&.7,N(-)) (F(N(-) +6i(-)) = F(N(-)))



Dyr cs

Birth, death generator

@ in the continuum

LR = [ % [ @By, (F(r+6) —F()
° Independent birth: B(y, ) = Bo.
@ Death

LF)) = [ (@) D7) (Fly=0,) —F()).
e Independent death D(y,y) =



Dynamics

Jump generator, dynamics

@ Jump

(LiF)(y) =/ d”y/ (d"x)A(x,y,7) (F(y 4y — éx) — F(7))
@ Dynamics

2 Fl) = LE(y) + SM(E. 1)

M(F, t) martmgale in part1cular (M(F,t)) = 0.
o Case F(y) = [raf( ), then

(LbF)(')’> = /d”y/ (@"x)B(x, y, 7)f ()
LR = = [ A @) @)
GO = [y [ @Ay ) () ~f(x)



Dynamics

Dynamic of first correlation function

@ Definition p;(x )d”x = (711(d"x)) Hence
/ d"x f(x)poe(x / fx)7(d"x)

Thus
7 / d'x f(x)or(x / d'y / B(x,y, v))f ()
/wwwuww>
+/“ﬂ¢/ Ay D) — ()
mwvm>

If for example d(x,y) = [g. 7(x —y)7(d"y), then
(y(d"x)d(x, 7)) = /w r(x =y){r(dy)r(d'x))
where (y(d"y)y(d"x)) = 2c(x,y)d"xd"y + 6(x — y)p(x)d"x



Scaling

Space scaling

e Discretization: R" = Ujez:LA;j and f; (x) = a; if x € A;.
Then

[ Al = Caplic1:x e La)
]

Grows in L often like L?. Normalize
1 )
ﬁ Zﬂ]#{l el x; e LA]}
j
1 )
= Llaplielix/Leny = [ fm
j
where

y(d'x) = LY 6, (d"x)
i



@ Then
;t/wf(X)pL(t,dX) = Z</}R”f(x)n(t, dx)) )

_ L—d(i/Rnf(x/L)'y(dx) )

@ Jump part
L- / dy / (@) Ay, 7) (Fy/L) - f(x))
- / d"y / YL@ X)AGRL Y. 1) (F(y/L) —f(x)

@ Translation invariance

A(x,y,v) = A0,y —x,vy), Ty translation.

_ /R 'y /R (@ x)AQ©,y, T y) (f(x +y/L) —f(x))



e Independentjump : A(x,y,v) = a(x —y) Then
= [ [ @ e (Fx+ /L) = £(x))
R” R”

@ Expansion in large L

= @Y /]R 1L(d"x)A0, ¥, T y) (f(x) +;Zlaif (x)y/L

+ i 9idyf (x)yiy;/L* + O(L™?) —f(x)>

kj=1

= [ @ (p 3l (7)0 ()
R" k=1

L2 Z afi)(rxyy)aiajf(x) + O(L-3)>
k,j=1

1
where a ; )

(1) = Jre d"yA0, Y, 7)yi
and al(j) (’Y) - f]Rn dnyA(O' Y r)/)yly]



Scaling

@ rewritten

=LY [ @ ()

2 Y [ @ aaf e (ta) + 0L )
kj=1

e Independent jump: A(x,y,v) = a(x —y)

& manp) = 1Z/vdeJU1
+LZZ/ Y1 (t d"2)20 ()
kj=1

d
+ - M(E. 1)



Scaling

@ In expectation

o[ e = 4 [ innaye)

R n

~ Ly t,d"x)o,f (x)al
L et aasCoa

+L72 ) /]Rn PL(t:d”x)aiaif(x)afi) +0O(L™®)
kj=1

@ On timescale L we get

ccllt/np(t'dnx)f(x) = ljzl/wp(t, d”x)aif(x)al(l)

o If a) = 0 on timescale L2 we get
d . Y ) 2
S opavie) = Y [ amaaf e

k,j=1



Scaling

o for each sample
d n R n (1)
G [ af@) =LY [ d)af (]

k=1/R

+L2 Yy / fyL(t,d”x)aiaif(x)afz-)+O(L‘3)+£M(F, )
kj=17/R" ’ dt

25)20

o If a = 0 on timescale L2 we get for L. — oo

P(| [, = [ ot




Scaling

Interacting

@ In expectation

jt/ pr(t, d"x)f (x) = ;t/ (yL(t, d"x))f (x)
=L 12/ 9if (x) {7 (t d"x)a ()(TxL’Yt)>

+L22/ 3:0,f (x) (1 (t, ") (v 1) + O(L™)
kj=1

e Ifa) = 0 on timescale L2 we get

= | o)

- L Z/ 3idyf (x) (1 (1, "0)a? (tee ) + O(L ™)
kj=1
@ Type of closure problem

(y(t, d"x)al? (1)) = D(pL) Whatis D(py)



Scaling

@ Assume existence reversible spatial point process
e Example A(0,y, ) = A(0, —y, 7) (gradient system)
e Invariant spatial point processes: all Poisson 77,z > 0

e Local equilibrium: large time, order L?

([ s@mtaa? muyt. ) ~ [ s@mnt.a) [of ()7
Define

Dij(z) = [af (v)m.(d)



Scaling

e Limiting equation

d ’ " .
G et df@) = Y [ Dip(tx)adf (x)p(t, )"
kj=1
e If A(0,y,y) # A(0, —y, 7) then relation is given by
variational principle (Green-Kubo)



Free birth and death

° Then
fpundy) = 9 / fom@) e

Ld fx/L)y(dx) (4

Rn

IRH

@ Birth part
L [y /IR y(d'x)B(x,y,7)f (y/L)

=/ .y /R r(d™x)B(xL, y, 7)f (y/L)

R)’l
@ Translation invariance

B(x,y,v) = B(0,y — x, &y), Ty translation.

-/ d"y/w 71.(d"x)B(0, xL + v, Tuy)f (x + y/L)



Free birth and death

@ expansionin L

= [ qr(d"x) (b( Nt y)f (x) + L~ 12191 (Tar7)0if ()

Rll

+L2 i b (T ) 0idif (x) + O(L_3)>

kj=1

600 = [ dvBO.y.)
b () = /IR d"yB(0.y. )y

2 n
by (1) = /IRnd yB(0,y, 7)Y,



Free birth and death

Independent birth

@ independent birth

B(x,y,7) = b(x —y)
Then
= [ @ [ m@x)b)f(x+v/L)

@ Expansion in large L

= [y [ @) (f(x) + @/t

+ i 9i9yf (X)yiy;/L? + O(L_3)>

kj=1

Ril

= [ y(d'y) (b(o)f () +L7" i b1 af (x)
k=1

L2 Z b0i0f (x) + O(L‘3)j



Free birth and death

= [ y(d') (b(o)f (x) + L7 i b1 af (x)
k=1

R?’l

L2 Z b0 f (x) + O(L3)>

k,j=1
where
b0 — d"yb
o Y0 (Y)
1 n
0 = | dyb(y)y

. IRH

) _ n
by = /Rndyb(y)]/i]/j



Free birth and death

Independent death

@ idependent death

D(x,y) = d"
Then
= — [ n@af )
R}’l
Altogether

[ n@nr) = 60 -d9) [ n@we
7 LY [ @0

+L_2kj21 bi,]- /]R 71(d"x)0i9)f (x) + O(L ™) + th(p, )



Free birth and death

@ In expectation

& | dwn0f ) = 60 —d) [ dxpu (e 0
+L™ 1Zb "xor (£, x)0;f (x)

+L2Zbl]/ d"xp1 (£, %)3dif (x) + O(L™) +0
kj=1

@ No moment closure problem



Free birth and death

Characteristics

o Martingale: F(X;) — F(Xo) — [y ds LF(X;) =: M;(F, X)
@ Generator

LE(y) = d ¥ (F(y=0)—F(7)

xesupp(7y)

wfay ¥ )a(x—y)<F(7+5y)—F(7)>
xesupp(



Free birth and death

Characteristics

o Martingale: F(X;) — F(Xo) — [y ds LF(X;) =: M;(F, X)
@ Generator

LE(y) = d ¥ (F(y=0)—F(7)

xesupp(7y)

+/dy Y alr—y)(F(v+4) —F(v))
xesupp(7y)
e Compensator

<M(F, x)>t - /0 ' ds O, (F. F) (X,)

OL(F.F)(7) = d), (F<7—5x)—F(7)>2
xesupp(7)

—I—/dy ) a(x—y)(F(’y—HSy) —F(*y))2

xesupp(7y)



Free birth and death

Invariant measures

+oo ford < [dya(y)

e density po; — 0 ford= [dya(y)
—oco ford > [dya(y)

@ Time development of correlation functions

S =l (f avat) ) )

+ ¥ [ dyate—y) by Uy \ x) = o)

x€n

+ ) ) ala = x2)k(n \ x)

X1€EN X2€1
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Free birth and death

Invariant measures

+oo ford < [dya(y)

@ density p; — 0 ford= [dya(y)
—oo ford > [dya(y)

@ Time development of correlation functions
ok;

5 ) =
+ ¥ [ dyate—y) ey Uy \ x) = o)
x€n
+ 2 Y el —x)k(n\x)
X1€EN X2€1

o Critical value: d = [ dy a(y)

@ Characterization of invariant measure via correlation
(cummulants)

@ Bounds O((n!)?). Clustering



Free birth and death

Invariant measures

o LLN:
& Y plex) — o [ dyo(y)

xX€y

o CLT:
/2! (Z p(ex) —e"p / dyo(y) )
xXey

converges to Gauss measure on S’ (IR") with covariance

~1
20 (Z /]R ) yiyja(y)dy8i8j>

ij=1



Free birth and death
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(o, X() / dsL(®) ))

is a martingale,



Free birth and death

Characteristics

X(©) fulfills

(9.%0) = (9. 3§7) = [[ #5109, ) () = M (g, . X)

is a martingale,



Free birth and death

Characteristics

X(©) fulfills

(9.X%) — (9. X7) — [ a5 (g, )(x1) = MY (9., X1)
is a martingale, where

LO(p, ) = (Aep,7)
with
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Free birth and death

Characteristics

X© fulfills
(9. X)) 9) = [ L, ) (XE) = M (g, ), X1
is a martingale, where

LO(p, ) = (Aep,7)
with

Acq(x) := —de 2g(x) + &7 / dye "a(e” (y —x)) o (y)

o Compensator
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Heuristic
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Scaling limit

Heuristic

@ Generator

Acp(x) = —de *(x) + €2 / dya(y)(x + ey)

o Critical scaling: d = [ dya(y)
o Generator

Acg(x) = 2 [ dya(y) (p(x +ey) — 9(x)
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Scaling limit

Heuristic

@ Generator

Aeq(x) := —de 2g(x) + ¢ / dya(y)p(x + ey)

o Critical scaling: d = [ dya(y)
o Generator

Acg(x) = 2 [ dya(y) (p(x +ey) — 9(x)

d
= L (/d]/a<]/)yiyj) 0;0;¢(x) +o(e)
ij=1
e Compensator

(MO((g, ), X)), = ;/Otds/dya(y)<q)2+(PZ('+€y)va(£)>



Scaling limit

Heuristic

@ Generator
Aeq(x) := —de 2g(x) + ¢ / dya(y)p(x + ey)

o Critical scaling: d = [ dya(y)
o Generator

Acg(x) = 2 [ dya(y) (p(x +ey) — 9(x)

d
= ) (/d]/a<]/)yiyj) 0;0;¢(x) +o(e)

ij=1
e Compensator

(MO((g, ), X)), = ;/Otds/dya(y)<q)2+(PZ('+€y)va(£)>

= /Otds 2/dya(y)((p2,Xs(£)> +o(e)
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Scaling limit

Main result

Let X € T (X) with X\ — v.

Then (X)), converges weakly w.r.t. Skorokhod topology to a unique
measure valued cadlag process X

such that

MO0: = (9. %) — (9. o) = [ ds(Ag.X,)

is a martingale, where A := %Zf’j:l ([ dya(y)yiy;) 0:9;
and

M), = [ 52 [ dyaty (92 %)
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Lattice vs. continuum

@ Lattice version: R. Durrett and E. A. Perkins, 99

e Same limiting process

Finite measure as initial condition
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Slightly non-critical



Scaling limit

Lattice vs. continuum

@ Lattice version: R. Durrett and E. A. Perkins, 99

e Same limiting process

Finite measure as initial condition
Artefacts from discrete structure
Slightly non-critical

@ Continuous version

Infinite measures as initial condition

new phenomenology: additional invariant initial condition
Quasi solvable

Exact critical value for fixed ¢

Explicit formula for invariant measure

Instable
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Scaling limit
Scheme of proof

@ Bound uniformin 0 <t < T and ¢ of

(9, X1

e Explicit scaling limit for (¢, Xt(e) ).

e Control of process up to times ¢ 2T.
o Compactness in weak topology w.r.t. Skorokhod topology

@ Martingale representation, explicit formula for quadratic
variation
e Convergence of generators

T
Eyo [ ds|(Acp, X7 = (49, X()| — 0

x4

@ Characterization by quadratic variation



Scaling limit

Further development

e Hydrodynamic limit:

¢ [ g(ex)Xe ()

@ Critical fluctuations at non-zero density
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