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Plan

¥ Brief motivation
¥ “Late time expansionO for Lambda-CDM

¥ InRationary Lambda-CDM cosmologies - construction and characterization
from moduli space approximation




Motivations

¥ Last decade has seen interesting discovery of late time acceleration probably
due to Lambda. Interesting from perspective of holography cf. AdS-CFT

¥ Last decade has also seen interest in going beyond linear PT about FLRW,
and challenging the accuracy of using an FLRW background

¥ claims that dark matter/energy are artifacts of nonlinearity
¥ formal interest: how to OaverageO cosmology and develop RG

¥ Develop methods that allow interpretation of late time observation which only
depend on late time physics (ie. not dependent on inf3ationary initial
conditions, weakly dependent on Einstein equations themselves...)




Late time expansion

¥ Method introduced by Starobinsky in context of inRation [O82]

¥ Analogous to Graham-Fefferman expansion for hyperbolic space, and its
generalization to AdS in Oholographic RGO

¥ Take Einstein equations with perfect dust 3uid (CDM on large scales) and ! .
Write the metric as;

H?= A/3

¥ Have taken normal coordinates. Note: const z*curves are geodesic in
normal coordinates. Since dust follows geodesics we may choose the y
surfaces to bx const ' curves to comove with the dust.

¥ For regular i (X,¥) have conformal boundaryat ¥ =0, Pastisy >0 y! e




Late time expansion...

¥ Then the stress tensor Is: — (A+p), T,uy=0, T;= y_A29"j

¥ cf. synch gauge
¥ This choice Is deviation from previous work and gives large simpliPcation

¥ The Einstein equations are:

1 L, . 1

¥ Eqn for density g-— yg — 59 g = - H2y2”

¥ Constraint Vigi —Vigi=0

2 1
¥ Tensor eqn Jj * ygu + 89|J (gmn g - g ) + Om G




Late time expansion...

¥ First egn simply determines the dust density p

¥ Consider brst tensor equation. This may be solved as expansion in OyO:

g’bj(y X) = @zg(x) Ty a(O)(X) T yghzj(X) Y a,S)(X) y a,E?)(X) + ...

¥ Frobenius expansion about y=0 (not Taylor expansion). Here @;(X) is the
conformal boundary metric, and  p;;(z) can be thought of as Oextrinsic
curvatureO of conf boundary:.

¥ All other terms in expansion, a" (x) , determined in terms of @, h and we

note that: 0 I = | R
) = oz Ri b 7GR

¥ Indicies above raised/lowered wrt § so af) (z) livesO ong (as doa™ (x) )




Late time expansion...

¥ Now consider the constraint equation: ! 7¢;;"! ;=0

¥ Debne: 'i! "lg #7ig

¥ Tensor equation implies this quantity evolves iny as !,! ; = - g !

¥ Integrate to give: ! i(y,2) = Ai(z)y2e 3 ¢ WUX) for some constants  Au(X)
¥ Evaluate ! on solution expansion: !i(y,x)=3 ¥ h; — @ h y2+ O(y?)

¥ By comparison we observe the constraint implies: 1h; " I ;h =0

¥ Note this constraint, applied to data h, then holds for all of expansion.




Late time expansion...

|
H2

= —3y°h+ >y’a®h+ O(y")

¥ Dust equation then determines:
¥ Note the physical requirement that the trace h< 0

¥ Physically the late time expansion captures cosmologies (or patches of them)
where Lambda comes to dominate at late times.

¥ We see such solutions of Lambda-CDM are characterized by a 3-metric Oi;
and a tensor hj living on that 3-metric and obeying ¥ h; " ¥;h=0

¥ Note the scaling symmetry; — y! 'y g;! Ag; h;; — h;/!

¥ hij simply gives the “boundary stress tensorO; T; =h; | =




Resummation

¥ Previous late time soln is expansion about Rat dS; & = !j hij =0

¥ Deformations about 3at dS are controlled by curvatures of ;;, hij and its
derivatives all dimensionalized by H ,

¥ This is not ideal since our solution doesnOt treat the FLRW solution exactly,
even though we know this!

¥ Consider Rat FLRW: gi )4/ 3,
( )y

Loy + ...

! 12H2 1/ 3

Lo

¥ Surprisingly (?) this converges back to big bang, ygg =

¥ Encouraging as, for weak inhomog. may expect ‘convergenceO far back!



Resummation...

¥ Consider general FLRW. Take; Gj =!i with B =2 kg; and homogeneous

¥ Then ! ;; Is sphere metric (k>0), Is Rat ! (k=0) or hyperbolic metric (k<0)

¥ Then we require: h; =1 1o/ (3H)! ; to give FLRW data, with ' Loy” + ...

¥ Take: @ = a*(y)!i; with a@0)=1

¥ Usual analysis allows determination of function a(y;k, po) “exactlyO from odes

!
" 6y2H?2

¥ Expanding soln with ' ! 'o¥° + ... can straightforwardly be computed.



Resummation...

~ 1 . . :
¥Foratensor Tj denoted T; ! T " ggij T as Its anisotropic component.

1 2 1 1 o
: 2 _ 2 . . ;
¥ Now resum as; ds? = . (! —z t o (vy; 61%,! @h)@;j(ﬂf,y)dﬂj dfb"”)

65y, 1) = @i(x)+ 20 (@) + o*hi(a) + yD () + y*bD (@) + ...

¥ Where again, @' hj " ¥ih=0 | and the pair (3,h) characterize the solution

210)
¥ Higher terms: H b

41(1)
H bij

212)




Resummation...

¥ Seemingly trivial, but the expansion of @ (¥.X) iny is an expansion about
FLRW. Taking g ="' and hy =110/(3H)% ; gives g; (y,x) = gj (x)

¥ Truncating 8 (y,X) at some order in y now exactly treats the *homogeneousO
dust and curvature components. All terms in the expansion parameterize
deformations in inhomogeneity and/or anisotropy

¥ *GoodnessO of approximation of series is now determined by inhomog/
anisotropy only.




Inflationary solutions

¥ For general (8.h) inhomogeneity will grow to the past. However we have the
Important physical input from inf3ation that we should be interested in
solutions that asymptote to FLRW in the early matter epoch.

¥ How can we characterize this set of cosmologies?

¥ Use perturbation theory and then moduli space deformation of Rat FLRW
solution.

¥ New notation: ds* = ! 2(y)gij (z,y)dz'dr)  where a?(y) = (1!

¥ Now RRat FLRW:




Cosmological PT about flat FLRW

¥ Conventional PT - just consider scalars here. g; (x,y)="!; + gif’ (X,y) +! gi,T (X,¥)

¥ Scalar perturbation:  1gZ(x,y) = AX,y)li; + """ ;B(Xy)

al
a

¥ DebPne diffop: Dy =1, + _§+3

¥ The scalar equations gives: Alz,y) = ¢(z), D,0,B=




Cosmological PT...

¥ For early matter epoch behaviour expand in proper time coord; t=1! vy

¥ Scale factor goes as; a! t¥/®

¥ Both tensors and scalars have a growing and decaying mode.
1

Decaying : B ~ n

Growing : B ~ const

¥ InRation picks out the growing boundary condition; this behaviour asymptotes
to FLRW in the far past. Decaying mode deviates strongly from FLRW.

¥ Density goes as; !(y,x) =!1©(y)+"I (y,x) with Decaying :

Growing :




Cosmological PT...

l 1
a?(y)H*?

A )

¥ We can explicitly solve the scalar sector:  Dy!yB

| ' ft P/ee
B(x)=! @ | 3jy ° N y> 2+ (1+ y3) oF; 1,%;%;),3
2H 2 1! y3 3(1! y3)V3

B3 TI1[56],

| = 7 T 0305

¥ Must choose the (non-trivial) homogeneous mode to give the growing
behaviour, B(x) ~const ratherthan B(x)~ 1/t

¥ Late time behaviour:




Cosmological PT...

¥ Then we see (g,h) are given as;
ogj (x) = &9

3
1 B;5(x) WJQ i #

| % (! @, %!r@!i])

¥ In fact tensor (and vector) modes agree with this (up to 2 deriv order)!

¥ Hence we might expect solutions to be characterized only by  &;with  H;
entirely determined as;




Modull space approx

¥ We will now show this is the case and construct the corresponding
InBationary cosmologies as a derivative expansion. Consider Rat FLRW,;

¥ Perform the global coordinate transformation: ~ !; dx'dx' — g dx'dx!

¥ This is trivially still Bat FLRW. We claim that the constant components g:; are
the moduli belds. Thus we promote them to be slowly varying functions of '

1 .
s a "R oY), ...

¥ Use derivative expansion in ;(X) ; %I@‘j 1 O(!),




Modull space approx

¥ Construct the solution in an expansion in ¢, which counts derivs of moduli & ;(x)

gi (y,7) = @y (@) + g5 (@, 9) + g (@) + ...

¥ Where; ¢”(z.9)! O(")  sothat & (xy)! (9)*g

¥ Recall:

U4

2 4 1 #0801 2 1
g+ ! S G * 505 Gnd™ ! & ! GG+ SdG; = s R ZouR

¥ Since gi; are the moduli, we know the leading term is O(e°) soln.




Moduli space approx

¥ Correspondingly we will have an expansion for dust density;

py.2)= PO W)+ oD (y.2)+ o (g a)+ . | (y,a) 1 O™

12H 2y?

¥ Term at O(°) is simply FLRW time dependent density ! (y) = (11 y3)?
¥ Expand the constraint ®i(y,x)=0 as;

iy )=t Py )+ 1 Py + " (y,x) I O(e")

¥ Constraint 1 ! at order n depends on solutions gg.”) atorders m <n




Leading order: o¢Y

. . 2 1
¥ The tensor equation at order O(!') gives; Dy!ygﬁ” =1 2 (F@ij ! 79 F@)

¥ Solution is straightforward (similar to scalar PT problem): g (y,x) = k® (y)&" (x)

where;  -a j 1 -
Sﬁ)(x)zm Rij ! 76 R

L Y2+ r ¥ oF, [L%:%:yﬂ))
3(1! y3)1/3

¥ Crucial step: bx non-trivial homogeneous modes to ensure OgrowingQ initial
condition: ie. gV (y,x)! const and not gV (y,x) = 1/t

¥ Trivial homog mode; ¢ (y,x) = g{"(x) is added to ensure: ¢{ (y,z) = O(3?)
and hence the boundary metric stays Gj (X) and is not corrected in the
expansion.




Leading order: oY

_ _ _ (D) 2/ 3
¥ The choice of growing behaviour ensures; 3 R(x)t? 3 + O(t* 3)

10) 2
(rather than 1@ /1O 1 1/¢) 1@ 404

¥ The constraintis; !\’ = Wig? " ¥,¢Y and is satisped since the source
obeys; |g; gl g gl =
Bigl) @,




Next-to-leading order: o)

¥ Tensor equation at order O(e?) gives; Dy!yg? (y,x) = S>¥ (y,x) + S (y, x)

eay _ 1 7 5@, 0 @ . 1 .
Sij = 14} gi 3. 19. g() Z!ﬂ(iq)j) + _QJ' !ﬂmg)gn)
[ 1] #

3 1] 1 1]
* 5 Rgi(j + g B™ 9(1) AR 91())m +2 R >

2
#
Vd 1 Vd Vd 1 7
Sigz,b) — gl(#]) Hm . g‘l)gfjl) n o !H gfl)mn (9(1))2 g

¥ This can be solved again, now only numerically. Choose homogeneous
modes so that initial condition is a OgrowingO perturbation and that we do not
perturb the boundary metric, which remains g ()




Next-to-leading order: o)

¥ Solution: g (y,x) = k23 (y)S D) (y)S*P)

L 1. _ _ L _ 3_

(!
~(2,b . n 5__ " 1 RMMN —

_(Z,CL) . I 2 L

9
Rzgw

8 32

(1)
¥ The functions k(y) solve;  Dy0,k>® = aQ(;y)) . Dy kP = (9,k (y))?

¥ Choose homog modes so k@& I const + O(t? 3) k(ab) 1 O(y?)
¥ Numerically bnd; k32 = 1 0.18(1)y? + O(y?) k(2P) =1 0.36(5)y> + O(y*)

¥ Constraint satisbed:
!i(2) _ |Jg(2) Cig@ L (gdmn gr(ul)) T (gWmn gy 4 _(| mg(l))gr(nll)




(General order: o

¥ Tensoregnat O(e") : Dylygi™ (y.x) = pM@(y)§" (x) with & (x)1 O(e)
a
¥ Solution; @ (y. )= k™) (y)E(x)

a

¥ Source functions, p'™% (y) ,S’gf’“) (z), determined in terms of source functions,

p™ D (y) , S (@) ,m ! n

I!l! 1
¥ Constraint eqn: D, ! ) — fon (y,x)1 (™)
m=1

¥ Provided 1™ =0 m<n thenhave p,o!") =0

¥ Complicated time dependence ensures generally canOt happen == ! "=0




Stress tensor & Smoothing

¥ In our construction we now explicitly see that the data characterizing the
solutions is, g;j (x) , and can conbrm the linear expectation that;

# $
+ 1 018(1)SE 1 0.36(5)S5 "+ O(e%)

ij
¥ Ricci Bow, ag;;/ o7 =! 2R,; , provides a very nice method to construct a
smoothing Row in the space of inflationary cosmologies.

¥ Note that some amount of Ricci Row, !0, smooths length scales ! ~ Tg

¥ The FLRW solution, @; = !ij | is a stable Pxed point of the Row.




