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Introduction

Several theorems on black holes have been generalized to higher
dimensions. Of relevance for this talk will be the following:

Curvature Theorem in 4D [Hawking]:
The horizon cross section H of a stationary black hole is of positive
Yamabe type (it can carry a metric of positive scalar curvature)

In an asymptotically flat spacetime, every causal curve in the domain
of outer communications with endpoints at I can be deformed to a
curve entirely in I .

In 4 dimensions, these theorems specify the horizon topology of a
stationary, asymptotically flat black hole uniquely.
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Horizon Topology in 5-dimensions

In higher dimensions, these theorems leave much more room for possible
topologies, as is documented by the existence of the black ring solution
[Emparan-Reall, 2001].

Topology Theorem in 5D [Hollands-H.-Ishibashi]

A horizon cross section of a stationary, analytic, asymptotically flat
vacuum black hole in 5 dimensions has topology

H ∼=


#l ·

(
S1 × S2

)
#L(p1, q1) # . . .#L(pk , qk)

S3/Γ , where Γ is a finite subgroup of SO(4)

where k, l , pi , qi ∈ N and L(pi , qi ) are Lens spaces (i.e. certain quotients
of S3 by Zpi ).

Note: No connected sums of spherical manifolds allowed.
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The proof combines the following ingredients:

Positive curvature theorem

Topological censorship

Rigidity Theorem

Gauss-Bonnet Theorem

Classification of 3-dimensional
U(1)-manifolds

Classification makes use of data on the orbit space Ĥ = H/U(1),
which is a 2-dimensional orbifold with three different kinds of points:

Orbit type Isotropy group Properties

Principal orbits id dense and open in H
Fixed points U(1) lie on l boundary circles in Ĥ

Exceptional orbits Zp k isolated points in Ĥ

Each exceptional orbit is surrounded
in H by a standard fibered torus with
winding numbers (pi , qi ).
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Example (M = S3 = 3−Sphere, G = U(1))

S3 =
{

(z1, z2) ∈ C2
∣∣∣ |z1|2 + |z2|2 = 1

}
Let e iα ∈ U(1) act by

(z1, z2)→
(
e iαz1, e

ipαz2

)
Then M̂ = M/G is a two-sphere with an orbifold point.

Theorem [Seifert, Orlik, Raymond]

A closed, connected, smooth and oriented 3-manifold with U(1)-action is
determined up to equivariant diffeomorphisms by the decoration data

{g ; l ; (p1, q1), . . . , (pk , qk)}

where g is the genus of Ĥ, l the number of disconnected boundary
components and (pi , qi ) the winding numbers introduced above.
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Note: Topological censorship implies g = 0 in our case.
We distinguish two qualitatively different cases:

∂Ĥ 6= ∅: Connected sum decomposition [Orlik, Raymond]

∼= #

→
S2 × S1

(pi , qi )

∼= #

(pi , qi )

→
L(pi , qi )

H ∼= #(l − 1) · (S2 × S1) #L(p1, q1)# . . .#L(pk , qk)

Note that this connected sum has positive Yamabe-type, so
the positive curvature theorem does not give any further
restrictions in this case.

∂Ĥ = ∅: Seifert manifolds.

Aim: Show that χOrb(Ĥ) = 2− 2g −
∑

i

(
1− 1

pi

)
> 0,

then by standard results H ∼= S3/Γ
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Sketch of proof:

drill out solid 3-torus of radius r around exceptional fibers to obtain a
manifold Hr with boundary which is a principle fiber bundle
perform Kaluza-Klein reduction on the (conformally rescaled) induced
metric γ̃ on H, i.e. write

γ̃ = eν(dϕ+ ωidx i )2 + e−νhijdx idx j

where h is a metric on Ĥr , ν a scalar field and ω a U(1)-connection
the scalar curvatures R[·] of γ̃ and h are then related by

e−νR[γ̃] = R[h]− 1

4
e2νFijF ij − 1

2
(∂iν)∂ iν

where F is the curvature of ω
rearranging terms, integrating over Ĥr and using the positive curvature
theorem, we obtain

∫
Ĥr

R[h]
√

h > 0
using Gauss-Bonnet while keeping track of boundary contributions

implies 0 < 2− 2g −
∑k

i=1

(
1− 1

2π

∫
S1

i
Kds

)
, where K is the extrinsic

curvature of the boundary components
for small r the metric h takes the form h ∼ dr2 + r2dy2 where y is
2π/pi periodic, so computing the integrals in the limit r → 0 yields the
desired result
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The U(1)-symmetry also restricts the topology of the domain of outer
communications, M.

Theorem [Hollands-H.-Ishibashi]

For a spacetime as specified above, the domain of outer communications
has topology M ∼= Σ× R, where

Σ ∼=

(
R4 # n · (S2 × S2) # n′ · (±CP2)

)
\ B

for some n, n′ ∈ N and where B is a compact manifold (black hole region).

The proof again relies on an analysis
of the orbit space Σ̂, which is a three
dimensional manifold with
boundaries corresponding to fixed
points and polyhedral arcs
corresponding to exceptional orbits.
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for some n, n′ ∈ N and where B is a compact manifold (black hole region).

The proof again relies on an analysis
of the orbit space Σ̂, which is a three
dimensional manifold with
boundaries corresponding to fixed
points and polyhedral arcs
corresponding to exceptional orbits.
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What happens if we assume an additional killing field?

Topology Theorem [Hollands, Yazadjiev]

For a D-dimensional stationary black hole with (D − 3) commuting Killing
vector fields generating U(1)D−3

H ∼=


S3 × TD−5

S2 × TD−4

L(p, q)× TD−4

Restrictions on the d.o.c. are the same as before, but now Einstein’s
equations can be formulated as a non-linear sigma model.

Theorem [Hollands-Yazadjiev]

A black hole as above is uniquely determined by the invariants M (Mass),
J (angular momentum), li and (pi , qi ) (orbit space data)
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Theorem [Hollands-Yazadjiev]

A black hole as above is uniquely determined by the invariants M (Mass),
J (angular momentum), li and (pi , qi ) (orbit space data)

Handles and orbifold points are excluded by topological censorship.
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Conclusions and Outlook

Analysis of orbit space structure gives restrictions on black hole
horizon topologies in higher dimensions

The domain of outer communication can be analyzed using similar
methods

Further restrictions due to the assumption of additional symmetries
can be determined

Future Topics:

Extension to matter fields

Generalization to higher (arbitrary) dimension

Ultimate goal: Find parameters that uniquely classify black hole
solutions in higher dimensions
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