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THE PARADIGM
Q: What is the set of reasonable prices p for the financial instrument?
A: Those prices p for which the demand and supply for S match.
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Note: p* = 1.97, Al (p*) = —0.94 = —A?(p*). After the trade
(UH(X') =0.68 > U' (') = 0.55 and U*(X?) = 1.61 > U*(£?) = 1.57.)
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e Conversely, it is enough to be able to price the states. (More precisely, if
we produce a martingale measure Q*, such that if we use it as a pricing measure,
the markets clear, then Q* can be used to produce a financial instrument S. In
fact, any non-trivial Q*-martingale will do the same job.)

e Market completeness simplifies things. So does the absence of the
temporal dimension.
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Instead of one price p*, we need
to determine the whole price

process (po, (p1,P2,P3))-
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In the IC&mp case, the
equilibrium conditions determine
both prices and the geometry
(degree of incompleteness) of the
market.

Another complication : no
representative-agent analysis.
The First Welfare Theorem does
not hold anymore.
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MARKETS
For a progressively-measurable process (At)¢c[o,r] With fOT A2 d(M), < oo,
a.s., we define the stock-prices process (S?)te[o,T] by

dSy = M\ d(M); + dMy, t € [0,T).

It is assumed that an interest-free bond B =1 is also always available.
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I
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THE CENTRAL QUESTION

Is there an equilibrium market S = S*?
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(Note: Focus is only on ezistence issues in continuous-time financial models
(discrete-time is an “industry” for itself - starts with Walras, 1874))
e Complete markets: Duffie and Huang, ’85; Duffie, Duffie and Zame
’89, Karatzas, Lehoczky and Shreve 90, ’91; Karatzas, Lehoczky,
Lakner and Shreve, ‘91, Bank and Riedel, 01, Z. 06

¢ Incomplete markets: Basak and Cuoco ’98 (incompleteness from
restrictions in stock-market participation, logarithmic utility), Kupper
and Filipovi¢ 06 (monetary measures of risk < representative agent)
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Work with random variables instead of processes:

T
7r»—>X7’\«’7r:/ Tu dSy, N Zp = E(=X- M),
0

and consider a more tractable version A of the demand function
Al(Z3) = X%,
so that
A" Ey CLY — L — L.
The problem now becomes simple to state:
Can we solve the equation A(Z) =0, a.s. on Ep?

The answer is yes (under appropriate conditions), and the proof rests on
the following two ingredients:
e Find a suitable fixed-point-type theorem and phrase the equation
A(Z) =0 in its language.
¢ Study the continuity (and other) properties of the mapping A (you will
need them for the fixed-point theorem to work!).
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® Therefore, (under suitable conditions) A is (L°,L%)-continuous.
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Theorem (Knaster, Kuratowski and Mazurkiewicz) Let S be a compact
and convex subset of R™, and let F : § — 2° be a KKM-map, i.e.,

conv(zi,...,xn) CUL F(x;), Vn €N, Vai,...,2, € S.

If F(x) is a closed subset of S for all x € S, then N, F(x) # 0.

The KKM-Theorem can easily be extended to infinite-dimensional
vector-spaces as long as mild topological properties are imposed and local
convexity is required (Kakutani, Fan, Browder, etc.)

How about L° - the prime example of a non-locally-convex space? Yes, if
one can fake compactness there.
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A subset B of a topological vector space is said to be convex-compact if
any family (Fa)aea of closed and convex subsets of B has the
finite-intersection property, i.e.

<\7DgfmA ﬂFa7é0> = (] Fa #0.

aeD acA

EXAMPLES.

e Any convex and compact subset of a TVS is convex-compact.

e A closed and convex subset of a unit ball in a dual X™* of a normed
vector space X is convex-compact under any compatible topology
(essentially Mazur),

e Any convex, closed and bounded-in-probability subset of ]LQ_ is
convex-compact (essentially Komids).
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Theorem. Let A be a convex-compact subset of X, and let f: A — R be a
convex lower-semicontinuous function. Then f attains its minimum on A.

A MINIMAX-TYPE THEOREM

Theorem. Let A, B be a convex-compact subsets of TVS X and Y,
respectively. Let f: A x B — R be a function with the following properties:

e z+— f(z,y) is usc and (quasi)-concave for each y € B,
e y— f(x,y) is Isc and (quasi)-convex for each x € A.

Then

max min f(z,y) = min max f(z,y).
T Yy Yy T
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AN EXCESS-DEMAND-TYPE THEOREM

Theorem. Let B, C be two subsets of LY. such that B is bounded in
probability and C C B. Let the mapping F': B x C' — R satisfy the
following properties

e for each € B, the set {y € C' : F(x,y) <0} is closed and convex.

e for each y € C, F(y,y) <0.
Then there exists yo € C such that F(z,y0) <0, for all x € B.



So, ...

Theorem. Suppose (in addition to the previously made assumptions, and
some further regularity postulates) that all utility functions U = U"*, i € I
have the following property:

e y— I(y) is convex, and y +— I(y ') is concave, where I = (U’')™!.

Then there exists an equilibrium market S*.

Note. Utility functions U(z) = z?, p € (0,1), U(z) = log(x) - in the
log-class, and U(z) = exp(—ax) in the exp-class satisfy the requirement
above.



