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» Gluing of an AF metric g, R(g) = 0 with a Schwarzschild
(slice) metric gs on an annulus B(4X\)\B(\),toa R=0
metric.
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Which operator allows this flexibility ?

» For which operator P one can :

» Glue two solutions of PU=07?
» Construct a compactly supported solution of PU = f?

» Note : the linearized scalar curvature operator is an under
determined elliptic operator.

Lh := DR(g)h = div div h+ A Tr h — (Ric(g), h)

L*u =Hess u+ Au g — u Ric(g)

Remark : The kernel of L* on (R3, §) consists of affine
functions so is 4 dimensional.
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» div™ . TP+M ., TP,



The method

» Given f smooth compactly supported in a relatively
compact open set Q. Find U smooth solution of

PU = f,

with U vanishing at any order at 992, so U can be
extended by zero across 0f0.
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» Given f smooth compactly supported in a relatively
compact open set Q. Find U smooth solution of

PU = f,

with U vanishing at any order at 992, so U can be
extended by zero across 0f0.

» Look for U of the form
U= C(Pu,

with u allowed to blow up a the boundary, but ¢ vanishes
more !
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Isomorphism theorem
Let P be an under determined elliptic operator of order m.
Define the weighted spaces on 2 :

K
Uz, = Z/ Ix?'v () y2e—2/x
i=1 79

» (API) Assume there exists C such that for any u compactly
supported near the boundary,

IX2MP*ul2, > ClulZ,

» (RIC) Assume there exists C such that for any u € H™(Q),

‘szP*U‘Ho + |u|gm—1 > Clu|ym

» Then
I—IK 62/X PX4me—2/X pP* - KL N Hk+2m RN Hk N KL

is an isomorphism.
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Idea of the Proof
We also assume :

» (KRC) Any element in the kernel K of P* can be C™'
extended on 012.

» And of course : forany v € K,
/(f, v) = 0.
Q
Then

» Solve up to the kernel projection :

My 92/X PX4mef2/X Pu= My ez/xf.

» The (weighted) elliptic regularity give that u is smooth and
also U vanishes to any order at 09.

» Integrations by part shows that projection onto the kernel is
trivial using (KRC).



Example of gluing

Let Q4 C Q C Q3 with Q = Q,\Q4 relatively compact. Let V
and W (defined in Q3) in the kernel of P. One wants to glue V
and W on Q. Let x equal 1 near 994 and 0 near 9f2,. Let

T=xV+(O-x)W

We then solve
PU = —PT =:f.

The glued solution is T + U. The necessary condition that f is
orthogonal to K corresponds to the fact that V and W induce
the same "flux" on, say, 02,.

Note : If the flux is zero, one can take V or W to be zero (this
can be used for quotients or connected sum).



Gluing with some models on R”
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Another generalization

» Corvino type gluing : start with R(gy) = R(g.) = cte and
solve
Rlxg1 + (1 — x)g2 + h] = cte.

» In fact, whatever R(gy) and R(g.) are, one can also solve

Rlxg: + (1 —x)g2 + h] = xR(g1) + (1 — x)R(g2)-

This gluing generalizes the Corvino type one, and keeps
inequalities satisfied by the scalar curvature if any.



