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MACRO and MICRO models

PDE anD SPDE

as macroscopic dynamical descriptions coming from
microscopic models via

— scaling limits for dynamics (hydrodynamic, Vlasov, Landau etc.)
— scaling of fluctuations (equilibrium or non-equilibrium)

— closure of (infinite linear) moment systems

— hierarchical chains (BBGKY etc.)

— heuristic arguments
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Introduction

MACRO and MICRO models

Some qualitative predictions
based on the use of PDE and SPDE

may be considered as approximations
to more detailed behaviors of microscopic systems,

which are mathematical models of the real world notions.

All models are caricatures of reality.

Mark Kac
MICRO = MACRO 7
MACRO = MICRO ?

Inverse problems, calibration, data assimilation, etc.
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Introduction

Complex Systems: BIO sciences

SIMON A. LEVIN (Princeton)

"Complex Adaptive Systems: Exploring the Known, the Unknown and the
Unknowable”, Bull. AMS, 2002:

(1) diversity and individuality of components

(2) localized interactions among components

(3) the outcomes of interactions used for replication or enhancement of
components
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Introduction

Complex Systems: SOCIO sciences

PHILIP BALL " Critical Mass” (2004): PHYSICS OF SOCIETY

— Complexity theory seeks to understand how the order and stability arise from the
interactions of many agents

— We can make predictions about society even in the face of individual free will,
and perhaps even illuminate the limits of that free will

— It is a science of humans collective behavior

THOMAS HOBBES, "Leviaphan” (1651):
WE MUST ASK NOT JUST HOW THINGS HAPPEN IN SOCIETY,

BUT WHY.
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Introduction

Statistical Mechanics for Complex Systems

R.GOMORY:

The central problem is to develop an appropriate statistical mechanics that allows
one to separate the knowable unknown from the truly unknowable.

Such mechanics will have to deal with heterogeneous ensembles of
and with the continual refreshment of that ensemble by novel and
unpredictable types.
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Introduction

Statistical Mechanics for Complex Systems

The shift from Newtonian determinism to statistical science
is what makes a physics of society possible.

SOCIETY ITSELF IS FUNDAMENTALLY
A STATISTICAL PHENOMENON.
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Introduction

Statistical Mechanics for Physics

Equilibrium StatPhys
Non-equilibrium StatPhys
Hamiltonian dynamics

Stochastic dynamics
(Glauber, Kawasaki, Metropolis, ...)

| (Math. StatPhys) C (ID Analysis) |
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Introduction

Interacting Particle Systems

IPS as models in

physics (gases, fluids, condensed matter)

chemical kinetics

population biology, ecology (individual based models=IBM)

sociology, economics (agent based models=ABM)

LATTICE (OR) (AND) (vS.) CONTINUOUS
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Individual Based Models

RICHARD LAW ET AL., Ecology, 84(2003):
IBM is a stochastic (Markov) process with events comprising

birth,
death,

and movement.

Ecological models:

Bolker/Pacala, 1997, ...
Dieckmann/Law/Metz, 2000, ...

Meleard et al., 2004

Birch/Young, 2006

Kondratiev/Srorokhod, 2006

Finkelshtein /Kondratiev/Kutovyi, 2007-2009
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Introduction

We will consider
INDIVIDUAL BASED DYNAMICAL COMPETITION MODELS
RATHER THAN

COEXISTENCE REGULATION MECHANISMS,
C.F.,

K /MINLOS/ZHIZHINA, '07 (ECONOMICS)
K/KUNA/OHLERICH, 07 (GENETICS)
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Introduction

Mathematics and real world models

” RICHTIGES AUFFASSEN EINER SACHE UND
MISSVERSTEHEN DER GLEICHEN SACHE
SCHLISSEN EINANDER NICH VOLLSTANDIG AUS”.

F.Kafka

(Right understanding of a notion and its wrong understanding
do not exclude each other completely)
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Introduction

Mathematics and real world models

From a speech of 1.M.Gelfand at the Royal East Research,
September 3, 2003:

” MATHEMATICS IS A LANGUAGE.

MATHEMATICS IS AN ADEQUATE LANGUAGE IN MANY AREAS SUCH AS
PHYSICS, ENGINEERING, BIOLOGY. THIS IS A VERY IMPORTANT NOTION AN
ADEQUATE LANGUAGE...

THE LANGUAGE OF MATHEMATICS ALLOWS US TO ORGANIZE A LOT OF
THINGS” .
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Mathematical Framework Configuration spaces

General facts and notations

The configuration space:

I:={~C Rd| |7y N A] < oo for all compact A C Rd}.

(] - | cardinality of set).

Vague topology on I':
the weakest topology s.t. all functions

Tsy—Y flx)=(f,7)€R

xTEY

are continuous for all f € Co(R?).

I" is a Polish space.
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Mathematical Framework Configuration spaces

n-point configuration space:

r :z{nCRd| Inl=n}, neN,.

The space of finite configurations:

To:= | | 7.

n€Ny
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Mathematical Framework Correlation functions

K-transform

Combinatorial Fourier transform (Lenard; Kondratiev/ Kuna):
additive type observables

KG(y):=) _ G(§), yeT
H<g]

for
GIFOHR

(quasi-observables)

K™'F(n) =Y (-1)I"™¢IF(), neTy
£Cn
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Mathematical Framework Correlation functions

Convolution (Kondratiev/Kuna):

(G1* Ga)(n) = > G1(§1 U &)G2(&2 U &),

(€1,62,63)€P5(n)

with property

K(Gl*GQ) = KGl 'KG2
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Mathematical Framework Correlation functions

Correlation measure

M} (T) = probability measures with finite local moments.

My(Ty) = locally finite measures on T.

One can define
K*: Mg, (T) — My (L) -

Vi e ML (T), G € Byps(To)

/ KG(y)u(dy) = / G(n) (K 1) (dny).
T To

pu =K

is called the correlation measure.
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WEREHERIEINSEMEWIIR Correlation functions

Theorem

Let u € M} (T) be given. For any G € L*(T'y, p,,) we define

KG(v):=Y_ G(n),

neEy

where the later series is pi-a.s. absolutely convergent. Furthermore, we have
KG e LY(T, ),

/ G(n) puldn) = / (KG)(7) ul(dn)-
To T
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Mathematical Framework Correlation functions

Lebesgue-Poisson measure

o = Lebesgue measure on (RY, B(RY)).

For any n € N measure ¢®" can be considered on (R%)".

o™ = projection on '™

The Lebesgue-Poisson measure )., z >0 on ['y:

Yu. Kondratiev (Bielefeld) Random Evolutions in Continuum 21 /98



Mathematical Framework Correlation functions

Poisson measure

The Poisson measure 7, on (I', B(T")) is given as the projective limit of the family
of measures {72} scp, (ra), where w2 is the measure on T'y defined by

ah = em#0 (M)

z z:

/ UM dr, () = exp{/ 1)zdx}.
r

/ZF z,vy)dm, (y / RdF x,7y)zdxdm ()

xeEy
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Mathematical Framework Correlation functions

Correlation functions

A measure p € Mj (') is called

locally absolutely continuous

w.rt. m, iff pp = p OpX1

is absolutely continuous with respect to 77? =, opK1

for all A € By(R%).

In this case p, := K™ is absolutely continuous w.r.t ..

d
ku(n) =SP4 (), m € To.
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Mathematical Framework Correlation functions

k/,/(fm) . (Rd)n — LRt

k&")(ml, R R IE

ky({z1,...,zn})

correlation functions.

v (Bielefeld) Random Evolutions in Continuum
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WEREHERIEINSEMEWIIR Correlation functions

Definition

A measure p € M;¢(T'g) is called positive definite if
[ (@C)mptdn) 2 0, ¥G € Buu(r).
To

where G is a complex conjugate of G. The measure p is called normalized iff

p({0}) = 1.
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Mathematical Framework Correlation functions

Theorem (Kondratiev/Kuna)

Let p € M;¢(Ty) be given. Assume that p is positive definite, normalized and
that for each bounded open A C R?, for every C' > 0 there exists Dp,c>0st

p(T}) < Dy, cC", neNg.

Then there exists a unique measure 1 € ML _(T) with p = K*pu.

Remark: A sufficient condition for the bound in the theorem:

k™ < om(nl)tE.

Yu. Kondratiev (Bielefeld)
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Mathematical Framework Markov evolutions and CF

B-A-D generators

Birth-and-death processes in continuum with generators

=Y dlzy\2)[F(y\ @) = F(v)]+

xrey

/R b )[F( U )~ Fy)]do

Some ecological processes are specified by:

b(ﬂfﬁ) = Zye'y By(l‘7"y)
b(z,0) =0
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Mathematical Framework Markov evolutions and CF

Existence problem

K/Lytvynov
K/Lytvynov/Réckner

K/Kutoviy/Zhizhina
K/Kutoviy/Minlos

Holley/Stroock

Ferrari/ Garcia

K /Skorokhod particular classes
Garcia/Kurtz

Finkelshtein /K /Kutoviy

} Dirichlet forms

}Glauber dynamics
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Mathematical Framework Markov evolutions and CF

Correlation equations

moment equations = hierarchical equations
(o = initial distribution
X! €T Markov process with initial distribution z

us € MY(T) distribution at time ¢t > 0
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Mathematical Framework Markov evolutions and CF

Correlation functions

fO(xq,...,2,) symmetric function on R™?

A Z f(n)(xil""’xin)d/l(’}/)

{Zigees®ip JCY

1
== [ P gk (s yn) do(y) -
n. Jrnd
= (k)
Lenard
K/Kuna

Berezansky/K/Kuna/Lytvynov
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Mathematical Framework Markov evolutions and CF

Correlation functions dynamics

In components:

k™
61 = (chkt)(n),n >0
ol
— = Lcrk
ot CFvt

Lerp: CF evolution generator, ky = (k{™)22,.

General theory of CF generators for B-A-D processes
and several particular models: [Finkelstein/K/Oliveira '07-'09]

Compare: BBGKY-hierarchy etc.
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Mathematical Framework Markov evolutions and CF

Harmonic analysis on configuration space

(Fouy=[. Fd

L: % = LF, I, F M= e £ M} (T) L*: S = 12y,

7 A

I ,

i

Ki\ !K*l K* - Lenard

T . -1 Tx . dke _ T
L:=K'LK Lo, G Gl Grax K(To) L dhe — [k,

K-transform:

)i=Y G(&), yeT.

£E€y
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Markov evolutions in continuum Construction of dynamics

General scheme of construction of non-equilibrium process

o Let p: Ty — R be arbitrary positive function. Denote
M})(F) ={peM )|k, <const-p}.

o Let L be a Markov pre-generator defined on some set of functions F(I)
given on the configuration space I'.

OF;
— = LF, KE
at ty ( )
F, =e''Fy  (Markov semigroup)
% — L*u;, (DKE = FPE)

pe =P g (state evolution)
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Markov evolutions in continuum Construction of dynamics

o Let

L:=K'LK
be a formal K- transform or symbol of the operator L (our starting object).

@ We consider

L: D(I:) cCL—-L
in a Banach space

L= Ll(Fo,pd)q) — @Ll (F(n)7 p(n)U(h)) ]
n=0

Suppose that domain of this operator is such that it is closed and densely
defined in L.

@ Suppose that (ﬁ, D(ﬁ)) is a generator of a semigroup in L:

L—U,t>0
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Markov evolutions in continuum Construction of dynamics

@ Introducing duality between Banach spaces £ and
K(p):={k:To—R | k-p~t € L®To, A1)} :

(G, k) :=
k
= G- kd\ = G-—-pd\, GeL,
Ty Ty P
we construct dual evolutional family U, t > 0 on K(p).

@ Suppose that function p in the definition of K(p) satisfies Ruelle-type bound.
Let k € K(p) is a correlation function (i.e. the corresponding correlation
measure is normalized, positive definite) and let

ke :=Ufk, t>0

denotes an evolution of function k.
@ Assume that for any t > 0, k; € K(p) is positive definite, normalized function.
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Markov evolutions in continuum Construction of dynamics

By the main CF theorem one can easily construct an evolution on M}):
ko— n
ke =Ufk — Ufp, t>0,
we=Up € M;

The existence of semigroup U}, ;>0 on ./\/l}, implies the existence of process
(X{")i=>0 associated with generator L for any initial distribution 1 € M},

(Bielefeld) Random Evolutions in Continuum 36 /98



Spatial birth-and-death processes

We consider a Markov pre-generator on I', the action of which is given by

(LF)(v) == (Lp,aF) () =

= Y d(z, 7\ 2)D; F() + / b(w,7) D7 F(7)dz,

d
xTEY R

Dy F(y)=F(y\z)— F(v),

D}fF(y) = F(yUz) — F(v).
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Free growth

Stochastic growth

BIO: independent growth (plants)
Dispersion kernel:

at(x —y)dz
0 <at e L'(R?) even.

Generator:

(Li6F)(3) = e, fpaa® (@ = y)[F(y Uz) — F(y)] da
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Free growth

Stochastic growth

SOCIO-ECO: migration model (=
)

(LymF)(y) = 2 [ga(F(yUx) — F(v))da

GENETICS: generalized mutation models
Evans/Steinsalz/Wichtner, 2005

Yu. Kondratiev (Bielefeld) Random Evolutions in Continuum
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Stochastic IBM Free growth

Density of population

Independent Growth: k() ~ Cer, t — oo

Migration Model:  ki(z) ~ Ct,t — oo

Problem: to analyze stochastic evolution models in presence of global regulations
and local competitions
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Contact model in continuum

IG with mortality = Contact Model

Generator:
(LE)(7) = Xpey mF (v \ 2) = F(7)]+
doyer Jraat (@ —y)[F(yUz) — F(v)]dz

m =  global mortality intensity

Existence of the Markov process:

[K/Skorokhod, 06] finite range a™
[Finkelstein/K/Skorokhod, 07] general case a™t

Spatial branching with dispersion and mortality (emigration)
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Stochastic IBM Contact model in continuum

Correlation equations for CM

[K/Kutoviy/Pirogov, '08]
What can happen?

Take translation-invariant initial condition

ki(x) = py.

G =—(m—(a"))p

m <a+> =p—0

m < <a+) = pp — +00

m = (a*) = ps = po

m = (a™) critical value of mortality

Possible invariant states: for m = (a™)
that is the critical value m = my,
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Contact model in continuum

CF time evolution

ok
ot

(1., 2pn) =

—nmkgn) (T1,. ., Tpn)+

i=

J#i

n

Z/dcﬁ(a:i —y)kt(n)(xl,...,xi_l,y,xiﬂ,...,
_ R

i=1

Yu. Kondratiev (Bielefeld) Random Evolutions in Continuum
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Contact model in continuum

Theorem

Let k(g") < C"n), n>0.
Then k{™ (z1,...,2n) < A™(C + t)nen(<at>—mity)

Remark:

actually for a Poisson initial state and x4, ..., z,, inside a small ball

kt(n)(xl,...,;vn) ~Cr'n), t>0,n— oo,

that means

STRONG CLUSTERING!

Yu. Kondra Bielefeld) Random Evolutions in Continuum
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Stochastic IBM Contact model in continuum

Invariant measures

Let d > 3.

Stationary equation:

Ok
ot

Theorem
Assume a*: [o.]z?a™ (x) dz < co.

Vp > 0 3! equilibrium solution (k(™)*)°_ corresponding to a measure
€ MN(T)
with the density k(1) (z) = p.
We have
K2 (2) < Clp)" ()2, > 1

Yu. Kondratiev (Bielefeld) Random Evolutions in Continuum
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Stochastic IBM Contact model in continuum

For d < 2 u” does not exist!

The point:
dp
— = <X
/pg a(0) —a(p)

necessary condition for the existence of k(2)*(z, 7).

(Bielefeld) Random Evolutions in Continuum
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CM with Kawasaki dynamics

CM + Kawasaki dynamics (plankton model)

K/Kutoviy/Struckmeier '08

Equilibrium state for CM needs d > 3.
d=27

Consider a CM with a motion of individuals:
take into account different time scales
Generator in the bio-time scale:

D=3 [ A= 0IFG\r U~ Fo)dy + (LenF)0)

= ((Lk + Lem)F) ()

’ L = Lg(») + Lem(m, a™) ‘
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Stochastic IBM CM with Kawasaki dynamics

Critical value m = (a™).

Assume heavy tail jumps:

/ L _ap<
=, ap o0
<1 1 —(p)

For example:
p) = "
1 < a < 2 (stable distributions)
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CM with Kawasaki dynamics

Theorem

Vp > 0 3! invariant measure u” for CM with Kawasaki dynamics.

INTERPRETATION: super-diffusive stochastic dynamics of individuals in bio-time
scale.
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Free development with mortality

Independent birth with mortality

Surgailis process:

(LE) () =m e, (F(y\ 2) = F(7))+
z [pa(F(yUz) — F(y))dz

Unique invariant measure is the Poisson measure on I" with intensity

z

m
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Ecological models with competition

BDLMP model

Bolker-Dieckmann-Law-Metz-Pacala model
(= CM + density dependent mortality)

L = LC’]\/[ =+ L(CL—)

L)) =Y [m+ > a(@—a)|[F(y\2) = F(7)]

TEY z'ev\z

3 / [F(yUz) — F(y)|da

yey

a™(x — y) — dispersion kernel
a~ (x — y) — competition kernel
0 < a* € LY(RY)

Yu. Kondratiev (Bielefeld) Random Evolutions in Continuum
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Stochastic IBM Ecological models with competition

CF evolution

[Finkelshtein /K /Kutoviy, '09]
Generator on correlation functions:

(Lork)(n) = —k(n) [min| + B ()] -

/Rd, Z a”(z —y)k(nUz)de+

+> kn\z) Y at(x—y)+
TEn yeEN\z
[ X at@ =kt \z U

Yu. Kondratiev (Bielefeld) Random Evolutions in Continuum 52 / 98



StiEBE NIVl Ecological models with competition

Ecological problem

May the competition mechanism lead to
THE "REGULARLY DISTRIBUTED” IN SPACE POPULATION
with bounded in time density?

Possible condition: big enough mortality m to control density

Random Evolutions in Continuum 53 / 98
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Stochastic IBM Ecological models with competition

Competition assumptions (CA):

3C>0: a(z) <Ca (2)
m > Cl{a™)+ (a™)

that means strong enough competition and mortality

Bielefeld) Random Evolutions in Continuum
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StiECE NIVl Ecological models with competition

Theorem
Let (CA) fulfilled. For any initial CF s.t.

M <crneN

there exists the unique solution of the CF equation k§">, t > 0,n € N, satisfying
the same bound

This gives a sub-Poissonian bound,

i.e., strong enough competition

destroys clustering in CM!
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Ecological models with establishment

CM with establishment

[Finkelshtein/K. 2007]
at(z—y) — at(z—y)e BN
e B @) = e(x,~y) establishment rate
E%2,7) = ¥ é(z —a')

'€y
competition for survival

Bolker-Pacala establishment rate

6(:17,’)/) = 1 —i—Ed’(.’JS,’y)

Yu. Kondratiev (Bielefeld) Random Evolutions in Continuum
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Ecological models with establishment

Generator

(LE)(y) =
> mlF(y\ ) = F(y)]+
xrey
> [ @t - et )P U0) - F)ldo
yevy /R
Yu. Kondratiev (Bielefeld) Random Evolutions in Continuum
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Stochastic IBM Ecological models with establishment

Existence of MP

Stability condition:
m>0, 38>0: a"(x) < Beé(x)
L=L(m,a",¢)

Theorem

Under the stability condition there exists a unique Markov process on I for
L(m,a™, ) (for certain class of initial configurations).

Proof is based on a delicate use of

a [Garcia/Kurtz, 2006] existence result for B-A-D processes
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Stochastic IBM Ecological models with establishment

Correlation functions in CM with establishment

Time evolution of CF

Theorem (Finkelshtein/K '07)

Assume stability condition is true and initial CFs satisfy a sub-Poisson bound
KM <cnn>1.
Then there exists Cy > 0 s.t. for the time dependent CFs holds

KM <orn>1.

Remark:
The establishment mechanism is more effective
comparing with density dependent mortality:

we do not need to have a big enough mortality
to organize control over time-space behavior
of the population

Yu. Kondratiev (Bielefeld) Random Evolutions in Continuum
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Stochastic IBM Ecological models with establishment

Density dependent fecundity

b(w,7) =Y at(@—y)fy,7\v)

yeY

_
Flyr\y) = e )

OPEN PROBLEM:
PRODUCES THE FECUNDITY AN EFFECTIVE REGULATION OF THE

POPULATION?

Yu. Kondratiev (Bielefeld) Random Evolutions in Continuum
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Dieckmann-Law model

Dieckmann-Law model

[Finkelshtein/Kondratiev, '09] (in preparation)

(LEYy) =) |m+ Y a (@=a) | [F(y\z) - F(y)]

z€Y z'ev\z

+X [ ate—n |1+ X su=9) | PG U0 - POl

yEY vy €v\y
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Dieckmann-Law model

Dieckmann-Law model without competition

i)DLM without local competition (a~ = 0).
Assume existence of corresponding MP X, € T'.

For A ¢ R? bounded put

nd =E(|X,NA|)

Then Fty :

n{\—>+oo

t—to—0 (explosion).
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Dieckmann-Law model

Dieckmann-Law model: non-explosion

ii)DLM: non-explosion via competition d > 2
Construction of a Lyapunov functional
(cf. [K/Skorokhod, '06]

1

65(.%') = m, 6>d
|z —yl+1
s(z,y) = es(x)ea(y)kclyﬂ{x;éy}

Ls(v) = (es,7)

Es(y) = Y, Ws(z,y)

{z.y}Cv

Vs(v) = Ls + Es
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Dieckmann-Law model

Assume

Introduce A5 = AC(6,d) > 0

Theorem

Assume
a” (z) > 245b(x)

= 3C > 0:
LVs(y) < CVs(7).

If, additionally, m > 2As(a™t) =

LVs(y) <0

Yu. Kondratiev (Bielefeld) Random Evolutions in Continuum 64 / 98



Competition in economic models.

Independent development with competition

b(x,v) = z > 0 (independent birth with constant intensity)

(i) d(z, v\ z) = ePEE@END) — generator L~
E(xV Y \ l’) = Zyé’y\z ¢($ - y)

(i) dlz,y\z) =m+ 3> o\, a (. —y) = generator L,

(iii) d(z, v\ z) = 22, c\s @ (x — y) = generator Lo
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Stochastic IBM Competition in economic models.

(i) Glauber dynamics G~

Symmetrizing measures for L™ are

grand canonical Gibbs measures G,.(3, ¢, z)

L™+ X, €T equilibrium Glauber dynamics
via the Dirichlet form method [K/Lytvynov, '05]

Non-equilibrium GD:
[K/Kutovyi/Minlos,"08]

via CF evolution.
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Competition in economic models.

(i) Surgailis process with competition

(LmF)(’Y) =
Y wer M+ 0 (@—y)(F(y\z) - F(v)+

2 [(F(yUz) = F(y))dx

Here we have a sub-Poissonian evolution of CFs.
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Competition in economic models.

(iii) Stabilization via competition

[Finkelshtein /K, '09]

Consider (ii) with m =0 =
pure competition mechanism (i.e., without global regulation)

(LoF)(7) =
doreny 2ayena @ (@ —Y)(F(y\z) = F(7))+

z [(F(yUz) = F(y))dx

Hierarchical equations for CF do not give any a priori information about the
density of the system.

There we need the Markov structure (generator!) to obtain corresponding density
bound.

Yu. Kondratiev (Bielefeld) Random Evolutions in Continuum 68 / 98




Stochastic IBM Competition in economic models.

Mean density bound

Let X; € I will be MP corresponding to Ly and an initial measure with bounded
density.

Let A = B (0, R) be a ball with center at origin and radius R > 0.
Introduce the mean density

1
AL (1)
pr = Al /Akt (z) dx.

Our aim is to produce a time bound for this density
and any such volume A.
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Stochastic IBM Competition in economic models.

Theorem

Let a~ be a continuous function of positive type on RZ.

Then the mean density

1
A - (1)
Py = A /Ak:t (z) dzx

is uniformly bounded int > 0 and A.
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Stochastic IBM Competition in economic models.

Comments

We use the explicit form of the generator instead of CF equation.
Denote 7o =y N A.
Then

C
Lolal < ~prhal + 2IA]

That gives easily for p; = p

d
P <z—Cpj.

The proof follows from an analysis of this differential inequality.
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vo-component contact models

Phase space for two-component systems

I't=r-—=r

I2=rt+xI"

B(I?) =BT xB(I")

v=0%7)

Cylinder function: F(yT,7v7) = F(yt NA,v" NA)
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JLCE Donor case

Description of model

o L = LgM + Loy + L — generator

int

@ Here
(LéwF) 6F7) = 30 [F(y \ey™) = F(v"77))]
+ At /]Rd ( Z a® (.Z'—l‘/)) [F(ytUz,y)=F (vt y7)]da
(LenF) (7F97) = Zﬁ [F (v \y) = F(y"77)]
AL ( Zf a” (y—y’)) [F(v" v~ Uy) —F(v,77)]dy
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Two-component contact models DL

Description of model

@ complementary birth of " +"-particles
(L F) (7777)

= e Z al@z—y) | [F(htUz,y)=F(*,y7)]da

@ The functions a,a™,a™ are positive, even, integrable and normalized. The
constants A\, AT, A~ are positive.
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Two-component contact models DL

Existence of process

o Let A

(1 fa)”
where 3 > 2d, then there exist a massive set of starting points for the
process v — ¢
[Finkelshtein/Kondratiev/Skorokhod, '07]

@ The problem: studying the behavior of correlation functions for ¢ — oo
[Filonenko/Finkelshtein /Kondratiev, '08]

a(z),a®(z) <
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ponent contact models [EBILIeIgeeER)

Dynamics of correlation functions

° I‘(Q):FUJFXF(}
o Kt =Kol-, K- =1T9K
@ Scheme

F(r2) - myre)
K*K*T l(K‘*’K‘)*

}'(I‘%) T MO‘(F%)
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Operator L*

Yu. Kondratiev (Bielefeld)

Two-component contact models DL

(14) )

= —(’n*‘ + ‘n")k (77+7777)

Y Y at @k (0" \wn)
zent a’enti\a

Aty /a*(wfw’)k(ﬁ\muﬂv'w*)dw/
zentpd

A Yy af(y—y')k(rfrﬂf\y)
yen— y'enT\y

A7 ) /tf(y—y')k (n*ﬂf\yUy/) dy’
7/671_@1

Ay > a(rfy)k(ﬁ\z,n’)

zent yen—

+x 3 / a(r—y)k(fﬁ\fwf Uy) dy
1677+Rd
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omponent contact models [BILIeIgecER)

First-order correlation functions

o Let & (z) = ki({z}.0), k; (y) = ku(0,{y}). Then

Ik, (y) =~k (y) + A /a7 (y— "k (v)dy'

ot
Rd
+
(r“)k:?t(x) =~k (z) + )\+/a+(x — 2k} (2 )da'

Rd
A / oz — y)k; (v)dy
Rd

@ Cauchy problem: initial conditions
ko (y)=c +¢7(y) 20, ky(z)=c"+9F(x) >0

where functions 1, 1T and their Fourier transforms ¢)~, 9" are integrable
on R4 and ¢, ¢ > 0.
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ponent contact models [EBILIeIgeeER)

Second-order correlation functions

ak;7 (yl ) y2)
ot

= =2k (y1,92)
+ATa" (y1 — ya2)lky (y1) + Ky (y2)]
+AT /a_(% —y)ky (y2,9")dy’

R4
+ AT /af(yz —yky  (y1,9")dy’
]Rd
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ponent contact models [EBILIeIgeeER)

Second-order correlation functions

Ok (x,y)

ot = _2k;r*<x7y)
+ At /cﬁ(az — 2k (2!, y)da’
Ra
+A7 /a’(y —y )k (2,1 dy’
Rd

+ Aa(z —y)k; (y)

+ A/a(l‘ -y )k~ (y,y)dy'
Rd
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ponent contact models [EBILIeIgeeER)

Second-order correlation functions

= =2k T (z1,22)

ot
+ At /a+(x1 — 2k (w9, 2 )da!
Rd,
+ AT /(l+(fL'2 — 2k T (zy, 2" )da!
Rd

+ ATat (21 — z2) [k (21) + K (22))]

+ A/a(xl — Yk (z2,y)dy

Rd
+ A/a(arfz — )k (z1,y)dy
]Rd
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Two-component contact models Donor case

Second-order correlation functions

@ Cauchy problem:

ko~ (y2) =c " +¢ T (y1—y2) 20
kg (zy)=c"" et (x—y) 20
ki T (z1,20) = P + ot (2 —20) 20
where ¢c==, ¢=, ¢t > 0and ==, o=, T are integrable functions on
-

R? together with their Fourier transforms ¢~~, ¢
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Two-component contact models DL

Asymptotic for densities

Theorem

One has at t — oo:

0, if max{A\t, A7} <1
+ }) k)
) = { 0o, if max{At, A"} >1orAdt=A"=1 "

and in the case 1 =\t > A\~

e~
1—X"’

k‘j(x) —ct+

and in the case \T < A\~ =1

Yu. Kondratiev (Bielefeld)
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Two-component contact models DL

The limits for second-order corr. functions

Theorem

1 IfFXT =1,0< A~ <1 then

limy oo by~ (Y1,92) =0
lim; o0 by~ (z,9) =0

and

2X¢t— A
- o+
A B (w1, 2) = (C 1= 1)2)

+ Q1 (21 — 22) < 00,

where function Q" depends only on initial value ¢ (and on parameters
MAE a,at).
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Two-component contact models DL

The limits for second-order corr. functions

Theorem
2. IfA"=1,0< At <1 then

lmy oo by (y1,92) = ¢~ + 27 (Y1 — y2) < ©

Ac” —

limy oo ki~ (7,y) = 255 +ET (2 —y) < o0

o 2,—— —_
limg o0 ki (21, 22) = (f‘fT)Q + 2T (21 — x2) < 0

where functions 2=~ =Y~ =TT depend only on initial value ¢~ (and on
MAE a,at).
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Two-component contact models

Donor case

Ursell functions

o Let T =0and ctt = (ct)2, ¢t~ =cte, ¢~

= (c¢7)?, then
o forthecase \T =1, 0< A\~ <1

thm (kt++(ﬂ?1,l‘2) - (k?)Q) = QJr+(31’1 — x2)

o forthecase \= =1, 0< A \T <1

lim—oo (k7 ~(y1,92) — (k7)) =27 (1 — v2)
limy oo (K~ (z,y) — kiTky ) =EF " (z —y)
1imt_,oo (k;_+($1,l‘2) — (k‘z_)Q) = E++($1 — .732)

@ And the functions €2 and = are solutions of equation corresponding to
stationary equation

L'k =0

Yu. Kondratiev (Bielefeld)
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ponent contact models [ESYIIIIClalReEN

Description of symbiotic model

o Ly=L&y+Loy+ L, + L, =L+L,

int

@ Here

@ where a’ has the same properties as a and \' > 0.
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omponent contact models [ISYUIINIINEES

First-order correlation functions

@ One has
Bkgt@) =k () + A" / o™ (y— vk W)y’
Ré
+ A’/a’(m — )k (z)dx
Rd
+ X
8kt8t( ) = k@) + At / at(z — ')k (2 )da’
Rd
4 / a(e — )k (y)dy
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mponent contact m Symbiotic case

Solution

o Let k¥ = ¢t > 0. Then (k' k; )= = etA(ct,c)*, where

AT -1 A
N AT -1

o Characteristic equation has positive discriminant (since A\’ > 0) and,
therefore,
kf = Cfexit 4 CFexet,

@ As a result, the first-order correlation function goes to (non-zero) constant
only if x1 < x2 =0.

o Sufficient condition:
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Spatially heterogeneous IBM

Heterogeneous Contact Models:
random mortality

Lattice case: Joo/Lebowitz, Phys.Rev.E72, 2005

Mortality rate m — m(x,w) >0
Density evolution

8l€f(l’) _ rat
el L ky(x) — V(x)ke(x)

where

L f(a) = / a* (z — ) () — F(@)ldy

V(z,w) =m(z,w) — (a™)

Parabolic Anderson problem for pure jump generator
(CTRW in continuum)
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Spatially heterog

Random establishment

a(z—y) = a’(z —y)b(z,w)

Generator

(LF)(7) =Y m(@)[F(y\ z) = F(y)]+

TEY
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Spatially heterogeneous IBM

Density evolution

8kt(m)
ot

= L¢" ki(x) — V(2)ky(2)

L f(a) = bz, w) / a* (z — ) () — fla))dy

V(z,w) =m(z,w) — b(z,w)(a™)
Lg+ is symmetric in
L3R, b~ (z)dx)

(quenched random measure?).
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Spatially heterogeneous IBM

Random fecundity

Random fecundity rate

Birth rate

Yu. Kondratiev (Bielefeld)

RSy (y,w) >

b(x,v,w Za T—y

yeY

Random Evolutions in Continuum
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Spatially heterogeneous IBM

Density evolution

akt(m) o at
T L3 ki(z) = V(2)ke(2)

L% fla) = / ot (@ — )y ) () — F()]dy

V(z,w) =m(z,w) — {(at(z — )x(-,w))

e

bl

is symmetric in

L3(RY, s¢(z, w)dz)
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Spatially heterog

CTRW in random environment

Two types of quenched jump generators:

L f(a) = b, w) / a* (& — )| ) — F(@)]dy

L2 f(a) = / ot (@ — )l ) () — F()]dy
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Spatially heterogeneous IBM

Feynman-Kac formula

Quenched CTRW:
(l/+ w w
Ly, — &
Density of population:

kep(2) = By lko(€2)e™ Jo V(EDds)

Quenched vs. annealed

(cf., e.g., Donsker/Varadhan, Gaertner/Molchanov, Sznitman, ...)

Yu. Kondratiev (Bielefeld) Random Evolutions in Continuum 96 / 98



Spatially heterogeneous IBM

Other aspects of IBM

— multi-type systems
(Finkelshtein/K; F/K/Skorokhod),

— mutation-selection models in genetics
(K/Minlos/Pirogov; K/Kuna/Ohlerich)

— scaling limits
(Finkelshtein/K/Kuna/Kutovyi; Finkelshtein/K/Lytvynov;
Finkelshtein/K/Kutovyi)
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Spatially heterogeneous IBM

— Kawasaki dynamics in continuum
(K/Lytvynov/Roeckner;K/Kuna/Oliveira/Streit)

— plankton dynamics
(K/Kutovyi/Struckmeier)

— stochastic evolutions in evolving random environments
(Boldrighini/K/Minlos/Pellegrinotti; Struckmeier)

— spectral analysis of Markov generators
(K/Lytvynov; K/Minlos; K/Zhizhina; K/Kuna/Ohlerich)
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