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Density Functional Theory (DFT)

The free energy of a system of interacting particles is F[p(r)] =:

T [ dep(e){m(hp(e)) 11+ 5 [ v [ eyl = ¥ )ole).

where v(r) is the particle-particle interaction potential. The equilibrium
state minimizes the grand potential functional

2Up(r)] = Flplr)] + [ drpr)(@(r) ~ ),
i.e., solves
kg Tlnp+ / dr'v(lr —¥')p(r') + &(r) — p = 0.

Here u is the chemical potential and T the temperature. When ®(r) =0
the resulting p can be uniform (liquid) or nonuniform (solid).
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Dynamical Density Functional Theory (DDFT)

We assume that under nonequilibrium conditions the particles obey
Brownian dynamics

te=—TVoU(r1,...,rn) + TXg(2),

where the index £ =1, ..., N labels the particles. The dynamics of such a
system can be investigated using Dynamical Density Functional Theory

(DDFT):
) 5Qp(r, )]
ot dp(r,t) |’
where p(r, t) is the time-dependent nonequilibrium one-body density
profile. To derive the DDFT we have used the approximation that the
nonequilibrium fluid two-body correlations are the same as those in the
equilibrium fluid with the same one-body density distribution.

=TV |p(r, )V

The DDFT model can be simplified further, resulting in the Phase Field
Crystal model (PFC) with order parameter ¢(r) o< p(r) — po, with

¢ = const identified with the liquid phase and ¢ # const with the solid or
crystalline phase.
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The Phase Field Crystal model

The Phase Field Crystal (PFC) model is an approximation to DDFT and
takes the form
0F[¢]

drp(x, t) = aV?

dg(x, t)’
where F[¢] denotes the free energy functional
_ ¢ 2 22 ¢*
Flol = [ ox ST+ (@ + V16 + 7|

o(x, t) is an order parameter field that corresponds to scaled density and «
is a (constant) mobility coefficient. It follows that the system evolves
according to the equation

Ord = aV2 [ro+ (q° + V?)’¢ + ¢*] .

i.e., the conserved Swift-Hohenberg equation (cSHE).
Steady states solve the fourth order PDE

(V+ @V o+ro+e° = p.
Question: What types of solutions do PDEs of this form admit?
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Periodic patterns in two dimensions
Square lattice: we select four wavenumbers from the circle of marginally
stable wavenumbers, k; = +k.(1,0), ko = £k.(0,1) and write

d(x,t) = z1(t) exp iky - x + z2(t) exp ik - X + c.c. + h.o.t.

The symmetry group I of the lattice is D4+ T2 and elements of I act on
the amplitudes (z1, z2) as follows:

ike Ikch)

translation : x — x+d: (z,2) = (z €% e
reflection : (z1,2) — (Z1,z); rotation : (z1,2) — (22,21)

These operations represent the action of I on vectors (z1, z2) € C%. The

equations for the evolution of (z, z2) require that we construct the Hilbert

basis of invariant functions and of equivariant vector fields: all invariant

scalar functions are of the form f(o1,02), where

o1 =zl +|zf, o= (al’-|zf)>
Thus
(21, 22) = (fi(01,02)z1 + fa(01,02)| 21221, B3(01, 02) 22 + fa(01, 02) | 22 20).
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Periodic patterns in two dimensions

Here (f1,...,f4) are arbitrary real-valued functions of o1, o2 and A. Thus
21 = +alzf+b(|lal’+|zf) + .. ]a,
7 = [N+alzl+b(|z?+ |22+ .. ]2,

and if ab # 0, a + 2b # 0 the coefficients (a, b) completely determine the
small amplitude behavior of the solutions (i.e. near the primary bifurcation
at A =0). In terms of (z1,2z2) = (r1 expi¢1, nexpips) these equations
become

A= [Nars+b(rP+r2)+...]n,

o= Ntaf+b(+rd)+.. ]n,
together with ¢y = ¢» = 0. These equations have the solutions

trivial state (0,0) :
stripes (r,0) : Atar?=0
squares (r,r): A+ (a+2b)r* = 0.

One can also calculate the stability of stripes wrt squares and vice versa.
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Periodic patterns in two dimensions

Rolls (R):

(z1,22) = (r,0) sgna. sgnb
Squares (S): (z1,22) = (

ror) sgnl.2a+h), —sgnb

Thus near A = 0 at most one nontrivial state can be stable.

Hexagonal lattice: here we take 6 wavevectors from the circle of marginal
stable wavevectors: ki = kc(1,0), ka3 = ke(—1,41/3)/2. In this case
stripes and hexagons bifurcate simultaneously from A = 0 and all are
unstable:

In this case the most general solution of the linear stability problem takes the form

e(x,y.z2,t) = ;R{zlellex + zzc,ik.(ﬁr—x)ﬁ + :;e""""ﬁ”"m}j;(z), (13)

where f;(z) is the same function as in (10). The translations now act by
translations: (x,¥) — (X + dp,y + d>) 1 (2},22,23) — (e®iz), e 1@+l 7, o8z )

where ©) = ked), 81 = —k.(V3ds + d)/2. The symmetries of the hexagonal unit cell generate the
following discrete actions:

rotation through 2x/3 {2y, 22, 23) = (22,23, 21 ),

reflection (x,¥) — (x,—y) :(zy,22,23) = (2,23, 2;),

inversion (x,¥) — (=x,=y) : (2,22, 23) = (21,52, 3).
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Periodic patterns in two dimensions

" i " i 1 1 " ]
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Note the presence of bistability between the hexagons and the trivial state for
1t < 0; note also that the stripes for p < 0 are unstable with respect to hexagonal
perturbations. | do not discuss superlattice patterns.
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Periodic patterns in three dimensions: cubic lattices

We can extend the above approach to three dimensions. Here | will only
describe some results for patterns on a cubic lattice. There are three
cases, the simple cubic (SC), the face-centered cubic (FCC), and the
body-centered cubic (BCC) lattice corresponding to the choosing 6, 8 or
12 wavevectors from the sphere of marginally stable wavevectors.

For this purpose it is useful to define the isotropy subgroup ¥ (z) of z € CN:

rZ)={yelly-z=2}
and the fixed point subspace Fix(X) of X:
Fix(Z)={zeCV|o-z=zforall 0 € X}.

Equivariant Branching Lemma: If dim{Fix(X)} = 1 then there is a branch
of X-symmetric solutions that bifurcates from z =0 at A = 0.
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Periodic patterns in three dimensions: SC lattice

The SC lattice is generated by the six wavevectors =kj. where

ky =k.(1,0,0) ky = k(0,1,0) k3 =k.(0,0,1) 3.1
relative to Cartesian coordinates (x, y, z). The group I' acts on c3 by

T 17— gjesplikj ) T eT?

E:2j =7 cels
together with the actions of the orientation-preserving symmetries of the cube. These act on

the translation invariants uj = \zj\z as the permutation group §3. The most general vector
ﬂeld EDmIll“ﬁl]g “'ld:l tl]lS ﬂﬂﬁﬂu Df r can be “Tltte]l i]:l ﬂ]e fmll

1= 21(h1 + mhz + uihs) (3.2)
where each h is an arbitrary real-valued function of the three elementary I'-invariants o,
02, o3 and the distinguished bifurcation parameter A. Here

0] = U] + Uz +u3
oy = i + uau3 + H3uy

o3 = HilslU3.

The equations for 23, ete, follow from the requirement of "-equivariance. The proof of this

Near L = 0 we expand hy. hj. h3 in powers of z. Provided hy;(0) # 0. hy,, (0) # 0,
h3(0) # 0, by, (0)+h3(0) # 0, 2hy o, (0)+h3(0) # 0, 3hy 4, (0) +h3(0) # 0 the bifurcation
problem is fully determined by the third-order truncation of these equations.
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Periodic patterns in three dimensions: SC lattice
Table 1. Symmefry of the primary solution branches on the SC lattice

Branch Nomenclature Symmetry ¥ = Fix(E)

0 Trivial T*+OGZS  (0,0,0)
1 Lamellae T*4Ds B Z5 (x,0,0)
I Square prism  T4+Ds @ ZS  (x,x.0)
m Simple cubic O G ZS (x, x, x)

Table 2. The pnmary selution branches on the SC lattce.

Branch (z1.22,23) m Branching equation

0 (00,0 0 o1 =0

I (x,0,0) x hiah+ (hgy +hs)or = O4)
I (., 0 2 hiaA+ 3Q2hyg, +h3)or = 0M)
m (x,x,x) 322 hiah+ $Ghioe + hs)oy = 04)

Edgar Knobloch (UC Berkeley) Patterns and quasipatterns 7 June 2018 12 /75



Periodic patterns in three dimensions: SC lattice
Table 3. The eigenvalues of the solution branches on the SC lattice.

Branch  Eigenvalues Comment

0 A (6 times)

I hy s, + h3, —h3 (4 times), 0 (once)

I 2hy oy +h3,hs, by s, —hs, 0 (twice)  Always unstable
m 3h1.6, + h3, hs (twice), 0 (3 times)

/ | \
T°iD,@E, T+D,8Z, OBL,

N7/

T422 D,®Z,

\/
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Periodic patterns in three dimensions: FCC lattice

The FCC lattice is generated by the eight wavevectors =k;. where

k. k,
k1 =—(1,1,1 ky=—(1,-1,-1
1 \/3( ) 2 ﬁ( )

ke ke
ky=—(-1,1,-1 ky=—(—1,-1,1).
3 \/3( ) 4 «/3( )

As in the case of the SC lattice we seek the most general vector field that commutes with
the appropriate action of the group I'. We obtain
1 =210l + urhs + uihs + ulhy) + Z2223Za(ps + uLps + uipr + 13 ps) 4.1
where each h and p 1s an arbitrary real-valued function of the five elementary I'-invariants
01. 02, 03, 04, g and the distinguished bifurcation parameter A. Here

o1 =u1+u2 +u3+ug

O3 = ujliy + w3 + wjly + Upky + Ually + U3liy

O3 = UIH2U3 + U1H2H4 + U1H3UH4 + U2U3UH4

04 = Ujlipisliy

4 = 71222324 + 1722304

and, as before, u; = |Zj\2 (see appendix A). The equations for 2, ete, again follow from
the requirement of I'-equivariance. The resulting equations form a special case of those

studied in reference [13].
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Periodic patterns in three dimensions: FCC lattice

T341 087
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Figure 2. Lattice of isotropy subgroups for the FCC lattice.
Callahan and Knobloch, Nonlinearity 10, 1179-1206 (1997)
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Periodic patterns in three dimensions: FCC lattice

Table 4. Symmetry of the primary solution branches on the FCC lattice.

Branch  Nomenclature Symmetry X Fix(E)

0 Trivial T30 28 0,0,0,0
1 Lamellae T24Ds @ IS (x,0,0,0)
I Rhombohedral THET QI " 0Z (x,x0,0
m+ Face-centred cubic 0@ Z3 (x,x,x,x)
- Double-diamond O & Z§ (—x,x,%,x)
v Submaximal Dy § ZE (x,x,x,¥)

Callahan and Knobloch, Nonlinearity 10, 1179-1206 (1997)
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Periodic patterns in three dimensions: FCC lattice

¥ 2=0 ¥ z=L/2

FIG. 1. The (a) fce and (b) double-diamond solutions shown by
means of horizontal sections. The grey scale indicates the magni-
tude of X(x), with white denoting maximum and black minimum.
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Periodic patterns in three dimensions: FCC lattice

Table 5. The primary solution branches on the FCC lattice.

Branch (21,232,232 o1 Branching equation

0 (0,0,0,0) 0 o =0

1 (x,0,0,0) ** h1ah+ (hygy + ha)oy = Od)

I (x,x.0,0) 2x2 hiak+ 3(2h1 4, + h3)ay = O4)

m+ (x.x,x,x) 4 hyah+ é{%]gl +h3 + pa)n = 0(4)

m- (—x,x,x,x)  4xF hiak+ 3 k10, +hs — p3)oy = O)

Iy [ER] 3 +)%  y=(ps/ha)x, hiph + Ghigy +ha)x® + (hig, +ha)y® = 04)

h1(0) =0, hy;(0) # 0, the non-degeneracy conditions

h3 #0 p3#0 hyg, +h3#0 2hy e, +h3#0

Mo +hEps£0  hyEp A0 (hya +hy) + (i, +ho)ph £0.
Here, and in the following, it is understood that all quantities are evaluated at A = 0] =

o =03 =04 = ¢ = 0 W;L]l [IJBSE hprﬂlESES dle Solllﬁoﬂ brﬂﬂcllﬂs a.[ld tlleil' Stﬂb]llity
properties are determined by the truncation at third order of equations (4.1). The resulting

4.2

Callahan and Knobloch, Nonlinearity 10, 1179-1206 (1997)
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Periodic patterns in three dimensions: FCC lattice

4.1. Remark on stability calculations

The isotropy subgroup structure can greatly facilitate the computation of the linearized
(orbital) stability of the solutions, of [1,10]. This is because the Jacobian. Df . of equations
(4.1) linearized about a non-trivial equilibrium, =z, must commute with every element
o € L(z). Take, for example, the fee branch IIIT, with £ =0 &BZE. Let us represent the
vector z in the real basis (x1, X3, X3, Xg, ¥1. ¥2, V3, ¥4). The fact that Df commutes with Zg
implies that Df must be of the form

P 0
o~(7 o)
for some real matrices P and Q. The fact that Df commutes with the permutation group
Ss C O implies that P and Q have the form

A B B B C D D D
P_ B A B B Q- D C DD
B B A B D D C D
B B B A D D D C

‘We also know that there are three null eigenvectors corresponding to translations of the
solution. An infinitesimal translation in the & direction adds an infinitesimal imaginary part
(0,0,0,0,6,8, —8, —4) to our solution (x,x,x,x,0,0,0,0). The fact that this gives us a
null eigenvalue implies that C = D. The eigenvalues of Df must therefore be A + 3B
(once). A — B (3 times), 4C (once) and 0 (3 times), where

3, 2
= a5 = 1[2h1e +2hs — pslo1 + Olor)
1
ax
B= = = |2hy + paloy +O])
ay

= — =—mol +O(0'2').
an !

7 June 2018
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Periodic patterns in three dimensions: FCC lattice

Table 6. The eigenvalues of the solution branches on the FCC lattice, and the regions of figure 4
where stable branches exist. (Bold means stable for h; < 0, roman means stable for b3 = 0.)

Branch  Eigenvalues Regions of stability
0 2 (8 times) Al

1 h1 my + h3, —hs (6 times), 0 (once) A,B,C,D.EF
I 2h1,5, + h3. h3, —(hs £ p3) (twice each), 0 (twice) @

m+ Yy oy +hs + ps, —p3 ks — ps (3 times), 0 (3 times) B.G K. L

m- 41 oy +h3 — p3, +ps.hs + p3 (3 times), 0 (3 times) EHLJ

w (3h1,0y + h3)x? + (hy gy + h3)y?, hathd — pd) (twice), @

—h3(h} — p3). —h3, 0 (3 times)

b
\\A\‘ 4 —
B G 2 — i
o] : J a
D L -3 ] K
E H —2 —\
/F —4 __

Figure 4. The (a, ) plane showing the regions with different bifurcation diagrams for the FCC
lattice.
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Periodic patterns in three dimensions: FCC lattice

Region A Region B Region C
h >0 h >0 h >0
3 3
1 3:{_
é’-.';.?a—
Region I Region J
h <0 h <0
3 3

G
1
A

Figure 5. The six bifurcation diagrams o7 versus A (with ¢ > 0) containing stable solutions,
labelled by region. The stable branches are denoted by a full line. In regions B and I of figure 4
the relative amplitude of branches 1 and 3" depends upon . We assume in these cases that
1 < ¢ < 3. For ¢ < 0 the diagrams are the same, but with the labels 3* and 3~ interchanged.
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Periodic patterns in three dimensions: BCC lattice

The BCC lattice 1s gEnerath by the 12 wavevectors ik}g where

ke ke ke
ky=—(1,1,0) ky=—(0,1,1) ks =—(1,0,1)
vz V2 V2
k[‘ k[' f
ky=—(1,-10) ks =—1(0,1,-1) ke = —(—1,0,1).
4 7 5 7 6 7
The most general system which commutes with the appropriate action of the group I is, to
third order,
&1 = ka1 + jan(zazs + 27%) + ala o +aglal’a + Jas(2zs + 57%)
Hlay(naP + (2 + lzs + 2P + 0" 51

with 11 additional equations generated from (5.1) by applying appropriate
elements in .
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Periodic patterns in three dimensions: BCC lattice

Table 7. The maximal isotropy branches on the BCC lattice with the extra refiection symmetry
Fp(—1T). Here x is real.

Branch (21502 26) Solution

Trivial (0,0,0,0,0,0)

Lamellae  (x,0,0,0,0,0) A= —a1x®

Rhombs  (x,x.0,0,0,0) *=—(a + Jas)x?

Squares (x,0,0,x,0,0) A= —(ay +ag)x®

Hexes (0,0.0,x.x,x) A= —(m + —;m)x2
Triangles (00,0, x,x, x) L= (a1 + ja)x®

bee (x,x.x,x,x,x) A= —(ay +aes + a3 + ag)x*
beel i(x, x, x, x, x, x) A = (a1 —ay — a3 — ag)x>
123 (x.x.x,0,0,0) A= —(a1 + 3az)a’

A 0, x,x,0,—x,x) A=(—a +éa15+%a3+aa}12
B A=00,x,x,0,x.x) (m+ %am+ %63+ag)3’2

Callahan and Knobloch, Nonlinearity 10, 1179-1206 (1997)
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Periodic patterns in three dimensions: BCC lattice

Table 8. The eigenvalues, with positive prefactors removed, of the solutions listed in table 7.

Branch Eigenvalues

Trivial A (12 times)

Lamellae 0, a1, ag —a (twice), as — 4ay (8 times)

Rhombs 0 (twice), day — a3, —day + a3 (3 times), 4ay + a3 (twice),

—2ay — ays + 2ag (4 times)

Squares 0 (twice), —2a1 — a1s + a3 — 2ag (4 times), a1 — ag, a1 +as
—2a; + a1 + az — 2ag (4 times),

Hexes 0 (twice), —az3, 4a1 — a3 (twice), 2a) + a3, —a1 + a1s + ag (twice),
—2ay — aie + 2ag (4 times)

Trangles 0 (twice), axs, 4a) — a3 (twice), 2a) + a3, —a1 — ai6 + ag (twice),
—2ay + aig + 2ag (4 times)

bee 0 (3 times), —a,q (3 times), a; — ay5 — ag (3 times),
2a) — a1s — a3 + 2ag (twice).ay + ais + a3 +ag,

becl 0 (3 times), ays (3 times), ay +a1s — az (3 times), a1 — a6 +as + as,
2ay + a1 — a3 + 2ag (twice)

123 0 (3 times), day — a3 (twice), Za1 + a3, —a1 — as +as, —a1 +a1s +as.
—2ay — ays + 2ag (twice), —2ay +ars + 2ag (twice)

A 0 (3 times), ais, 2a1 + a6 — 2ag (twice), —2ay — a1 + a3 — 2ag,
—2ay + a1 + a3 — 2ag (twice), —2a) + 3ais +as — 2ag,
2ay + a15 — a3 +2ag, 2a1 — a16 + a3 + 2ag

B 0 (3 times), a1s, —2a1 — a16 — a3 — 2ag, —2a1 + a1 + a3 — 2ag,

—2a1 + aig + 2ag (twice), 2a1 — ayg — a3 + 2ag,
2ay + a15 — a3 + 2ag (twice), 2ay + 3ays — a3 + 2ag

Callahan and

Knobloch, Nonlinearity 10, 1179-1206 (1997)
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Periodic patterns in three dimensions: BCC lattice

Salution BCC Solution BCCI

Solution B

; .
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Wavelength selection

The observed wavelength is limited by a number of secondary instabilities.
The simplest is the Eckhaus instability. For stripes near onset we have

Ar = A+ A — |APA
with steady solution A= /u — Q2 exp iQx. Hence p > Q2. Perturbations

a(x,t) = [a(t) exp i&x + B(t) exp —i&x] exp iQx are stable if
p > 3Q% — (1/2)€2 but unstable otherwise:

15

1I5ET

In conserved systems the wavenumber k that minimizes the free energy

differs for each state.
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Snaking in two spatial dimensions: SH23

[lell}

-0.35

Lloyd et al., SIADS 7, 1049-1100 (2008)
Review: Knobloch, Annu. Rev. Cond. Matter Phys. 6, 325-359_(2015)
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DFT for a GEM-4 fluid in 2D: Equilibrium front

25 45
40
20 35
30
15 25
10 20
15
5 10
5
0 0

0 5 10 15 20 25

Density profile at the free interface between the coexisting liquid and solid phases
in a GEM-4 model liquid (v(r) = eexp —(r/R)*) when-u =17kg T, kgT =-1.
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The Phase Field Crystal model
In one dimension, with « =1 and g = 1, we have
Ocd = 03 [ro+ (1+02)°0 + ¢°].
This equation is reversible in space (i.e., it is invariant under x — —x).

Moreover, it conserves the total “mass’ ¢o = L~! foLqZ)dx, where L is the
size of the system.

Linearizing about ¢ = ¢g results in the dispersion relation
o= —k[r+(1—-k*?+3¢3,
and hence instability for r < —3¢3:

1

05
unstable

WK
o

-0.5

0 0.5 1 15
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Crystallization front at r = —0.9, ¢9 = —0.43

Archer et al., PRE 86, 031603 (2012)
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Crystallization fronts: parameter dependence

r=-0.2, ¢o = —0.183 r=—0.5, ¢o = —0.365

Archer et al., PRE 86, 031603 (2012)
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Bond angle and radial correlation function for r = —0.9

p(6)
p(®)
p(6)

9
~
T
9
~
9l
~

0 5 10 15 20 25 30 35 40 0
r r r

40

Archer et al., PRE 86, 031603 (2012)
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1D crystallization front: r = —0.9, ¢9 = —0.4

0.4 T T T T
0.2 | (a)
2 ]
ol ]
3 o
s o ]
oof ]
il 1
1.2 1 1 1 1
0 100 200 300 400 500
X
g
2
=
e

.05 1 1 1 1
0 100 200 300 400 500
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Speed of the crystallization front

We assume that the speed of the front is determined by the marginal

stability criterion of Dee and Langer, and write the linearized equation in
the form

(k) = —ak?[A + (q° — k)7,
where A = r + 3¢% < 0. To determine the front speed we go into the
frame of the front moving at speed ¢, w(k) = ick 4+ o(k), and solve

dw
P 0, Re(w) =0
for k., k; and c as functions of A. The resulting density profile at the

front is feont(§, t) ~ exp(—k;&) sin(k.£ + Im(w)t) relative to the front.
The pattern left behind is periodic in space with wavenumber k* given by
conservation of nodes [Ben-Jacob et al, Physica D 14, 348 (1985)]

K* = %Im(w) ko %Im[a(k)].

[see also Galenko and Elder, Phys. Rev. B 83, 064113 (2011)]
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Speed of the crystallization front in 1D
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Crvstallization front in 2D:

1-component GEM-4
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Density profile for a crystallization front advancing from left to right into the
unstable GEM-4 liquid with bulk density pgR? = 8 and temperature € = kg T
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Speed of crystallization front in 2D: 1-component GEM-4

The 2D case is much more complicated but also more interesting because
of the competition between stripes (first pattern to form) and hexagons
(final pattern to form):

50 T
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clkgTRT

* (a)
0 — ! ! ! !
5 6 7 8 9 10 11

PR’
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Speed of the crystallization front in 2D
Model equations:

OAL D2 A .
e T g T A A1) — (AR + M Ay + MApeg ) A,

where k =0,1,2. Here Ay are the complex amplitudes of the three
wavevectors ng = (1,0)q, n; = (—1,v/3)g/2, np = (-1, —v/3)g/2 in the
(x,y) plane, and xx = x - ng [Golubitsky et al., Phys. D 10 249 (1984)].
Here q is the critical wavenumber at onset of the hexagon- forming
instability (v = 0), and [k + 1] = (k £ 1)(mod3). These equations
constitute a gradient flow with free energy

8Ak2
-V
F= | a < e >
where

2
A
V=X (Al - giad) = 5 (1ARIA + A4 + 147140

k=0
+ALATAL
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Speed of the crystallization front in 2D

We focus on planar fronts perpendicular to ng = (1,0)q and thus focus on
solutions independent of the variable y along the front. Symmetry with
respect to y — —y implies the presence of solutions with A; = A, = B,
say. Absorbing the wavenumber g in the variable x and writing Ag = A we
obtain the equations

A 0PA
% gz+ A+ B? — A* — 2)\AB?
0B 19’°B

5f " 192 T1BTAB- (1+))B® - \A’B.

In writing these equations we have assumed that A and B are real in order
to focus on the behavior of the amplitudes, thereby setting the phase

® = arg(A) + 2arg(B) = 0. This phase distinguishes the so-called
up-hexagons from down-hexagons [Golubitsky et al., Phys. D 10, 249
(1984)]. These equations form the basis for the theory that follows [Hari
& Nepomnyashchyy, PRE 61, 4835 (2000); Doelman et al., Euro. J. Appl.
Math. 14, 85 (2003)].
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Speed of the crystallization front in 2D

These equations have solutions in the form of regular hexagons (A, B)
(An, Ap), stripes (A, B) = (As,0) and the homogeneous liquid state
(A, B) = (0,0), where without loss of generality

1 14+ 4y(1+4+ 22
g, - LEVIESOT2)

2(142)) ’

these are critical points of the potential

1 1 1
V(A,B) = 57(A2 +2B?%) + AB? - [ZA“ + \A’B + 51+ )B4

The hexagons and the liquid state coexist stably in the subcritical regime,

Ysn < 7y < 0, where vg, = —[4(1 4+ 2)\)] 7. For v > 0 the liquid state

becomes unstable, creating a branch of unstable stripes; stable hexagons

continue to exist.
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The potential V(A, B)
B v
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Speed of the crystallization front in 2D

A front traveling with speed c to the right, connecting the hexagonal state
on the left with the liquid state to the right, takes the form

A(x,t) = A(€), B(x,t)=B(&), &=x—ct.

Thus )5 5
aA aA . .
A+ B2 - A3 _2)\AB?%2 =
(%2 §+7 + A 0,
19°B 9B o . e
B+AB—(1+\NB3-)\A2B=0
48§2+ §+7 + (1+X)

with the boundary conditions
A=B=A, as &— —o0, A=B=0 as &— .

The speed ¢ vanishes in the subcritical regime when v = vy < 0 defined
by the requirement V/(Ap, Ap) = V(0,0) = 0 and is positive for v > v
(V(An, Ap) < 0) and negative for v < vy (V(An, Ap) > 0).

An elementary calculation gives vy = —2[9(1 4+ 2A)] 71 < 0 (Maxwell).
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Energetics: Maxwell point
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Speed of the crystallization front in 2D

The situation is more complicated in the supercritical regime where v > 0
because this regime contains supercritical (but unstable!) stripes oriented
parallel to the front. As a result one now finds fronts that connect the
hexagonal structure to the stripe pattern and the stripe pattern to the
liquid state, in addition to the front connecting the hexagonal structure
and the (unstable) liquid state.

The marginal stability condition implies that stripes invade the
homogeneous state with speed ¢s = 2,/7, while an analogous calculation
shows that the hexagons invade the unstable stripes with speed

chs = [\/7 — (A — 1)7]Y/2. This speed exceeds the speed c; in the interval
0<vy<(A+3)2

It is evident that the speed ¢ cannot be selected when v is too close to
threshold since the front speed cj, remains positive for all v > vy
(vm < 0).
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Speed of a crystallization front in 2D: model problem
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The point v = 7 is the point of intersection of ¢, and ¢s and corresponds
to an orbit flip. The point v = 75 is the point c;s = ¢s. The model
predicts that vy, ~ —2.57; for all A, a result that is not in agreement with
the GEM-8 simulation. This may be because of (i) absence of pinning in
the model equations, (ii) omission of the k = 0 mass mode.
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Quasicrystals

To generate quasicrystals we need an interaction between two spatial
scales, with wavenumbers g = gs and g = g;. Such an interaction occurs,
for example, with the modified GEM-8 potential

V(r)= ce (/R 4 cqe=(1/RS)°,

We pick fe =1 and Rs/R = 1.855 so that gs/q¢ =~ 2 cos(7w/12) = 1.93.
We refer to the large scale (g = qy) crystal as crystal A and the small scale
(g = gs) crystal as crystal B, and focus on the transition between these
two periodic structures.

In two dimensions we solve the DFT equations and corroborate the results
with Brownian dynamics simulations. We also perform DDFT simulations.
In three dimensions there are many more competing structures and such
calculations are more costly. We therefore employ the simpler PFC
approach.
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Quasicrystals in two dimensions
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Phase diagram for the two-scale GEM-8 potential V/(r) = ee~("/R)°4
cae~("/R)" in two dimensions, with B¢ = 1 and Rs/R = 1.855.
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Quasicrystals in two dimensions
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Density profiles at (a) (poR?,a) = (3.6,0.5) (typical of the small length
scale crystal B), (b) (3.5,0.76), (c) (4.0,0.8) (both near the transition
from crystal A to crystal B) and (d) (2.7,2) (typical of the large length
scale crystal A). Top: p(r)R?; bottom: In[p(r)R?]
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Quasicrystals in two dimensions

25
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10

0 5 10 15 20 25

2D quasicrystal: (a) In[p(r)R?] in the (x/R,y/R) plane obtained from
DFT for (poR?,a) = (3.5,0.8) with random initial conditions. (b) The
corresponding Fourier transform. The latter exhibits 12-fold symmetry,
which is indicative of QC ordering.
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Quasicrystals in two dimensions
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2D quasicrystal: (a) In[p(r)R?] in the (x/R,y/R) plane obtained from
DFT for (poR?,a) = (3.5,0.8) with initial conditions exhibiting QC
ordering. (b) The corresponding Fourier transform.
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Quasicrystals in 2D: Picard iteration
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Figure: Time series of profiles In[p(r)R?] obtained via Picard iteration, for a = 0.8
and poR? = 3.5, at t = 30, 32, 35, 40, 50, 200.
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Quasicrystals in 2D: DDFT
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Figure: Time series of profiles In[p(r)R?] obtained from DDFT, for a = 1.067 and
poR% =35, at t* =1, 2, 5, 10, 20 and 40.
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Quasicrystals in two dimensions
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The dispersion relation at state point (a) a = 0.8, pgR? = 3.5 and (b)
a = 1.067, poR? = 3.5. QC form in either case: in (a) the large scale is
triggered nonlinearly.
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Quasicrystals in two dimensions
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Grand potential density for Su = 39 as a function of the interaction

parameter a
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Quasicrystals in two dimensions

In this case we have two critical circles of radii gs and g, < gs and
nonlinear three-wave interactions can occur between two waves on the
inner circle and one on the outer, and vice versa. For the special case
gs/qe = 2 cos(m/12) ~ 1.93 the angle between the two waves on the inner
circle is 30° while the angle between the two waves on the outer circle is
150°. This wavelength ratio therefore allows 12 waves on each circle to
interact through three-wave interactions and form a 12-fold QC, without
the need to invoke additional waves. Any other length ratio potentially
leads to an infinite number of interacting waves. This fact distinguishes
12-fold QC from all others, and may be the reason why 12-fold QC are
commonly found in soft matter systems and Faraday waves.

(a)  Fy (b)  hy

. — — o
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Quasipatterns in 2D: Ding and Umbanhowar, PRE (2006)
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Quasicrystals in three dimensions
Our PFC model starts with a free energy F:

J-'[U]:/[—;UEU—(;U%riU“ dx,

where the operator £ and parameter @ are defined below. The evolution
equation for U follows conserved dynamics and can be obtained from the
free energy as

ou IF[U]

— =V | =-V?(LU+QU> - U?).

ot < 5U > (LUu+Q )

We choose a linear operator £ that allows marginal instability at two
wavenumbers k =1 and kK = g < 1, with the growth rates of the two
length scales determined by two independent parameters i and v. The

resulting growth rate o(k) of a mode with wavenumber k is given by the

polynomial o(k) = % + 037{:2(1 — k2)? (¢% — k?)2, where
A(k) = [K*(q* — 3) — 2° + 4](¢* — k*)?q* and B(k) = [k*(3¢> — 1)
+2q°% — 49*)(1 — k?)2.
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Quasicrystals in three dimensions

20

0 02 04 06 08 ]
k

Growth rate o (k) as a function of the wavenumber k for the linear
operator £ with parameters o9 = —100, ¢ = 1/7 = 0.6180, 1 = 0.1 and
v = —0.1. The growth rates at k = 1 and k = q are ; and g°v, as in the
inset.
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Quasicrystals in three dimensions

Density perturbation waves (at one length scale) of the form e’** with
wavevectors chosen to be the 30 edge vectors of an icosahedron can take
advantage of three-wave interactions (from the triangular faces) and of
five-wave interactions (from the pentagons surrounding five triangular
faces) to lower the free energy and so encourage the formation of
icosahedral QCs. With two length scales in the golden ratio 7, an
alternative mechanism for reinforcing icosahedral symmetry is possible
using only three-wave interactions. We take five edge vectors of a
pentagon adding up to zero, eg. kig + k7 + k15 + ko + kos = 0, such that
k7 + k15 = g2 and ko + kos = qg, resulting in a three-wave interaction
between ¢, g4 and kis.

j kj L J | kj L J | kf

1 (1,0,0) 6 | 21,r-1,7) [[11| i(r- -1)
2| Yrn1,7-1) 7 il r-1,-7) || 12 3(r— 1 —, —1)
3| Y{(rn1L1-71) 8 | 2(L1—7—7) | 13| Xr—-1,-71)
4| r-1,1—-7) | 9 | 3(1,1—-7,7) | 14 (0,1,0)

5| 3(r,-1,7=1) [ 10| 3(r—1,7,1) || 15 (0,0,1)

Edgar Knobloch (UC Berkeley) Patterns and quasipatterns o 7 June— 2018 "59 /75



Quasicrystals in three dimensions

We now use a weakly nonlinear theory, with U = €Uy, with p and v

chosen such that £ = O(e3). We also take Q = €Qy. For icosahedral QCs,
we use the vectors from the Table and expand U; as

15 15
U = Z z; ek 4 Z wj e'Y* +c.c. + ho.t.
Jj=1 Jj=1

Thus the rescaled volume-specific free energy f = F/(Ve*) is
f= — pznz—4Qi(wiozs — wi1zs — wi2zp — wizzs

— W3W5 — WoWg — ZgZg — 2729)21

15 15
— u) I =v) ] wf
j=2 j=1

Q1(152 other cubic terms) — (1305 quartic terms).

The evolution of the amplitudes z;, w; is thus governed by the equations
of of

_ d o— a2 )
0z; an Y 9 OW;

Patterns and quasipatterns
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Quasicrystals in three dimensions

[ |

(a) An icosahedron and (b) an icosidodecahedron showing the five

wavevectors (red) that sum to zero.
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Crystalline phases in three dimensions

(a) Hexagonal columnar phase with wavenumber g (g-hex) at
(1, v) = (0.082,0.056). (b) Body centered cubic crystal with
wavenumber 1 (1-bcc) at (p,v) = (—0.1,0).
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Quasicrystals in three dimensions

(a) lcosahedral quasicrystal (QC) at (u,v) = (—0.071,—0.071). Each box has
had a slice cut away, chosen to reveal the 5-fold rotation symmetry.
(b) Diffraction pattern taken in a plane normal to the vector (7, —1,0) in Fourier

space. The circles of radii 1 and g are indicated. Domain: 16\ X 16\ X 16X
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Quasicrystals in three dimensions

Diffraction patterns obtained from (a) a 26\ x 26\ x 26\ and
(b) a 42\ x 42X x 42\ calculation.
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Quasicrystals in three dimensions

The big question now is whether the 3D quasicrystals constructed in this
way are stable.

We calculate the minimum free energy f associated with each class of
solutions (both crystal and quasicrystal), at each point (i, v) in parameter
space. By minimizing f over all solution classes at a given (u, ), we
identify the globally stable solution at that state point. Body-centered
cubic (bcc) crystals cannot be represented in terms of the icosahedral basis
vectors, and we compute their free energy in a separate calculation,
choosing a different set of basis vectors.

The next figure shows the results.
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Quasicrystals in three dimensions

0.1 g-hex J— R
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Zero
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[

Structures with minimal specific free energy f over a range of parameters
1 and v, computed from the amplitude equations. PDE calculations are
performed on the dashed circle around the origin with radius 0.1. The
region ‘zero’ indicates that the trivial state U = 0.is globally stable.
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Quasicrystals in three dimensions

0X 107°

1% %60 120 1§o 240 300 360

Variation of specific free energy f with angle 6 on a circle in the (u, ) plane of
radius 0.1. Lines track the variation of free energy f of the labeled structures
(solid: locally stable, dashed: locally unstable). The stability of the bcc crystals
cannot be compared directly with that of QCs. Hollow circles show the free

energies of locally stable quasicrystalline asymptotic steady states from-PDE
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Quasicrystals in three dimensions

(a) (b) (c)

Parallel projections of the contour cloud along the high symmetry
directions. (a) 2-fold symmetry observed in a plane perpendicular to
(1,0,0). (b) 3-fold symmetry observed in a plane perpendicular to
(—=1,1,1). (c) 5-fold symmetry observed in a plane perpendicular to
(r,—1,0).
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Localized quasicrystals in two dimensions
l:

q-lam

g-hex

Tq
o

Thermodynamically stable structures in the (r1, ry) plane, computed as global
minima of the grand potential Q for the chemical potential ¢+ = 0. Dashed-dotted
lines indicate the axes while the dotted line indicates variation of r; for the choice
of ry = —0.412 which we explore in detail.
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Localized quasicrystals in two dimensions
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(a) Grand potential Q as a function of the linear growth rate r; for ry = —0.412,
1 = 0. Blue line: 1-hexagons, green: g-hexagons, red: QC, magenta: LQC.
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Localized quasicrystals in two dimensions
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Localized quasicrystals in two dimensions
x1073

-0.6 ry 0.4
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Localized quasicrystals in three dimensions

Variation of the scalar density U in 3D sliced along the plane (7,0, 1) where

7 = 1.618 for (a) an extended icosahedral quasicrystal and (b) a dynamically
stable localized quasicrystal at the same parameters of = —0.51, r, = —0.51,
q=20.618, Q=2 06=—-10and x=0.
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Localized quasicrystals in two dimensions

(a) Spatial variation of scalar density U showing a 1D localized state of
quasicrystal in the PFC model at parameters = —0.1152, r, = —0.412,

g =0.5176, 0 = —10 and Q = 2, (b) Spatial variation of density p in a DFT
model with pair potential as defined in Barkan et al. (2011) with potential
v(r) = 10 e=0-5+(0.770746=r)" (1.0 _ 1,09r2 4 0.4397r* — 0.05r° + 0.002/°)
showing 1D localization of a quasicrystalline state similar to (a).
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Conclusions

We have discussed the properties of soft matter systems in 2D and 3D
using simple models for particle-particle interaction exhibiting two scales

@ In 2D a generalization of the GEM-8 model leads to the formation of
metastable quasicrystals with 12-fold symmetry. These states are
obtained both via Picard iteration and in Brownian dynamics particle
simulations. The two scales may be excited linearly or nonlinearly.

@ In 3D we used the simpler PFC model with two scales to demonstrate
the existence of an icosahedral quasicrystal that is a global free
energy minimum and hence thermodynamically stable.

@ Localized quasicrystals bifurcate from the QC branch and may serve
as nuclei in a two-step nucleation process.
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