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Introduction

Aim: Option Hedging in Stochastic Volatility Models

dSt = St_{b(t, Vt_) dt + O'(t, Vt_) dBt + 5(1', Vt_) th}
dVi = g(t, Vi) dt + ~(t, Ve ) dL;.
B standard Wiener process
J pure jump Lévy process
L

Lévy process

Here:
» B, J, L independent
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Continuous Models (Uncorrelated Version)
Hobson 2004

dSt = St{b(t, Vt) dt + U(t, Vt) dBt}
dVe = g(t, Vi) dt +(t, V) AW,

where W Wiener process.

In particular: Heston 1993

dSt - St{b(Vt) dt"‘ vV Vt dBt}
th = H(m — Vt) dt+’}’\/ thWt.
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Lévy Models (Uncorrelated Version)

Benth & Meyer-Brandis 2005, Barndorff-Nielsen & Shephard 2001

dSt == St{(/J/ + th) dt + \V4 Vt dBt}
AV, = AV, dt + dLy,,

where L pure jump subordinator.

Li, Wells & Yu 2006

dSt == St_{bdt + V4 Vt_ dBt + th}
th = K](m — Vt) dt + YV Vt_ th + st,

where W Wiener process and J and L pure jump Lévy processes.
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Important ldeas

» Unifying approach for this class of models
» Tractability

» Signed variance-minimal martingale measure can be explicitly
determined

» Positivity of variance-minimal martingale measure does not
need to be assumed, applies also in a more general
semimartingale framework. (Arai 2005, Lim 2005)

» Hedging measure and variance-minimal martingale measure do
not coincide

» Derivation 3-dimensional PIDE

» Mean-variance hedging strategy can be numerically
determined.
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Mean-Variance Hedging Problem: Projection Problem
H € L2(P) contingent claim, T < oo time horizon.

Objective: Find solution 8* of optimization problem

-
min{HH—/ 0,dSul2: 6 € ©}.
0

T T
©=0ck = {9 € L(S): / 6,dS, = L% — Iim/ 67ds,
0 0

t t
and / 0,d4S, = Iim/ 07dS, in probability Vt
0 0

for a sequence 0" € L*(S)}.

(Delbaen & Schachermayer 1996, Schweizer 1997, Gourieroux,
Laurent & Pham 1997, Rheinlander & Schweizer 1997, W. 1998,
Arai 2005, Lim 2005, Cerny & Kallsen 2005)
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The Signed Variance-Optimal Martingale Measure

Problem: Find the (signed) local martingale measure P that
minimizes H

over all signed local martingale measures @ with square-integrable
density.

Characterization of the variance-optimal martingale measure:
projection of H = 1 on the orthogonal complement of (© - S)+
(normalised by the expected value of this projection).
(Schweizer 1996, Delbaen & Schachermayer 1996)
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The Optimal Hedge for a Constant Liability
Assume that
T (8(u, Vu)E(J1) + b(u, V)
/0 (o(u, V)2 + 6(u, V- )? [ xPv(dx))

where v denotes the Lévy measure of J.
Define

du € [}(P),

t
Zt =1 — / A Zu_ dSu = g( /)\ dsu)tv

O =\eZe = A 1—/ 6, dS,).

Then 6 is the variance-optimal hedging strategy for hedging the
constant H = 1. Here

N b o(t, Ve )E(J1) + b(t, Vi) _dA
CUS (o(t, Ve )2+ 0(t, Vo) Jg xPu(dx))  d(M),

where A and M are given by the Doob-Meyer decomposition_of S.
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Idea of Proof

Essential feature of model:

can find a localizing sequence of stopping times (7,), such that
)\21"1(077.”]

is the variance-optimal hedging strategy for hedging 1 unit with
the stopped process S™. Note that due to projection argument

Hg(/ “AM(07] d9) 7|, < 1.
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The Signed Variance-Optimal Martingale Measure

Corollary:
Assume E[Z7] # 0. Then the signed measure P defined by

dP zr  E(= [ AdSt) 4
dP ~ E[Z7]  E[E (- [ A dSy)

7l

is the signed variance-minimal martingale measure. That is the
density of P with respect to P has minimal L?-norm among all
(signed) local martingale measures with square-integrable density.

Remarks:
» No Markovian structure needed here.

> E[Z7] =04 Zr =0 1= [ 61dS, P-as. If this is the
case, the variance-optimal martingale measure does not exist
(Schweizer 1996, Schachermayer).
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Positivity of the Variance-Minimal Martingale Measure
Note that

T T
ZT:exp(—/ Y dSt—/ X2 d[S, SI¢)
0 0

3(t, Vi )E(J1) + b(t, Vio))o(t, Vio)
8 H{ o(t, Ve 2 + 0(t, Ve 2 [ x20(dx) AJf}

t<T
X exp {+At5(t, Vt_)AJt} .

Thus
o(- V-)E (J1)+b( -)
o(-, Vo2 +0(-, V2)? [ x2v(dx)
{Z1 =0} & {there exists a t < T such that
o(t, Ve )E(h) + b(t, Vi)
o(t, Ve—)? 4 6(t, Vi )? [ x?v(dx)

Zr>0 & i, Vo)Ad <1

5(t, Vt_)AJt - 1}
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Market Extension and the Hedging Measure

Gourieroux, Laurent & Pham 1997, Rheinlander and Schweizer
1997, Arai 2005 (underlying framework: S locally bounded and
T > 0)

Market extension Y = (1/Z, S/Z) and new probability measure Q

d@
b = Zr/Eslzrl

Hedging problem is equivalent to
H T

— —/ VsdYs over all ¢ € L2(Y, Q).
Zr 0

minimize ‘

L2(Q)
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The Signed Case

Assume that there is an equivalent martingale measure with
square-integrable density. Assume further that P{Zt =0} = 0.
Then the probability measure Q by

d
X =23/E178)

is well-defined, and

1 ’ : — ’ . 2
ZT{/O QtdSt.Qe@}_{/O YedYe Y e L2(Y)}

Remark: Valid more generally for locally square-integrable
semimartingales (in H2 ).
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Measure Transform

Representation theorem for absolutely continuous measures P
(Chan 1999):

dp
— :5</Gud8u+//hs,des,dx+
dP‘]—'t R ( ) ( )

/FudBL‘,/Jr//R f(s,x)NV (ds, dx))t,

for processes G, F and h(t, x), f(t, x). Moreover, the processes G
and F determine the P-Wiener processes and h and f the
compensators of the pure jump components.
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Dynamics Under Q@
Under Q, Y =(1/Z,5/Z) is given by

d (;)t = (;)t_ {a/\SdBtQ + /R hO(u, x)N®(du, dx)}

d (;)t = (;)t_ {0(1 +AS;_)dBE + /R ht(u, x)N®(du, dx)}

where B9 is a Q-Wiener process, the compensator measure of J is
given by (—20AS_x + 1) v(dx)du, and

OAS_x
0 _ _ 40
h (t7X) - 1 _5)\5_)( h (t7 Vt—7X)7
dx(1—AS2)
1 _ _pl
h*(t,x) = T30S x h*(t, Vi—, x).

Variable transforms all given directly by model parameters.
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The Volatility Dynamics

The volatility process satisfies
th = g(t) th)dt + ’Y(ta th)dzt
where

B(t, Vi) = g(t, Vi) +~(t, Ve )(a¥ + Fo + /Rxf(t,x)yv(dx)),

and F and f are determined by the martingale representation of

e T (5(t, Vil )E(r) + b(t, Vi))?
p{ | ) dt}

t, Ve )2+ 6(t, Veo)? [ x2v(dx

with respect to the Lévy process L (driving the volatility process
V).
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Features of Measure Transform

» Measure transform preserves Markov property.
» Lévy property is not preserved (Esche & Schweizer 2005).
> Restrict to hedging strategies that only depend on S and V.
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Numerical Method: Associated PIDE

u(t,1/Ze, (S)2)e, Vi) == EQ[H/Zr| {1/ Zu, (S/Z)us Vi: u < t}]
= EQ[G(ST/Z7,1/Z7, Vr)| {1/Zu, (S)Z)u, Vi : u < t}]

Associated PIDE for u = u(t, x, y, v)

@—FN(t )@‘i‘l 2@
ar T8N, T\ av2

Pu

Ox2

+ / [u(t, x+xh2(, 2), y + ybA (£, %), v) — u(t %,y v)

5%u

2
9%u

Ox0y

+x%(o\S_)? > + xyoAS_o(1+ AS-)

ou ou
o0 A | Y9
xh"(t, z) I yh (t,z)ay]l/t (dz)

+ [lexyv+92) = ey ) — 1zl O(dz) = o
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Hedging

Variance-optimal hedging strategy given by
0* =t —\Z_ {/ pdY — WY}
0
where Y = (1/Z, S/Z) and ¢ = (¢°, ') solves
A
0 1 1 yly 1
(0033 + ¥ ) AYh Ve = dla YY)

and the RHS is determined using Itd's formula.
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Conclusion

» Tractable model (to a certain extent)

» Signed variance-minimal martingale measure explicitly
determined.

» Extension of Gourieroux, Laurent & Pham (1997) and of Arai
(2005).

» Measure transform preserves Markov property, Lévy property
is not preserved (Esche & Schweizer 2005).

» PIDE for numerical purposes.
> Restrict to hedging strategies that only depend on S and V.
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